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1

1.1

Topological spaces

Basic definitions

In this section we recall definitions and results from basic topology. The proofs can be found
in topology textbooks and will be omitted here.

Definition 1.1.1:

1.

A topology on a set X is a set O of subsets U C X such that:
T1: X 0,00
T2: U; € O for all i € I implies J,; U; € O for any index set 1.
T3: Uy, ...,U, € O implies N ,U; € O.

A subset U C X is called open if U € O and closed if X \ U € O. A topological
space is a pair (X, Q) of a set X and a topology O on X.

. If O and Oy are topologies on X, then O, is called coarser than O; and O, finer than

Oy if Oy C Os.

. A subset B C O is called a basis of O if every U € O is a union of sets in B. It is called

a subbasis of O if the set of finite intersections of elements in B is a basis of O.

Definition 1.1.2: Let (X, Ox) be a topological space and A C X.

1.

2
3.
4

The interior of A is the union of all open subsets of A: A° =y 4 peo, U-

. The closure of A the intersection of all closed sets containing A: A = acex\ceoy C
The boundary of Ais 9A = AN X \ A.

. A neighbourhood of A C X is a set B C X for which there exists an open set U with
AcUCcB.

Definition 1.1.3:

1.

2.

A topological space (X, Ox) is called hausdorff or Hausdorff space if for p,q € X
with p # ¢ there are open neighbourhoods U, of p and U, of ¢ with U, N U, = 0.

A topological space (X,Ox) is called connected if X = AU B with A, B € Ox and
AN B = implies A =0 or B ={).

Important examples of topologies are the discrete and the trivial topology on a set X, which
are useful to construct counterexamples and to test hypotheses, and the topology induced by
the distance function on a metric space.

Example 1.1.4:

1.

For any set X the set Oy of all subsets of X is a topology on X, the discrete
topology. It is the finest possible topology on X and makes X a Hausdorff space.



2. For any set X, the set O = {X,0} is a topology on X. It is the coarsest possible
topology on X and called the trivial topology or indiscrete topology.

3. For any topological space (X, Ox), any subset A C X becomes a topological space with
the subspace topology Oax = {ANU : U € Ox}. The subset A equipped with this
topology is called a subspace of X.

4. Metric spaces (M,d) are Hausdorff spaces with the topology induced by the metric. A
set U C M is open with respect to this topology if and only if for all € U there exists
an € > 0 such that U/(z) ={y € M : d(z,y) < e} C U.

5. Normed vector spaces (V.|| ||) are Hausdorff spaces, since they are metric spaces with
distance function d : V x V — R, d(z,y) = ||z — y||. Two norms || ||1, || || on a vector
space V induce the same topology if and only if they are equivalent, i. e. there exist
c,d € RT such that

dlolh < olla < ol Vv eV

If V' is a finite-dimensional vector space, then all norms on V' are equivalent and hence
induce the same topology, the standard topology on V.

In the following, we will assume without stating this explicitly that metric spaces are equipped
with the topology induced by their metric, that finite-dimensional vector spaces are equipped
with their standard topology and that subsets of topological spaces are equipped with the
subspace topology. In the following chapters, we will also often omit the topology and write X
instead of (X, Ox).

When considering maps between topological spaces, it is natural to ask that these maps are
not only maps between the underlying sets but compatible with the given topologies. This
leads to the notion of a continuous map. Similarly, it is sensible to ask that an invertible map
between topological spaces is not only continuous but also has a continuous inverse, i. e. is a
homeomorphism.

Definition 1.1.5: A map f: X — Y between topological spaces (X, Ox), (Y, Oy) is called:

e continuous if f~!(V) is open for all open V C Y or, equivalently, f~'(V) is closed for
all closed V C Y.

e open (closed) if f(U) is open (closed) for all open (closed) U C X.

e homeomorphism if it is bijective and continuous with a continuous inverse.
If f: X — Y is a homeomorphism, then (X,Ox) and (Y,Oy) are called homeomorphic
and we write (X, Ox) =~ (Y, Oy). This is an equivalence relation. In the following, we denote

by C(X,Y) the set of continuous functions f : X — Y and by Homeo(X,Y') the set of all
homeomorphisms f: X — Y.

Example 1.1.6:
1. For any topological space (X,Ox) the identity map idx : (X,0x) — (X,0x) is a
homeomorphism.

2. The composition go f : (X,0x) — (Z,0z) of two continuous maps (homeomorphisms)
f:(X,0x) = (Y,0Oy), g:(Y,Oy) = (Z,0z) is continuous (a homeomorphism).



3. For any topological space (Y, Oy ) and any set X, all maps f : (X, Ogsc) — (Y, Oy) and
g:(Y,0y) = (X, Oyyy) are continuous.

4. Let O, Oy be topologies on X. Then O; is finer than O, if and only if
id : (X,0) — (X, O,) is continuous.

5. Let X be a set with at least two elements. Then the map idx : (X, Ogisc) = (X, Opin)
is bijective and continuous by 4., but not a homeomorphism, since 4. implies that its
inverse idx : (X, Opiv) = (X, Ogise) is not continuous.

6. For n,m € R with n # m, R™ is not homeomorphic to R™. We will prove this statement
later in the lecture.

Continuous maps and homeomorphisms between topological spaces play a similar role as linear
maps between vector spaces and vector space isomorphisms in linear algebra. In particular, one
often does not distinguish topological spaces that are related by homeomorphisms and considers
them topologically equivalent. We can also compare topological spaces locally by considering
homeomorphisms between open neighbourhoods of points in these spaces. In particular, this
allows us to introduce the notion of a topological manifold - a topological space that locally
looks like R™.

Definition 1.1.7: An n-dimensional topological manifold is a Hausdorff space (M, O) for
which every point m € M has an open neighbourhood U C M which is homeomorphic to an
open neighbourhood V' C R".

Example 1.1.8:

1. Every open subset U C R™ is an n-dimensional topological manifold, since idy : U — U
is a homeomorphism with the required properties.

2. The n-sphere S™ = {z € R"™' : ||z|| = 1} is an n-dimensional topological manifold. The
stereographic projection maps

I T,
. gn C...0.+1 R" R R 1
¢+ S"\A{(0,.., 0, £1)} = RY, (21, s 2npa) = (1 F Tpt1 1 :F$n+1) @

and the projection maps
Wft A{x e S" L, >0} — Ur(0), (21, Tpa1) > (21, ooy i1y Tty ooy Tit1) (2)

are homeomorphisms onto open subsets of R"™.

3. Consider the circle Cr = {(Rcos ¢, Rsin,0) : ¢ € [0,27]} of radius R > 0 in R*. Then
the torus with radii 0 < r < R in R?

Tr,={p € R®: d(p,Cg) =r}.

is a 2-dimensional topological manifold. Local homeomorphisms between open subsets in
R? and open subsets in Tx, are given by the maps

Joowoe s (Po — €00+ €) X (Yo — €, +¢€) =T G0, Yo ER,0<e<
(p,1) = ((R 4+ rcos¢)costy, (R+ rcos@)siny, rsin ¢)

which are homeomorphism onto their images.



4. The set {(z,0) : * € R}U{(0,1)} C R? is not a topological manifold. This follows from
the fact that {(x,0) : x € R} = R is a 1-dimensional manifold but the point (0,1) does
not have a neighbourhood homeomorphic to an open set in R.

In many situations one wishes to derive conclusions about global properties of topological spaces
or continuous functions between them from their local properties. This can be attempted by
covering the topological space by neighbourhoods of points or, equivalently, open sets containing
these points and to considering the relevant quantities on each of these open sets. When passing
from the local to the global picture, it makes a crucial difference if one needs to consider infinitely
many open sets of this type or just a finite number of them. Topological spaces for which a
finite number of such open sets is sufficient are called compact.

Definition 1.1.9: Let (X, Ox) be a topological space. A subset A C X is called compact if
every open cover of A has a finite subcover

ACUinithUiEOXWe[ = HﬁniteJCIwithACUUi.

el icJ

Remark 1.1.10:

1. A finite subset A C X is compact with respect to any topology on X. A subset A C X
is compact with respect to O, if and only if A is finite, and every subset A C X is
compact with respect to Oyy.

If (X, Ox) is a compact topological space and A C X closed, then A is compact.

If (X, Ox) is a Hausdorff space and A C X compact, then A is closed.

If AC X is compact and f : (X,Ox) — (Y, Oy) continuous, then f(A) is compact.

If (X,0Ox) is compact and (Y, Oy) hausdorff, then every continuous map f: X — Y is

closed. If additionally, f is injective (surjective, bijective), then f is an embedding (a
quotient map, a homeomorphism).

6. Let (M,d) be a metric space and A C M. If A is compact, then A is bounded, i. e. for
every m € M there exists a C' > 0 such that d(m,a) < C for all a € A. The subset A is
compact if and only if every sequence (ax)ren, ar € A, has a convergent subsequence.

AN

7. Heine-Borel: If (V||| ||) is a finite dimensional vector space, then A C V' is compact
if and only if A is closed and bounded. For infinite-dimensional normed vector spaces
compact implies closed and bounded, but closed and bounded does not imply compact.

In the context of compact metric spaces, a particularly nice property of open covers is the
existence of Lebesgue’s number. It ensures that for any open cover, subsets of sufficiently small
diameter are contained in one of the open sets of the cover.

Lemma 1.1.11: (Lebesgue’s lemma)

Let (M,d) be a compact metric space and (U;);c; an open cover of M. Then there exists a
number A € R, the Lebesgue number such that any A C X with diam(A) = sup{d(a,b) :
a,b € A} < \is contained in a set U; with i € I.
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Proof:

Suppose there is no such number . Then for all n € N there is a subset A,, C M that satisfies
diam(A,) < 1/n and is not contained in any of the open sets U;. Choose a sequence (ay)nen,
a, € A,. Since M is compact, we can assume after choosing an appropriate subsequence that
a, — a € A for n — oo (Remark [[.1.10). Then there is a k¥ € N and an € > 0 such that
Ucla) = {m € M : d(m,a) < ¢} C Uy. As the sequence (a,),en converges, there exists an
N € N with d(ay,a) < €/2 and diam(Ay) < €/2. This implies for all m € Ay

d(m,a) < d(m,ay) + d(ay,a) < diam(A,) + d(ay,a) < €

and hence Ay C Uj. Contradiction. O

1.2 Basic constructions and examples

In this section, we recall the four basic constructions for topological spaces, namely subspaces,
quotients, sums and products. These four basic constructions allow one to construct new topo-
logical spaces from given ones. As the ultimate goal is to relate these topological constructions
to algebraic ones, it is essential to characterise them from a structural or abstract viewpoint.
In the following, we will therefore emphasise universal properties, which characterise these con-
structions in terms of the existence and ungiueness of continuous maps with certain properties.

Definition 1.2.1:
1. Let (X, Ox) be a topological space and A C X a subset. Then

Oc={VCA:3U€OxwithUnA =V}

is a topology on A, the subspace topology or relative topology on A.

2. An embedding is an injective, continuous map f : (X, Ox) — (Y, Oy) that is a homeo-
morphism onto its image, i. e. for which the associated map (X, Ox) — (f(X), Ofx)cy)
is a homeomorphism.

Remark 1.2.2:

1. The subspace topology is the coarsest topology on A for which the inclusion map
i : A — X is continuous.

2. For any subset A C X, the inclusion map 7 : A — X, a — a is an embedding with
respect to the topology on X and the subspace topology on A.

3. Subspaces and embeddings are characterised uniquely by a universal property:
An injective map i : (X, Ox) — (Y, Oy) is an embedding if and only if for any topological
space (W, Ow ), amap g : W — X is continuous if and only if iog : W — Y is continuous.

While Definition is more concrete, the characterisation of subspaces and embeddings in
this remark give a clear motivation. Subsets of topological spaces are canonically equipped with
an inclusion map, and the topology on the subspace is chosen as coarse as possible, in such a
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way that this map becomes continuous. Similarly, an embedding is an injective map ¢ : X — Y
which is not only continuous but such that post-composition i does not cause information loss
with respect to the topology. While for any two continuous maps i: X — Y, g: W — X, one
hasiog : W — Y continuous, it is generally not true that the continuity of a map iog: W — Y
implies the continuity of g : W — Y. A simple example is X = R with the standard topology
and Y = (R,O44). Then ¢ = id : R — R, x +— =z is bijective and continuous, but not an
embedding since for all maps ¢ : W — X, one has iog : W — Y continuous - the map
t1og: W — Y does not contain any information about the continuity of g : W — X.

The second basic construction that allows one to obtain new topological spaces from given ones
are topological quotients. While subspaces of topological spaces (X,Ox) are obtained from
subsets A C X and correspond to embeddings ¢ : A — X, quotient spaces are obtained from
equivalence relations on X and correspond to identifications 7 : X — B.

Definition 1.2.3:
1. Let (X, Ox) be a topological space and f : X — Y surjective. Then

O.={VcYy: fiV)eOx}

is a topology on Y, the quotient topology on Y induced by f.

2. A surjective map f : X — Y between topological spaces (X,Ox), (Y,Oy) is called a
quotient map or identification if V' C Y is open if and only if f~1(V) C X is open.
In this case Y is called a quotient space of X.

Remark 1.2.4:
1. The quotient topology on Y is the finest topology on Y that makes f : X — Y continuous.

2. Any map f : X — Y defines an equivalence relation on X, namely z ~ 2’ if f(z) = f(2/).
If f is surjective there is a canonical bijection X/ ~ = Y, [z] — f(x). Conversely, for
any equivalence relation ~ on X, the map 7 : X — X/ ~, x — [z] is surjective. The
set X/ ~ with the quotient topology induced by 7 : X — X/ ~ is called the quotient
space of X with respect to ~.

3. Quotient spaces and quotient maps can be characterised by their universal properties:
For any continuous map f : X — Y that satisfies f(z) = f(2') for z,2/ € X with
x ~ 2’ there exists a unique continuous map f. : X/ ~ — Y with f. o7 = f, namely

fo i lal = f(2):

A surjective map 7 : (X,0x) — (Y,0Oy) is a quotient map if and only if for any
topological space (Z,0z), amap f. : Y — Z is continuous if and only if fLoon: X — Z
is continuous.

4. Quotients of topological spaces induce quotients of their subspaces. If ~ is an equivalence
relation on X and A C X a subspace with inclusion map 74 : A — X, then one obtains
an equivalence relation ~4 on A by setting a ~4 a if and only if is(a) ~ is(a’). The
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universal property of quotient spaces then implies that there is a unique continuous map
iaj~ + A ~a— X/ ~ such that the following diagram commutes

A—" o x

Af ~a—= X/~

ZA/N

The map i : A/ ~4— X/ ~is given by i ([a]) = [i4(a)], and it is injective by definition.
5. Quotients of compact topological spaces are compact.

For any open cover X/ ~ C |J;.; Ui, we obtain an open cover X C UJ,c; 7 '(U;), since
7 1(U;) € Ox by definition of the quotient topology. As X is compact, there is a finite
J C I with X C ;c,; 7' (U;), and X/ ~ C J,c,; Ui is a finite subcover of X/ ~.

icJ

The advantage of the characterisation of topological quotients in Remark is its clear
motivation - the topology on the quotient is chosen as fine as possible such that the given
surjective map 7 : X — Y is continuous. In analogy to the characterisation of an embedding,
a quotient map is a map 7 : X — Y that is not only continuous but also such that pre-
composition with 7 does not cause any information loss with respect to the topology. While
fom: X — Z is continuous for any two continuous maps 7 : X — Y and f : Y — Z, the
continuity of f o7 does in general not imply the continuity of f : Y — Z. A simple example
is X = R with the discrete topology, ¥ = R with the standard topology and 7 =id: X — Y.
Then fom: X — Z is continuous for any map f : X — Z and hence cannot contain any
information about the continuity of f.

The characterisation of continuous functions f. : X/ ~— Y in terms of functions f: X — Y
that are constant on the equivalence classes is advantageous in practice since it can be much
simpler. Moreover, in many situations it is not necessary to specify f. : X/ ~ — Y explicitly
but sufficient to know that it exists and that it is unique.

Example 1.2.5:

1. Circle: Consider the interval [0, 1] with the equivalence relation t ~ ¢ for t € [0,1] and
0 ~ 1. Then the quotient [0, 1]/ ~ with the quotient topology is homeomorphic to S?.
A homeomorphism is induced by the map

exp:[0,1] = S'={2€C:|z| =1}, t+ e*™" = cos(2nt) + isin(2nt).

As exp : [0,1] — S is continuous and exp(0) = exp(1) = 1, by the universal property
of the quotient space there is a unique continuous map exp_ : [0,1]/ ~ — S! with
exp. om = exp, where 7 : [0,1] — [0,1]/ ~, t — [t] is the canonical surjection. As
et — 2 implies t — t' € Z, the map exp. : [0,1]/ ~— S* is bijective. As [0, 1]
is compact, [0,1]/ ~ is compact by Remark , 5. As S! is hausdorff as a subspace
of a Hausdorff space, Remark then implies that exp_ : [0,1]/ ~ — S is a

homeomorphism.

2. Torus: Consider [0, 1] x [0, 1] with the equivalence relation (x,y) ~ (z,v), (0,y) ~ (1,v)
and (z,0) ~ (x,1) for all z,y € [0,1]. Then by a similar argument to the previous
example, [0, 1] x [0, 1]/ ~ with the quotient topology is homeomorphic to the torus S x S1.
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3. Mdbius strip: Consider [0,1] x [0,1] with the equivalence relation (z,y) ~ (x,y),
(2,0) ~ (1 —2,1) for all z,y € [0,1]. Then the quotient space [0,1] x [0,1]/ ~ with the
quotient topology is called the Mobius strip.

4. Real projective space: Consider R"™! \ {0} with the equivalence relation x ~g y if
there is a A € R* with y = Az. Then the quotient space RP" = (R"*!\ {0})/ ~g with
the quotient topology is called real projective space. Points in RP" correspond to
lines through the origin in R"*!. RP™ is a topological manifold of dimension n.

5. Complex projective space: Consider C"™'\ {0} with the equivalence relation x ~¢ y if
there is a A € C* with y = Az. Then CP™ = (C"™'\ {0})/ ~¢ with the quotient topology
is called complex projective space. Points in CP" correspond to planes through the
origin in C"*! ~ R?"*2. CP" is a topological manifold of dimension 2n.

Another important example of quotient spaces are topological spaces that are obtained by
collapsing a given nonempty subspace to a point. In this case, the relevant equivalent relation
identifies all points that are contained in the subspace.

Example 1.2.6: If () # A C X is a subspace of a topological space X, then the inclusion map
t:A— X, aw a defines an equivalence relation on X, namely x ~ 2’ if z = 2’ or z, 2" € 1(A).
The associated quotient space X/ ~ with the quotient topology is called the topological space
obtained by collapsing A C X. The universal property of quotient spaces implies that for any
topological space (Y, Oy ) continuous functions f. : X/ ~ — Y are in bijection with continuous
functions f : X — Y, that are constant on A.

Two other essential constructions that allow one to construct new topological spaces from
a given family of topological space are topological sums and products. In both cases, it is
necessary to first consider the underlying constructions for sets. Given a family of sets (X;),c,
we consider their disjoint union

e  X; = {(x;,7) : j € J, z; € X;},

and the canonical inclusions iy : X — e, X, v — (2, k). For a family of maps f; : X; — Y,
we have the associated sum map

Wiesf : Wies Xy = Wies Y, (z,5) = (fi(2),5)
and for a family of maps f; : X; — Y, a map
(fidier : Wjes X5 =Y, (x,5) = (f(2)).

Requiring that all canonical inclusions are continuous yields a topology on the disjoint union,
the sum topology. This topology is characterised by a universal property, which allows one to
define continuous maps from topological sums to other topological spaces uniquely by specifying
their behaviour on each component.

Definition 1.2.7: Let (X, O,);je;s be a family of topological spaces. Then
On = {U C HjeJXj : Uﬂlk(Xk) € zk((’)k)}

is a topology on IL;c;X;, and (IL;c;X;, On) is called the topological sum of (X;,O,). For
J=1{1,...,n}, we also write Xy +...4+X,, instead of (IL;c;X;, On) and fi+...+fy, or (fi1,.... fn)
instead of I;c; f;.

12



Remark 1.2.8:
1. The sum topology is the finest topology on II;c;X; for which all inclusion maps
i+ X — e X, are continuous.

2. The sum topology is characterised by a universal property:
For any family of continuous maps f; : X; — Y there exists a unique continuous map

filjes;X; =Y with foi; = f; for all j € J, namely f = (f;)jes:

af
Y <—=1jesX; (3)
fi ]ij
X

3. The sum ¢ f; : e s X; — e ;Y of continuous maps f; : X; — Y; is continuous.

4. Sums of topological spaces are associative up to homeomorphism:
(X1 + Xo) + X3 = X + (X3 + X3) for all triples of topological spaces (X;,0;), i =1,2,3.

The other standard construction for a family of sets (Xj), e is their product set or Cartesian
product IL;c;X; = {(z;)jes, z; € X;}. Instead of inclusion maps, one then has projection
maps pry, : [;e; X; — X, (2)jes — x5 on the kth factor. For each family of maps f; : X; —
Y;, there is a product map

Wesfi Wes Xy = WiesYs,  (x5)jes = (fi(2)))jes
and for each family of maps f; : W — X; a map
(Fi)ier : W = Tes X, w = (f3(w))jes-

It is then natural to equip the cartesian product II;c ;X ; with the coarsest topology that makes
all projection maps pry, : II;c;X; — X} continuous. The resulting topological space has a uni-
versal property that characterises continuous maps f : W — Il;c ;X in terms of the associated
maps pryo f: W — X.

Definition 1.2.9: Let (X, O,);jc;s be a family of topological spaces. Then

On = {arbitrary unions of finite intersections of sets pr; ' (U;),U; € O;}

is a topology on II;c;X;, the product topology and (Il;c;X;, On) is called the product of
the topological spaces (X;,0;). For J = {1,...,n}, we also write X; x ... x X,, instead of
(HjeJXj, OH) and fl X ... X fn instead of Hjejfj.

Remark 1.2.10:

1. The product topology is the coarsest topology on the set Iljc;X; that makes all
projection maps pry, : Il;c ;7 X; — X} continuous.
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2. The product topology is characterised by a universal property:
For a family of continuous maps f; : W — X there exists a unique continuous map
[ W = T, X; with prj o f = f; for all j € J, namely f = (f;)jes:

af
W= =>1lesX; (4)

X |

X
3. The product ILc;f; : I;e; X; — Il ;Y of continuous maps f; : X; — Y; is continuous.

4. Products of topological spaces are associative up to homeomorphism:
(X1 X Xg) x X3~ X7 X (X3 x X3) for all triples of topological spaces (X;, 0;), i = 1,2,3.

Note that topological sums and products are based on the same input data, a family (Xj),c; of
topological spaces, and that the diagrams (3)) and (4)) that characterise their universal properties
are related by a reversal of arrows. One says that these constructions are dual to each other.
While finite topological sums and products

Example 1.2.11:
. ¢ : R*" x R™ — R"™™ (x,y) — (x,y) is homeomorphism between R" x R™ with the
product topology and R"*™ with the standard topology.

2. For any 0 < r < R, the torus T, C R* from example is homeomorphic to the
product S' x S' via f: S* x St = Tr,, ((,9), (v,v)) = (Rx + ru, Ry + ru, rv).

To conclude our discussion of the general properties of topological sums and products, we recall
that desirable properties of topological spaces such as compactness and the hausdorff property
are compatible with sums and products in the following sense.

Remark 1.2.12: Let (X;, O;) e be a family of topological spaces.

1. If (X, O;) is hausdorft for all j € J, then (II;c;X;, On) is hausdorff.
2. If (X;, 0;) is compact for all j € J, then (II;c;X;, On) is compact (Tychonoff).

3. If J is finite, then (II;c;X;, On) and (IL;c;X;, On) are compact (hausdorff) if and only if
(X, 0y) is compact (hausdorff) for all j € J

1.3 Pullbacks and pushouts, attaching and CW-complexes

In the following, we consider topological spaces, which are obtained by combining the four basic
constructions - subspaces, quotients, sums and products. Two fundamental constructions which
cover a large class of relevant examples are pullbacks and pushouts. They are obtained by com-
bining topological products with subspaces and topological sums with quotients, respectively.
We will see later that these constructions have algebraic counterparts and can be formulated
more generally in any category.
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Definition 1.3.1: Let (W, Ow), (Y,Oy), (X;,Ox,), i = 1,2, be topological spaces.
1. For a pair of continuous maps f; : X; — Y, the set

X1 xy Xo ={(z1,22) € X1 x X fi(x1) = fa(ze)} C X7 x Xy

becomes a topological space when equipped with the subspace topology induced by
the product topology on X; x Xs. It is called the pullback or fibre product of X; and X5.

2. For a pair of continuous maps ¢; : W — X, iy 0 g1(w) ~ ig 0 go(w) for all w € W defines
an equivalence relation on X; + Xs. The quotient space X; + X3/ ~ with the quotient
topology induced by the sum topology on X; + X5 is called the pushout of X; and X,
and denoted X +y Xa.

As combinations of topological products with subspaces and of topological sums with quotients,
pullback and pushout inherit universal properties, which arise from the universal properties of
the underlying constructions.

Lemma 1.3.2: Let (W,0Ow), (Y,0Oy) and (X;,Ox,), i = 1,2, be topological spaces.

1. Universal property of the pullback: Let X; xy X5 be the pullback of X; and X5
with continuous functions f; : X; — Y and m; = pr;|x,xyx, : X1 Xy Xo — X;. Then the
inner rectangle in the following diagram commutes, and for any two continuous functions
gi - W — X, for which the outer quadrilateral commutes, there is a unique continuous
function g : W — X; Xy X, such that the two triangles commute

9 (5)
X1 Xy Xog > Xo

il

X1 7 Y.

2. Universal property of the pushout: Let X; +y X5 be the pushout of X; and X5
with continuous functions ¢g; : W — X, and ¢; = woi4; : X; — X; +w Xs. Then the
inner rectangle in the following diagram commutes, and for any two continuous functions
fi + X; — Y for which the outer quadrilateral commutes, there is a unique continuous
function f: X7 +w Xs — Y such that the two triangles commute

f2 (6)

X4

g1

Proof:

1. The inner rectangle in (|5)) commutes by definition, since we have f; o pry(z1,x2) = fi(x1) =
fa(xe) = fa 0 pry(xy,zo) for all (z1,22) € X; Xy Xs. The existence and uniqueness of the
continuous function g : W — X; Xy X, follows from the universal property of the product
topology. The latter states that for g; : W — X there exists a unique map g : W — X; x Xs

15



with pr; o g = g¢;. It follows that fo oproog = fo0gs = fi 091 = fi opry o g and hence
g(W) C X xy Xs. By definition, one then has w09 = pr;|x,x,x, 09 = pr;og = g; fori =1, 2.

2. The inner rectangle in diagram commutes, as the equivalence relation on X; + X,
implies ¢; o g1(w) = moi; o g1(w) = 7o iy o ga(w) = 19 0 go(w) for all w € W. The
existence and uniqueness of the map f follows from the universal property of the sum and the
quotient topology. By definition of the sum topology, there exists a unique continuous map
[ Xai+ X, = Y with f'oi; = f;. The map f’ is constant on the equivalence classes in X; + X5
since f'oiy 0 gi(w) = frog1(w) = fa0gs(w) = f oiyo ge(w) for all w € W. By the universal
property of the quotient topology, there is a unique continuous map f : X; +w Xo — Y with
fom = [, and we have foiy0g, = fomoizog, = f'oigogy = f'ot10g1 = fomoijogy = foi0g:. O

From their universal properties it is evident that pullback and pushout are dual constructions -
the diagrams and which characterise their universal properties are related to each other
by a reversal of arrows, the former makes use of topological sums and the latter of topological
products. While the pullback may seem more intuitive at first sight - it involves a subspace
of a topological product, while the pushout involves quotients, pushouts also have a clear
geometrical interpretation, namely in the attaching or gluing of topological spaces. For this,
one considers two topological spaces X; = X, Xy =Y, a subspace A C X; and a continuous
function f: A — Y. The maps g; : A — X; are then given by g; =i4: A — X and g, = f.

Definition 1.3.3: Let (X,Ox) and (Y, Oy) be topological spaces, A C X and f: A - Y
continuous. Then the pushout X +4Y of X and Y by gy =is: A—> X and g =f: A=Y
is denoted X U; Y and called the topological space obtained by attaching or gluing X to Y.

1. If X = I D™ is a topological sum of n-discs D" = {z € R™ : ||z|| < 1},
A = I;c;0D™ = TerS™ ! and the attaching map f = (fi)ies @ ierS™1 — Vs
given by continuous maps f; : S — Y via the universal property of the topological
sum, one speaks of attaching n-cells to Y with the attaching maps f; : S ! — Y.
The map ¢; = moi; : D™ — X U;Y is called the characteristic map of the jth n-cell D".

2. If X is a topological sum ;e X;, A = I/ {p;} with p, € X; and Y = {p} then X U; YV
is called the wedge sum of the topological spaces X; and and denoted V;c;X;.

Note that attaching is not symmetric with respect to the topological spaces X and Y. As it is
given by the equivalence relation ix(a) ~ iy o f(a) on X +Y, it does not identify the inclusions
of different points in Y, and consequently, the topological space ¥ can be embedded in X U; Y.
However, this equivalence relation identifies points a,a’ € A C X with f(a) = f(a). For this
reason, in general there is no embedding of X into X Uy Y unless f : A — Y is injective -
one speaks of attaching X to Y. As attaching is a special case of the pushout construction, it
follows immediately that it can be characterised by a universal property. Moreover, one can
show that the order in which different topological spaces are attached to a given topological
space Y does not matter- the resulting topological spaces are homeomorphic.

Lemma 1.3.4: Let (X;,0Ox,), (Y,0y) be topological spaces, A; C X, subspaces with
inclusion maps j; : A; = X; and f; : A; — Y continuous functions. Then one has:

1. Universal property of attaching: The map ty : Y — Y Uy X is an embedding, and
for any two continuous maps gx, : X1 = Z, gy : Y — Z with gy o f; = gx, o j1 there is
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a unique map g : X; Uy, Y — Z for which the following diagram commutes

A oy (7)

El!g\\ »
X U, V<2 y

o] [ﬁ

X A

J1

2. Commutativity of attaching: For topological spaces (Y, Oy), (X;,Ox,), i = 1,2,
subspaces A; C X; and continuous functions f; : A; — Y one has

Xy Ufl (X2 Uf2 Y) ~ Xy Ufg (Xl Ufl Y) ~ (Xl + X2) U(f17f2> Y

with fl = LyOf1 . X1 — X2Uf2Y7 ‘];2 = LyOfQ . X2 — X1Uf1Y and <f1,f2> : A1+A2 —Y
defined by the universal property of the sum topology.

Proof. The first claim is obvious, and for the second claim we prove the identity
XoUpyop, (X1Up V) & (X1 + Xo) Upip, V.

To simplify notation, we set V' := (X14+Xo)Up 40 Y, W = XjUp Y and Z = XoU,,05,(X1UpY).
Using the universal property for the attaching of X; to Y with f;, the universal property for
the attaching of X, to W with ¢y o fy and the universal properties of the sums A; + Ay and
X; + X, we obtain the following diagram, in which the triangles A;Y (A; + As), Y Ay(A; + Ay)
and Z(Xl + XQ)X27 the quadrilaterals Al(Al + AQ)(Xl + XQ)Xl, AQXQ(Xl + XQ)(Al + Ag),
Z(X1+ Xo)XqW and X;WY A; and the pentagon ZX,AY W commute.

W . X1 (8)
/ TLY le
bil

A Y

A

(41,32)

X1+ Xo

Denote now by ty12 : Y =V and tx,4+x, : X1 + X2 — V the canonical maps for the attaching
of X1+ X, to Y with fi+ fo. Then the universal property of attaching implies ¢y, x, © (j1, jo) =
ty12 © (fi1 + f2). From this and the commutativity of A;(A; + A2)(X; + X2)X;, we obtain

Lx,+X, © i1,12 O J1 = LX;+X, © <j1,j2> Oj1,12 = ly12 © (f1 + f2) o j1,12 = ly,12© fi

The universal property for attaching X; to Y with f; then implies that there is a unique
continuous map ¢ : W — V with /o 1x, = tx,4x, 04112 and ¢/ o 1y = 1y12. We obtain the
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diagram

(41,32)

X1+ Xo

in which the new quadrilateral VW X, (X; + X5) and pentagon VWY (A; + Ay)(X; + X5) also
commute. From this diagram, we obtain

Vouwofo=1owyo(fi+ f2) 0212 = tx,1x, © (J1,J2) © J2.12 = Lx,+X, © i2,12 © Jo,

and by the universal property of XoU P (X7Up, Y) there is a unique continuous map ¢ : Z — V
with 1" o =" and (" o1x, = tx,x, ©l212. As we have

lz12 © <j17j2> 0j2,12 =1z12° i2,12 0Jy = 15C 0Jy=10Ly O fz =1LOLly© (fl + f2) 0j2,12

lz,12 © <j17j2> ©J1,12 = 1212011120 J1 = 1O Llx, OJ1 =LOLy O fi=towo (fl + fz) ° J1,12,

the universal property of the sum A; + Ay implies tz12 © (j1, j2) = t oty o (fi1 + f2), 1. e. the
quadrilateral Z(X; + X5)(A; + A2)YW commutes. With the universal property of attaching
X1+ X5 to Y with f; + f5 it then follows that there is a unique continuous map r : V. — 7
with 7o tx,4x, =tz1p and rot"ovoy =rod oy =10uy.

(10)

LX1+Xo

Jj1,12 1,12

fa

fit+f2 l .
Xo £ A,y 71.2141 + A

(41,J2)
12,12

X1+ Xo

The universal property of attaching X, to X; Uy, Y with ¢y o f5 guarantees that r o " = idy if
rot’or = vand rot”ory, = tx,. The second identity follows directly, since rot”otx, = rotx, 1+ x,°
i212 = lz120%212 = Lx,. Lhe first follows with the universal property of attaching X; to Y with
fi1 from the identities 7ot oroty = tory and rot”ororyx, = rotx,1x,00112 = Lz1200112 = LOLY,.
This shows that r o/ = id .
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To show that /" or = idy,, by the universal property of attaching X; + X, to Y with f; + fs, it is

sufficient to show that (" orotx, 1 x, = tx,+x, and " oroi oty = ¢ ouy. The last identity follows

since 1" oroit oy =1"oroi orowy =" ovowy =1 ouy. The first identity follows from the
3 s 14 _ . _ " _

universal property of X; + X, since (" orovx, 1 x,0t212 = t"0tz1200212 = " otx, = Lx,4x,00212

and " oroux, 4 x,0t112 = t"0lLz19001 19 = 1" 0L0oLx, = Lx,+x,°%112. This shows that /" or =idy,

and hence r : V — Z and " =r~! : Z — V are homeomorphisms.

]

Example 1.3.5:
1. Let X = conv({p1,p2,p3}) C R? the triangle with corners p; = (—1,2), p» = (1,2),
ps = (0, 3), consider the subspace A = [p1, pa] = [—1,1] x {2} and the topological space
Y = [—1,1] x [=1,1]. Then the topological space obtained by gluing of X to Y with the
attaching map f: A — Y, (z,2) — (x,1) is homeomorphic to

M =Y Uconv({(-1,1),(1,1),(0,2)})

This follows because the continuous maps gy = iy : Y — M, (z,y) — (z,y) and
gx : X = M, (x,y) — (z,y — 1) satisfy the condition gx oiq = gy o f. By Lemma[1.3.4]
this implies the existence of a unique continuous map g : XUyY — M with gomoix = gx
and g o m o1y = gy. To show that g is a homeomorphism, consider the map

MNY
h:M—XUY, z+ 12 °c
[z+(0,1)] ze M\Y.

It is continuous, since [z] = [z + (0,1)] in X U; Y for all z € [(—1,1), (1, 1)], and we have

hog:idxufy,QOh:idM.A A
AL,
Ll ’
) »
Y

Attaching a space X to Y with attaching map f: A —Y

2. If one chooses instead A =X and f: X =Y, (z,y) — (2,1), then moiy : Y - X U YV
is a homeomorphism, but the corresponding map moix : X — XU;Y is not an embedding.

3. For a wedge sum X VY, both the maps moixy : X - X VY, moiy:Y - X VY are
embeddings.

4. The wedge sum of X = {z € R? : ||z|| =1} and YV = {z € R? : ||z — (3,0)|| = 1} with
respect to the map f: {(1,0)} — {(2,0)} is homeomorphic to

M={zeR: |jz|| =1} U{z e R ||z — (2,0)]| = 1}.
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The wedge sum of two circles

Example 1.3.6: To show that a Hausdorff space (Z,Oz) is obtained by attaching an n-cell
to a compact topological space (Y, Oy) with an attaching map f : S"! — Y, it is sufficient
to find injective continuous functions g; : D" — Z, g5 : Y — Z with ¢i|gn-1 = g2 0 f,
Z C g1(D")U g2(Y) and g1(z) = ¢2(y) if and only if z € S"! and y = f(z).

As g1|gn-1 = go 0 f, the universal property of the attaching guarantees the existence of a unique
continuous function g : D" Uy Y — Z with ¢([z]) = ¢1(x) and g([y]) = g2(y) for all z € D™ and
y€eY.As Z C g1(D") U ga(Y), g is surjective and as gy, g2 are injective with gq|gn-1 = go 0 f,
the map g is bijective since g([z]) = g1(z) = g([y]) = ¢2(y) implies x € S™ !, y = f(x) and
hence [z] = [y]. As Z is hausdorff and Y compact, it then follows directly from Remark
that g : D" Uy Y — Z is a homeomorphism.

An important example of topological spaces that can be constructed by attaching or gluing
are topological manifolds. Every point p € M has an open neighbourhood V' C M which is
homeomorphic to an open subset U C R", and without restriction of generality, we can assume
that it contains the unit disc D™ C R"™. This yields an embedding i : D™ — M and allows one
to remove an n-disc from M and glue it to another manifold N along the resulting circle. The
resulting construction is called connected sum of topological manifolds.

Connected sum of two manifolds M; and M,
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Definition 1.3.7: Let M, M, be connected n-dimensional topological manifolds and h; :
D" — M; embeddings. Then the connected sum M;#M;, of M; and M, is the gluing of
M\ hl(DO”) to My \ hQ(DO”) with the homeomorphism hy o hy!|gn-1 @ Ri(S™7') — ho(S™7Y).
The connected sum T#9 = THT# ... #T of g € N tori T = S' x S! is called a surface of
genus g. For g = 0, one sets T7% = 52

Surfaces of genus g

Remark 1.3.8:

1. The connected sum M;# M, is a connected topological manifold of dimension n and
depends on the choice of the embeddings h; : D™ — M; only up to homeomorphisms.

2. One can show that every oriented compact connected topological manifold of dimension
2 is homeomorphic to a surface of genus g € Nj,.

Many topological spaces can be built up from simpler ones by successively attaching n-cells of
different dimensions. A collection of n-cells for a given n € N can be attached to a topological
space Y either one after another or simultaneously. One one hand, the commutativity of at-
taching construction (see Lemma guarantees that the result depends on the order only
up to homeomorphisms and hence the resulting topological spaces are equivalent. A Hausdorff
space that can be realised in this way by successively attaching finitely many or infinitely many
n-cells to a discrete set is called a CW-complex.

Definition 1.3.9: Let (X,0Ox) be a Hausdorff space. A CW-decomposition or cell
decomposition of X is a sequence of subspaces X° C ... C X such that

(CW1) XV is discrete and X = [J,50 X"
(CW2) For each n € N, X" is obtained from X! by attaching n-cells.

(CW3) A subset C' C X is closed with respect to Ox if and only if it is closed with respect
to Ox» for all n > 0: X is equipped with the weak topology.
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A Hausdorff space X with a CW-decomposition is called a CW-complex or cell complex.
The space X" is called the n-skeleton of X and the sequence X° Cc X! C ... € X the
skeleton filtration. If n = inf{m € Ny : X = X™} € Ny, then n is called the cellular
dimension of X. A CW-complex of cellular dimension one is called a graph. A CW-complex
X is called finite if X is finite and X is obtained by attaching finitely many cells, i. e. X° is
finite, X is of cellular dimension n for an n € Ny and X* is obtained from X*~! by attaching
finitely many k-cells for all 1 < k < n.

Remark 1.3.10:

1. The axiom (CW3) states that X is equipped with the weak topology induced by the
topologies of the n-skeleta X™. This is the letter W in CW-complex. This condition is
irrelevant for finite CW-complexes but necessary in the infinite case.

2. As X" is obtained from X"~ ! by attaching n-cells, it is a quotient of a direct sum
(e, D™) 1T X™ ! and there is a canonical surjection 7, : (I;c;, D™) II X"~ ! — X", By
definition, A C X" is open (closed) if and only if 77*(A) N X! and 7~ '(A) N D™ are
open (closed) for all n-cells in Il;c;, D". As by (CW3) a subset A C X is open (closed) if
and only if AN X™ is open (closed) for all n € Ny and XV is discrete by (CW1), it follows
inductively that A C X is open (closed) if and only if its preimage L;l(A) C D* under
the characteristic map ¢; : D¥ — X is open (closed) for all j € Ji, k € Ny.

3. If A C X is compact, then the sets ¢;(D*) N A for j € Ji, k € Ny form an open covering
of A, which has a finite sub covering. This implies that A N ¢;(D*) # @ for only finitely
many k € Ny and j € J. As ¢;(OD") is a compact subset of X"~ it follows that
,j(0D*)N Li(lo?m) = 0 for only finitely many m-cells with m < k. Inductively, we obtain a

finite subcomplex of (X, U,>0X") which contains A. This is called the closure finiteness
condition and corresponds to the C'in CW-complex.

In the following we will mainly work with finite CW-complexes, but it is important to also
consider infinite CW-complexes for completeness. It can be shown that every every topologi-
cal manifold is homotopy equivalent to a CW-complex and every topological space is weakly
homotopy equivalent to a CW-complex. This implies that for many purposes, it is sufficient
to consider CW-complexes instead of more general topological spaces. However, these results
require that one admits infinite CW-complexes.

Example 1.3.11:

1. R has the structure of a CW-complex with skeleton filtration X° = Z, X! = R. The
1-skeleton X! is obtained from X° by attaching I1,c7z D' with the attaching maps f,, :
{-1,1} = Z, fu(=1) =n—1, fu(1) =n for n € Z.

N Ve T T e
|

-1 0 1 2

°
1

CW structure of R
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2. The closed disc D* = {z € R? : ||z|| < 1} has the structure of a CW-complex with
skeleton filtration
X'={(1,0)}, Xx'=5' X?=D%

X1 is obtained from X° by attaching a 1-cell with the attaching map f; : S° = {1, -1} —
X f1(1) = fi(—1) = (1,0), and X? is obtained from X' by attaching a 2-cell with

f221d51:51—>X1.
— O
00
N
/

CW structure of the disc D?

To show that X' ~ D' Uy X° we recall Example and consider the continuous
map F; : D' — X' 2 + (—cos(rz), —sin(rz)) and the inclusion i; : X° — X1, As
we have Fi|so = i1 o fi, the universal property of attaching yields a unique continuous
map F] : D' Uy, X° — X! with F{([z]) = Fi(z) for all x € D' and F{((1,0)) = (1,0).
As X! C Fy(D') and Fi(z) = f1(1,0) implies z € S' and (1,0) = fi(z), this map is
bijective. As X! is hausdorff and X° compact, this implies that F] : D' Uy, X° — X' is
a homeomorphism.

Similarly, we show that X? =~ D? Uy X!, by considering the continuous map
Fy = idp2 : D? — X? together with the canonical inclusion i, : X! — X?2. Again,
Fyls1 = ig 0 fo, X? C Fy(D?) and Fy(x) = fo(y) implies z = y € S'. As X? is hausdorff
and X' compact, this implies the existence of a homeomorphism Fj : D* Uy, X' — X2

3. For n > 1, the n-sphere S™ has the structure of a CW-complex with skeleton filtration
X'=X'=... =X""={(1,0,..,0)}, X"=85"

X™ is obtained by attaching an n-cell to X™~! with the attaching map f: S" 1 — X1
x +— (0,...,0,1). Again, one verifies easily with Example that the inclusion map
i:(1,0,...,0) = (1,0,...,0) and the map

F:D"— X, (x1,...,2,) — 22171 = ||2]?, ..., 22,/ 1 — HxH2,2HxH2 - 1)

induce a homeomorphism F”: D" Uy X"~ 1 — S

® 0
@0

CW structure of the sphere S?
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4. For n > 1, the n-sphere S™ has the structure of a CW-complex with skeleton filtration
X0=5% X'=9g' X?=962 ..., X"=:5"

X% is obtained from X*~! by attaching two k-cells with attaching maps f; = idgi—1 :
Sk=1 5 §k=1 Together with the inclusions i : X*~! — X* z + x the maps

Fy D" = DPUpy SM1 o (o, £4/1 = [[2]?)

then induce a homeomorphism F* : D¥ U ro) Xkl Gk,

T l
=
=

CW structure of the sphere S?

5. Real projective space RP™ has the structure of a CW-complex with a skeleton filtration
X'={1}, X'=RP! X?=RP? ..., X"=RP"

where X% is obtained from X*~! by attaching a single k-cell with the attaching map
fe : SF1 — RP*! 2~ [z]. This follows from the fact that RP* is homeomorphic to
a quotient S*/ ~ with the equivalence relation  ~ #x on S* that identifies antipodal
points. By considering the inclusion 4,_; : RP*™1 — RP* [(zy,...,21)] = [(z1, ..., 71, 0)]
and the continuous map Fj, : D¥ — RP* z — [(z,1/1 — ||z||?)] one obtains a homeo-
morphism DF Uy, RP*~1 — RP*.

6. Complex projective space has the structure of a CW-complex with skeleton filtration
X'=Xx'={1}, X*=X*=CP? ..., X™?=X"? =-CP"! X* =CP"

where X?* = CP* is obtained from X?*~! = CP*~! by attaching a 2k-cell with the
attaching map fi, : S*~1 — CP* L, (z1, 72, ..., Top_1, Tox) — [(T1 + iTa, .o, Top1 + iTap)].
This follows from the fact that CP* is homeomorphic to the quotient S?*~!/ ~_ where
x ~ yif thereis a A € ST C C with (2 +izs, ..., Top_1 +1Tor) = My1 +iya, .o, Yor_1 +itor)-
The proof is analogous to the last example.

1.4 Topological groups and homogeneous spaces

The product topology and quotient topology are essential in the description of algebraic objects
such as groups, vector spaces and algebras that also have the structure of topological spaces. In
this case, it is natural to require that all algebraic operations are compatible with the topology.
Since for instance the group multiplication is a map - : G X G — G, a sensible compatibility
condition requires the product topology on G x GG. By considering quotients of a topological
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group G with respect to a subgroup H C G, one then obtains the so-called homogeneous
spaces. Many important examples such as R", the n-spheres S™, complex projective space
CP™ and affine spaces can be realised this way and are equipped with additional geometrical
structures induced by the underlying groups such as metrics. The description of geometry in
terms of symmetry groups was the central goal of Klein’s famous Erlangen programme, in which
homogeneous spaces played a central role.

Definition 1.4.1: A topological group is a topological space (G, O¢) with a group structure
such that the multiplication map - : G x G — G, (g, h) — g-h is continuous with respect to the
product topology on G x G and Og and the inversion map inv : G — G, g — ¢! is continuous
with respect to Og.

Example 1.4.2: Any matrix group G C Mat(n,C) is a topological group.

The set Mat(n,C) ~~ R2"* is equipped with the standard topology of R?" and any matrix
group G C Mat(n,C) becomes a topological space when equipped with the subspace topology.
As the multiplication map - : Mat(n,C) x Mat(n,C) — Mat(n,C) is linear, it is continuous
with respect to the product topology on Mat(n,C) x Mat(n,C) and the standard topology
on Mat(n,C). Similarly, the inversion map inv : {M € Mat(n,C) : det M # 0} — {M €
Mat(n,C) : det M # 0}, M + M~! is continuous, since it is a rational function. By the
universal property of subspaces, the restrictions of these maps to G x G and G are continuous.

Example 1.4.3: Any group G becomes a topological group when equipped with the discrete
topology. This is due to the fact that associated product topology on G x G coincides with the
discrete topology on G x GG. This implies that any map G x G — X and G — X in a topological
space X becomes continuous, in particular the multiplication - : G x G — G and the inversion
inv: G — G. A topological group (G, Oys.) is called a discrete group.

Definition 1.4.4: Let (G,Og) be a topological group and (X, Ox) a topological space.
1. A (left) action of G on X is a continuous map > : G x X — X, (g,z) — g > x with

(g-h)y>x=g> (h> ), e>x=x Vg,heGzelX.

A topological space X with a left action > : G x X — X of GG is called a G-space.

2. A G-space is called a homogeneous space for G if the action of G on X is transitive,
i. e. for any x, 2’ € X thereis a g € G with 2’ = g > .

3. A left action of G on X defines an equivalence relation on X, namely = ~ 2’ if there exists
a g € G with 2’ = g > z. The associated equivalence classes G>z = {g>x: g € G} are
called the G-orbits of z € X, and the quotient space X/G = X/ ~ with the quotient
topology is called the the orbit space.

4. If (X, >x), (Y, >y) are both G-spaces for a given topological group GG, then a continuous
map f : X — Y is called G-equivariant or morphism of G-spaces if f(g>x z) =
gy f(x) forallg € G,z € X.
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Remark 1.4.5: Analogously, one defines a right action of a topological group (G,Og) on
a topological space (X, Ox) as a continuous map <: X x G — X with

r<d(g-h)=(x<g)<h, z<e==x Vg, h € G,x € X.

If >:Gx X — X is aleft action of G on X, then < : X x G — X, (z,9) = g '>aisa
right action of G on X. If <: X x G — X is a right action of G on X, then > : G x X — X,
(9,) = < g ' is a left action of G on X.

The universal property of the quotient space implies that for any topological space (Z,0y),
continuous maps f. : X/G — Z are in bijection with continuous maps f : X — Z that are
constant on each orbit G > x. It follows that any G-equivariant continuous map g : X — Y
induces a continuous map g. : X/G — Y/G, since the associated map mog : X — Y/G,
x — G >y f(z) is constant on each G-orbit.

Example 1.4.6: Let (G,O¢) be a topological group and H C G a subgroup, equipped with
the subspace topology. Then by definition < : G x H — G, (g,h) — ¢ - h is a continuous
right action of H on G. The associated orbit space is is the space of right cosets G/H with the
quotient topology. For every g € G, the left translation [, : G — G, u — ¢ -u is continuous and
H-equivariant and hence induces a unique continuous map Iy, : G/H — G/H, kH > (gk)H. It
follows that the map > : GxG/H — G/H, (9,g'H) — (gg¢’)H is a transitive left action of G on
G/H. Hence (G/H,>) is a homogeneous space for G. One can show that the homogeneous space
G/ H is hausdorff if and only if H C G is a closed subgroup and that the group structure on G
induces a topological group structure on G/H if and only if H C G isnormal, i.e. gHg ! = H
for all g € G.

One can show that any hausdorff homogeneous space (X, >) for a compact topological group
G is of the form G/H where H C G is a closed subgroup. They key idea is to choose a point
x € X and to consider the elements of GG that act trivially on this point.

Lemma 1.4.7: Let (G,Og) be a compact topological group and (X, Ox) a Hausdorff space
that is a homogeneous space for G. Denote by G, = {g € G : g > x = x} the stabiliser
subgroup of a point x € X. Then there is a G-equivariant homeomorphism ¢ : X — G/G,.

Proof:

Choose a point z € X and let G, = {g € G : ¢ > x = z} be its stabiliser. Clearly, G, C G is a
subgroup, since e>x = x and g>x = x, ¢’ >x = x implies (¢g¢')>x =g> (¢ >2) = g>w = 2.
This shows that G/G, with the quotient topology is a topological space.

The map p, : G — X, g — g > z is constant on the cosets gG, and continuous since
> : G x X — X is continuous. By the universal property of the quotient space, the map
¢:G/G, = X, gG, — g > x is continuous, and it follows directly from the definition that ¢
is G-equivariant. Moreover, ¢ is surjective since G acts transitively on X, and ¢ is injective
since p(g) = p.(¢') implies (¢7'¢>r=g'>(¢J>z)=g'>(gra)=2= g € G, =
9G. = ¢G,. As X is hausdorff and G/G, is compact as a quotient of the compact topological
space G, it follows that ¢ : G/G, — G is a homeomorphism (see Remark [1.1.10]). O
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Example 1.4.8: S"! is homeomorphic to the homogeneous space O(n,R)/O(n—1,R), where
O(n,R) ={A € GL(n,R) : AT = A1}
is the real orthogonal group. For this, consider the group action
>:Om,R) x "1 = 8"t (Az)— Az

The stabiliser subgroup of the point e; = (1,0, ...,0) € S*! is the matrix group

10 ~
n={(19): peon 1} on 1.
The group O(n,R) is compact since it can be identified with the closed and bounded subset
O(n,R) ={A=(a1,...,an) € R" x ... x R" : ||a;||gn = 1, {a;,a;)rn = 0 for i # j} C R™ .

As S™1 is hausdorff, Lemma [1.4.7 implies that ¢ : O(n,R)/O(n — 1,R) — S~ [A] — Ae; is

a homeomorphism.

1.5 Exercises for Chapter

Exercise 1: Show that real projective space RP™ and complex projective space CP™ are
topological manifolds of dimension n and 2n, respectively.

Exercise 2:

(a) Show that the topological space obtained from R by collapsing the subspace (0,1) C R is
not hausdorff.

(b) Show that the topological space obtained from R by collapsing the subspace [0,1] C R is
homeomorphic to R.

Exercise 3: Show that the quotient R?/ ~ with (21, 22) ~ (y1,y2) if 11 — y1, 20 — yo € Z is
homeomorphic to the torus 7' = S* x S!.

Exercise 4: Consider the Mébius strip M = [0, 1] x [0,1]/ ~ with the equivalence relation
given by (z,0) ~ (1 — x,1) for all x € [0, 1]. Determine the boundary M and an embedding
i:SY— OM.

Exercise 5: Let X,Y be topological spaces.

(a) Consider the pullback X Xy, Y with respect to the point space {p} and formulate its
universal property.

(b) Consider the pushout X +¢Y with respect to the empty space () and formulate its universal
property.

(c) Show that the pullback X xy Y of topological spaces X, Y with idy : ¥ — Y and a
continuous map f : X — Y is homeomorphic to the graph of f.

(d) Show that for any continuous map f : X — Y continuous map g : W — graph(f)
correspond bijectively to pairs of continuous maps gx : W — X, gy : W — Y that satisfy
the condition f o gx = gy.

27



Exercise 6: Let X,Y be topological spaces, A C X a subspace and X Uy Y the topological
space obtained by attaching X to Y with the attaching map f: A — Y. Prove that the map
tx : X > XUy Y, 2 [z] is an embedding if and only if f is injective.

Exercise 7: Consider the n-discs D" = {x € R" : ||z|| < 1} and the n-spheres

S ={zxeR": ||z|]| =1} for n > 0.

(a) Show that the topological space obtained by collapsing D™ = S"~! = {x € R" : ||z|| = 1}
in D™ is homeomorphic to S™.

(b) Show that attaching an n-cell to an (n—1)-sphere with the attaching map id : S"~! — S§n~1
yields a topological space homeomorphic to D™.

(c) Show that attaching an n-cell to the n-disc with the attaching map i : S" ' — D" z — x
yields a topological space homeomorphic to S™.

Exercise 8:

(a) Show that real projective space RP™ is obtained by attaching an n-cell to RP"!.
(b) Show that complex projective space CP" is obtained by attaching a 2n-cell to CP™!,

Hint: RP™ and CP™ can be realised as quotients of, respectively, the n-sphere S™ and the
(2n + 1)-sphere S2"*1.

Exercise 9: Show that the topological space S™ x S™, n,m € N, can be obtained by attaching
an (n + m)-cell to the wedge sum S™ Vv S™.

Exercise 10: Consider the torus 7' = [0, 1] x [0, 1]/ ~ where ~ is the equivalence relation on
[0,1] x [0,1] given by (z,0) ~ (x,1), (0,y) ~ (1,y) for all z,y € [0, 1]. Show that the torus has
the structure of a CW-complex with one 0-cell, two 1-cells and one 2-cell.

Exercise 11: Consider the Klein bottle K = [0,1] x [0,1]/ ~ where ~ is the equivalence
relation on [0, 1] x [0, 1] given by (x,0) ~ (z,1), (0,y) ~ (1,1 —y) for all z,y € [0, 1]. Show that
the Klein bottle has the structure of a CW-complex with one 0-cell, two 1-cells and one 2-cell.

Exercise 12: Let XY be topological spaces, A C X a subspace and f: A — Y continuous.
Prove that the topological space obtained by first attaching X to Y with f: A — Y and then
collapsing the subspace ix(X) C X Uy Y is homeomorphic to the topological space obtained
by collapsing the subspace f(A) CY in Y.

Exercise 13: Show that complex projective space CP” is homeomorphic to U(n +1)/U(1) x
U(n), where U(n) = {A € Mat(n,C) : AT := AT = A~'} is the unitary group.

Exercise 14: Let Y, X; with ¢ = 1,2 be topological spaces, A; C X, subspacesand f; : A; = Y
continuous maps. Denote by X; Uy, Y the topological space obtained by attaching X; to Y with
attaching map f: A, =Y, byix, : X; = X; +Y and iy, : Y — X; +Y the inclusion maps for
the topological sums and by m; : X; +Y — X, Uy, Y the canonical surjections for the quotient.
Show that

X Uf1 (XQ Uy Y) ~ Xo Uﬁ (X1 Up Y) =~ (X1 + Xg) U<f17f2> Y

where fl =moiys0 fi: X7 = XoUpY, fQ =T oiy;0fo: Xo—= XiUp Y and (f1, fo) :
A; + Ay — Y is the map defined by the universal property of the sum topology.
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Exercise 15: Let W, XY, Z be topological spaces, f W — X, g: W —Y, g: X — Z and
k.Y — Z continuous functions. Then the diagram

z<ty
1t
is called a pushout square if it commutes and for all continuous maps ¢x : X = U, ¢y : Y - U

with ¢x o f = ¢y o g there is a unique continuous map ¢ : Z — U such that the following
diagram commutes

U\\ oy (11)
AN
J1p
Tz ty
bx T
h g
X~—W.

f

Suppose that the following diagram of continuous maps and topological spaces commutes

| [T]
V.

4<—Y
1
X W

f

-t

(a) Suppose the subdiagram UVWY is a pushout square. Show that in that case UV X Z is a
pushout square if and only if YW X Z is a pushout square.

(b) Give an example in which UV XZ and YW X Z are pushout squares but UVIWY is not.

29



2 Algebraic background

2.1 Categories and functors

As algebraic topology aims to describe and ultimately classify topological spaces in terms
of algebraic structures, it is necessary to determine which mathematical structures can be
used to express such a characterisation. Since they must encompass both, topological and
algebraic structures and should be based on as few assumptions as possible, it is clear that
these mathematical structures need to be rather abstract.

It is also clear that they should involve an assignment of an algebraic structure such as a group,
an algebra or a module to each topological space but that such an assignment is not sufficient
in itself. As one does not want to distinguish topological spaces that are homeomorphic, one
needs to incorporate the notion of homeomorphisms or, more generally, continuous maps in the
picture. Continuous maps and homeomorphisms must correspond, respectively, to structure
preserving maps in the algebraic setting (group, algebra and module homomorphisms) and
structure preserving maps with a structure preserving inverse (group, algebra and module
isomorphisms).

This forces one to first develop a mathematical language which describes mathematical struc-
tures and structure preserving maps between them and is sufficiently general to be applied to
the topological as well as the algebraic context. The minimum requirements for this to make
sense are a notion of composition for structure preserving maps (the composite of two structure
preserving maps is structure preserving) that should be associative and a notion of identity
maps. By imposing only these requirements, one obtains the notion of a category.

Definition 2.1.1: A category C consists of:
e a class ObC of objects,

e for each pair of objects X,Y € ObC a set Home(X,Y) of morphisms ,
e for any triple of objects X,Y, Z a composition map

o: Home(Y, Z) x Home(X,Y) — Home (X, Z),

such that the following axioms are satisfied:

(C1) The sets Home(X,Y') of morphisms are pairwise disjoint,

(C2) The composition is associative: f o (goh) = (f o g) o h for all objects W, XY, Z and
morphisms h € Home (W, X), g € Home(X,Y), f € Home(Y, Z),

(C3) For any object X there is a morphism 1x € Home(X, X) with 1xof = fandgolx =g
for all f € Home(W,X), ¢ € Home(X,Y). The morphisms 1x are called identity
morphisms.

Instead of f € Home(X,Y), we also write f : X — Y. The object X is called source of f, and
the object Y is called target of f. A morphism f: X — X is called an endomorphism.

A morphism f : X — Y is called an isomorphism, if there is a morphism ¢ : ¥ — X with
gof=1x and fog = ly. In this case, we write f : X = Y and call the objects X and Y
isomorphic.
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Example 2.1.2:

1.

The category Set: the objects of Set are sets, and the morphisms are maps f: X — Y.
The composition is the composition of maps and the identity morphisms are the identity
maps. [somorphisms are bijective maps.

Note that the definition of a category requires that morphisms between two objects in a
category form a set, but not that the objects of the category do so. Requiring that the
objects of a category form a set would force one to consider sets of sets when defining
the category Set, which is known to lead to problems and contradictions. A category in
which not only the morphisms between given objects but also the objects form a set is
called a small category.

. The category Set* of pointed sets: the objects are pairs (X, z) of a set X and a point

r € X, and morphisms f : (X,z) — (Y,y) are maps f : X — Y with f(z) = y. The
composition of morphisms is the composition of maps, the identity morphisms are the
identity maps and isomorphisms f : (X, z) — (Y, y) are bijections with f(z) = y.

. The category Top of topological spaces. Objects are topological spaces, morphisms

f X — Y are continuous maps. The isomorphisms in this category are homeomor-
phisms.

. The category Top® of pointed topological spaces: Objects are pairs (X,z) of a

topological space X and a point x € X, morphisms f : (X,z) — (Y,y) are continuous
maps f: X — Y with f(z) =y.

. The category Top(2) of pairs of topological spaces: Objects are pairs (X, A) of

a topological space X and a subspace A C X, morphisms f : (X, A) — (Y,B) are
continuous maps f : X — Y with f(A) C B. Isomorphisms are homeomorphisms
f:X =Y with f(A) = B.

Many examples of categories we will encounter in the following are categories of algebraic
structures. This includes the following:

e the category Vecty of vector spaces over a field F:
objects: vector spaces over F, morphisms: F-linear maps,

e the category VectFm of finite dimensional vector spaces over a field F:
objects: vector spaces over I, morphisms: F-linear maps,

e the category Grp of groups:
objects: groups, morphisms: group homomorphisms,

e the category Ab of abelian groups:
objects: abelian groups, morphisms: group homomorphisms,

e the category Ring of rings:
objects: rings, morphisms: ring homomorphisms,

e the category URing of unital rings:
objects: unital rings, morphisms: unital ring homomorphisms,

e the category Field of fields:
objects: fields, morphisms: field monomorphisms,

e the category F-Alg of algebras over a field F:
objects: algebras over IF, morphisms: algebra homomorphisms,
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e the categories R-Mod ( Mod-R) of left (right) modules over a ring R:
objects: R-left (right) modules, morphisms: R-left (right) module homomorphisms.

e the representation category Repy(G) of a group G over a field F:
objects: representations py : G — Autp(V) of G on vector spaces V over F,
morphisms: linear maps f: V — W with py(g) o f = fopy(g) for all g € G.

7. The category T'opGrp of topological groups:
objects: topological groups, morphisms: continuous group homomorphisms,

8. The category G — Space of G-spaces for a topological group G
objects: G-spaces (X,>x), morphisms f : (X,>yxy) — (Y,>y): continuous maps
f:X =Y with gy f(z) = f(g>x ) forallz € X, g € G.

9. The category CW of CW-complexes:
objects: CW-complexes X = U,>0X,,
morphisms: cellular maps f : X = U,>X,, = Y = U,>0Y,, , i. e. continuous maps
f: X =Y with f(X") C Y™ for all n € N.

Some important examples and basic constructions for categories that are used extensively are
given in the next examples. The second example is particulary useful for developing an intuition
on categorical notions and relating them to known concepts and constructions.

Example 2.1.3:

1. A small category C in which all morphisms are isomorphisms is called a groupoid.

2. A category with a single object X is a monoid, and a groupoid C with a single object
X is a group. Group elements are identified with endomorphisms f : X — X and the
composition of morphisms is the group multiplication. More generally, one can show that
for any object X in a groupoid C, the set Ende(X) = Home (X, X) with the composition
o: Ende(X) x Ende(X) — Ende(X) is a group.

3. For every category C, one has an opposite category C°, which has the same objects as
C, whose morphisms are given by Homeor (X,Y) = Home(Y, X) and in which the order
of the composition is reversed.

4. The Cartesian product of two categories C,D is the category C x D whose ob-
jects are pairs (C, D) of objects C' in C and D in D, with Home.p((C, D), (C', D)) =
Hom¢(C, C") x Homp (D, D) and the composition of morphisms (h, k)o(f, g) = (hof, kog)
forall f:C—>C',h:C"—=C",g:D— D' k:D — D"

5. Quotient categories: Let C be a category with an equivalence relation ~xy on
Home(X,Y) for all objects X, Y. Suppose that the equivalence relations are compati-
ble with the composition of morphisms, i. e. f ~xy g in Home(X,Y) and h ~y 7 k in
Home¢ (Y, Z) implies ho f ~x z ko g in Home(X, Z). Then one obtains a new category C’,
called a quotient category of C, with the same objects as C and equivalence classes of
morphisms in C as morphisms.

The composition of morphisms in C’ is given by [h] o [f] = [h o f], and the identity
morphisms by the equivalence classes [1x] of the identity morphisms in C. Isomorphisms
in C' are equivalence classes of morphisms f € Home(X,Y') for which there exists a
morphism ¢g € Home (Y, X) with fog~yy 1y and go f ~x x 1x.
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The construction in the last example plays a fundamental role in classification problems, in
particular in the context of topological spaces. Classifying the objects of a category C usually
means classifying them up to isomorphism, obtaining a list of objects in C such that every object
in C is isomorphic to exactly one object in this list. While this is possible in some contexts -
for the category Vectf;m of finite dimensional vector spaces over I, the list contains the vector
spaces F" with n € Ny - it is often too difficult to solve this problem in full generality. In
this case, it is sometimes simpler to consider instead the category C' and to attempt a partial
classification. If two objects are isomorphic in C, they are by definition isomorphic in C’ since
for any objects X,Y in C and any isomorphism f : X — Y with inverse g : Y — X, one has
[glo[f] =[go fl =[1x]| and [f] o [g] = [f o g] = [1y]. However, the converse does not hold in
general - the category C’ yields a weaker classification result than C.

We will now consider mathematical concepts that allow one to relate different categories. From
the discussion above, it is clear that they must not only relate their objects but also their
morphisms, in a way that is compatible with their source and target objects, the identity
morphisms and the composition of morphisms. This leads to the notion of a functor.

Definition 2.1.4: Let C,D be categories. A functor F' : C — D consists of:
e an assignment of an object F'(X) in D to every object X in C,
e for any pair of objects X,Y in C, a map

Home(X,Y) — Homp(F(X), F(Y)), f~— F(f),
which is compatible with the composition of morphisms and with the identity morphisms

F(fog)=F(f)oF(g9)  Vf€Home(X,Y),g € Home(W, X)
F(ly) = 1px) VX € ObC.

A functor F : C — C is sometimes called an endofunctor. If FF : C —- D, G : B — C

are functors, then their composite F'G : B — D is the functor given by the assignment X —
FG(X) for all X € Ob B and the maps Homp(X,Y) — Homp(FG(X), FG(Y)), f — F(G(f)).

Example 2.1.5:

1. For any category C, identity functor ids : C — C, that assigns each object and morphism
in C to itself is an endofunctor of C.

2. The functor Vecty — Ab, which assign to each vector space the underlying abelian
group and to each linear map the associated group homomorphism, and the functors
Vecty — Set, Ring — Set, Grp — Set, Top— Set etc which assign to each vector
space, ring, group, topological space the underlying set and to each morphism the un-
derlying map between sets are functors. A functor of this type is called forgetful functor.

3. The functor x : Vectyg — Vecty', which assigns to a vector space V' its dual V* and to a
linear map f: V — W its adjoint f*: W* - V* a— ao f.

4. Let G, H be topological groups and f : G — H a continuous group homomorphism.
Then one obtains a functor F : H—space — G—space, which assigns to every H-space
(X,>mx) a G-space (X, >¢ x) with G-action g >g x v = f(g) >ux .

Morphisms ¢ : (X,>%) — (Y,>}) in H- space are continuous maps ¢ : X — Y with
ho>py ¢(x) = ¢(h>px x) for all h € H, x € X. They are mapped to morphisms
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¢: (X,>gx) = (Y,>qy), since one has g>gy d(z) = f(9)>uy¢(x) = ¢(f(9)>nxx) =
dlg>ax ) forall g e Gz € X.

5. If C is a groupoid with a single object X, i. e. a group G = (End¢(X), o), then a functor
F :C — Set is a group action of G on the set F'(X) and a functor F' : C — Vecty a
representation of the group G on the vector space F'(X).

6. The Hom-functors:
For any category C and object X in C, one obtains a functor Hom(X,—) : C — Set,
which assigns to an object Y in C the set Hom¢(X,Y') and to a morphism f:Y — Z in
C the map Hom(X, f) : Hom¢(X,Y) — Home (X, Z), g+— fog.

Similarly, one obtains a functor Hom(—, X') : C°? — Set, which assigns to an object W
in C the set Home (W, X) and to a morphism f : V — W in C the map Hom(f, X) :
Home(W, X) — Home(V, X), g go f.

It will become apparent in the following that it is not sufficient to consider functors between dif-
ferent categories but one also needs to to introduce a structure that relates different functors. As
a functor F' : C — D involves maps between different sets, namely the Hom-spaces Home (X, Y)
and Homp(F(z), F(Y)), this concept must relate the Hom spaces Homp(F(X), F(Y)) and
Homp(G(X),G(Y)). The simplest way to do this is to assign to each object X in C a mor-
phism ny : F(X) — G(X) in D. By requiring that this assignment of morphisms is compatible
with the images of morphisms f : X — Y in C under F' and G, one obtains the notion of a
natural transformation.

Definition 2.1.6: A natural transformation n : FF — G between functors F,G : C — D is
an assignment of a morphism ny : F(X) — G(X) in D to every object X in C such that the
following diagram commutes:

F(X) 25 G(X)
LF(f) lG(f)
FY) > G(Y).

If for all objects X in C the morphisms 7y : F(X) — G(X) are isomorphisms, then n: ' — G
is called a natural isomorphism and denoted 1 : FF' = G. Two functors that are related by
a natural isomorphism are called naturally isomorphic.

Example 2.1.7:

1. Consider the category C = Vect(F) with functors id : Vect(K) — Vect(K) and
sk : Vect(K) — Vect(K). Then there is a canonical natural transformation can : id — s,
which assigns to a vector space ny : V' — (V*)* the vector space (V*)*.

2. If G is a group and g € G fixed, then G — G, h + g-h- ¢! is a group isomorphism,
which gives rise to an endofunctor Fj, : Repp(G) — Repp(G).

This functor assigns to a representation py : G — Autg(V') the representation F,(py) =
pv(g) o pyopv(g)™ : b+ py(g-h-g ') and to a morphism of representations f :
V — W with pw o f = f o py the linear map f : V — W, which is also a morphism of
representations between Fy(py) and Fy(pw ), since Fy(pw)o f = pv(g9)opyopyv(g)tof =
fopw(g)opwopw(g)™ = foFypv).
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If one assigns to each representation py : G — Autp(V') the morphism of representations
Npy = pv(g) : V' — V, then one obtains a natural transformation 7 : F, — id, since for all
morphisms of representations f : V' — W the following diagram commutes by definition:

3. Consider the category CRing of commutative unital rings and ring homomorphisms and
the category Grp of group homomorphisms.

Let F' : CRing — Grp the functor that assigns to a ring R the group GL,(R) of
invertible matrices with entries in R and to a ring homomorphism f : R — S the group
homomorphism GL,(f) : GL,(R) = GL,(5), (rij)ij=1,..n = (f(7i5))ij=1,.n-

Let G : CRing — Grp be the functor which assigns to every ring R the group G(R) =
R*={reR:3se€ Rr-r" =r"-r =1} of its units and to every ring homomorphism
f : R — S the induced group homomorphism G(f) = f|gx : R* — S*. (Note that the
image of a unit under a ring homomorphism is a unit, since r - ' = r’ - r = 1 implies
flr) - f(r')y = f(r') - flr) = flr-r') = f(r'-r) = f(1) = 1)

Then n : F' — G with ng = det : GL,,(R) — R* is natural transformation, since for every
ring homomorphism f : R — S the following diagram commutes

GL,(R) &~ R~
GLn(f)L jﬂRX
GL,(S) 2 5%

Remark 2.1.8: If C is a small category and D a category, then the functors C — D and
natural transformations between them form a category, which is called the functor category
and denoted Fun(C, D).

The notions of natural transformations and natural isomorphisms are particularly important
as they allow one to generalise the notion of an inverse map and of a bijection to functors.
While it is possible to define an inverse of a functor F' : C — D as a functor G : D — C
with GF = id¢ and FG = idp and an isomorphism as a functor with an inverse, it turns
out that this is not useful in practice because it is too strict. There are very few non-trivial
examples of functors with an inverse. A more useful generalisation is obtained by weakening this
requirement. Instead of requiring F'G = idp and GF = id¢, one requires naturally isomorphic
to the identity functors. This leads to the concept of an equivalence of categories.

Definition 2.1.9: A functor F' : C — D is called an equivalence of categories if there is
a functor G : D — C and natural isomorphisms x : GF = ide¢ n: FG = idp. In this case, the
categories C and D are called equivalent.
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Sometimes it is easier to use a more direct characterisation of an equivalences of categories in
terms of its behaviour on objects and morphisms. The proof of the following lemma makes use
of the axiom of choice and an be found for instance in [K], Chapter XI, Prop XI.1.5.

Lemma 2.1.10: A functor F': C — D is an equivalence of categories if and only if it is:

1. essentially surjective:
for every object A in D there is an object X of C such that A is isomorphic to F(X).

2. fully faithful:
for all objects X,Y in C the map Home(X,Y) — Homp(F(X), F(Y)), f — F(f) is a
bijection.

We will now see that many constructions and concepts from topological or algebraic settings can
be generalised straightforwardly to categories. This is true whenever it is possible to characterise
them in terms of universal properties involving morphisms. In particular, the notion of an object
similar to the empty topological space or the one-point space can be formulated in any category.
We will also see that there are generalisations of the notions of topological sums and products,
namely categorical products and coproducts.

Definition 2.1.11: An object X in a category C is called:

1. final or terminal if for every object W in C there is exactly one morphism fy : W — X,
2. cofinal or initial if for eery object Y in C there is exactly one morphism ky : X — Y,

3. null object, if it is final and initial; null objects are denoted 0.

Final, initial and null objects are unique up to isomorphisms. This follows directly from their
characterisation by a universal property. If A and B are both initial objects in a category C,
then there is a unique morphism f : A — B and a unique morphism ¢ : B — A. The uniqueness
property then implies that the composites go f : A — A and fog: B — B must agree with
the identity morphisms 14 : A — A and 15 : B — B and hence f : A — B is an isomorphism
with inverse g : B — A.

Example 2.1.12:
1. The empty set is an initial object in Set and the empty topological space an initial
object in Top. Any one point set is a final object in Set and any one point topological
space an initial object in Top. The categories Set and Top do not have null objects.

2. The null vector space {0} is a null object in the category Vecty. More generally, for any
ring R, the trivial R-module {0} is a null object in R-Mod ( Mod-R).

3. The trivial group G = {e} is a null object in Grp and in Ab.

4. The ring Z is a initial object in the category URing of unital rings since for every unital
ring R, there is exactly one ring homomorphism f : Z — R, namely

(1+...+1 neN
———
nx
—(1+...41) —mneN,
(=n)
\ —n)X



where 0 and 1 denote the additive and multiplicative unit of R and — the additive
inverse. The zero ring R = {0} with 0 = 1 is a final object in the category of unital rings,
but not an initial one.

5. The category Field does not have initial or final objects.

In analogy to the definition of initial, final and zero objects, we will now generalise topological
sums and products to general categories C. This can be done straightfowardly by using the
corresponding universal properties.

Definition 2.1.13: Let C be a category and (Xj),es a family of objects in C.

1. A coproduct is an object Il;c;X; in C together with a family of morphisms 7; : X; —
IT;c X, such that for every family of morphisms f; : X; — Y there is a unique morphism
f:e;X; — Y such that the diagram

3
Y<——HjeJXj (12)
fi ]ij
X

commutes for all j € J. This is called the universal property of the coproduct.

2. A product is an object II;c ;X in C together with a family of morphisms 7; : IL;c ;. X; —
X, such that for all families of morphisms f; : W — X there is a unique morphism
f W — Il ;X such that the diagram

af
W——>HjeJXj (13)
i jﬂj
X

commutes for all j € J. This is called the universal property of the product.

Remark 2.1.14: Products or coproducts do not necessarily exist for a given family of objects
(X;)jes in a category C, but if they exist, they are unique up to isomorphisms. This follows
directly from the universal property:

If (Ijes X5, (7)) es) and (I ; X5, (7)) jes) are two products for a family of objects (X;);es in
C, then for the family of morphisms f; = m : II}c;X; — X} there is a unique morphism

f i ;X5 — TerX; such that mp o f = m for all k € J. Similarly, for the family of

morphisms f; = 7, : ey X; — Xj there is a unique morphism f' : I, X; — I ; X with
m, o f' = my, for all k € J. It then follows that f o f’': Il;c;X; = Il;c;X; is a morphism with
mpofof' = frof' =m.of =m forall k € J. Since the identity morphism is another morphism
with this property, the uniqueness implies that f o f’ = 1y,_,x;. By an analogous argument,
one obtains f'o f = L x, and hence the objects II._ ; X; and II;c;X; are isomorphic. The

jeTNg
reasoning for the coproduct is similar.
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Example 2.1.15:

1. The disjoint union of sets is a coproduct in Set and the cartesian product of sets a product
in Set. The topological sum is a coproduct in Top and the product of topological spaces a
product in Top. In Set and Top, products and coproducts exist for all families of objects.

2. The direct sum of vector spaces is a coproduct and the direct product of vector spaces
a product in Vecty. More generally, direct sums and products of R-left (right) modules
over a unital ring R are coproducts and products in R-Mod ( Mod-R). Again, products
and coproducts exist for all families of objects in R-Mod ( Mod-R).

3. The wedge sum is a coproduct in the category Top™ of pointed topological spaces.

4. The direct product of groups is a product in Grp. Given a family (G;);e; of groups Gj,
one defines their direct product as the set

xjesGi = {(95)jer 95 € Gy}

with group multiplication law (g;) ez (hj)jes = (g;-hj) es. It is easy to check that X ;c;G;
is a group and that the projection maps 7 : (g;)jes — gr are group homomorphisms.
Moreover, for any family (f;);es of group homomorphisms f; : H — G, there is a unique
group homomorphism f : H — x;c;G; with mpo f(h) = fi(h), namely f : h— (f;j(h)) e

We will now show that the category Grp is also equipped with coproducts. The coproduct
in the category Grp is called the free product of groups and plays an important role in the
characterisation of groups in terms of generators and relations. A concrete formulation of the
direct product of two groups is obtained by considering the set of alternating tuples of non-
trivial group elements and to define a product in terms of their concatenation and the group
product in the individual groups.

Definition 2.1.16: Let (G;)ier be a collection of groups with G;NG; =0 fori,j € I, i # ]ﬂ.
Then the free product of the groups G;, ¢ € I, is the set of reduced free words in

*ic1Gi = {(h1, ..., hy) : n € No, by € Giy \ {e}, k(i) # k(i + 1) Vie {1,...,n—1}}
with the multiplication map - : *;c;G; X *;e1G; — %G, defined inductively by

(hiy.oos by By, R0 h, € Gi,hy ¢ G;
(hay ooy b)) - (B oy W) = & (R, oy By - B By L) g By € Giy By # byt (14)
(hl, ceey hn—l) . (h/2, ceey h;n) hll - h;l € Gl

The properties of the free product of groups resemble the properties of topological sums in
the category Top. It is is a group which is defined in precisely such a way that the inclusion
maps i; : Gj — x;e1G; become group homomorphisms and exhibits a universal property, which
involves group homomorphisms from the groups G; to another group H. In other words: the
following lemma shows that the free product of groups is a coproduct in the category Grp.

IThis is assumed for formal reasons and does not restrict generality. If this condition is not satisfied, one can
replace the groups G; by isomorphic groups which satisfy the condition.
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Lemma 2.1.17: Let (G;)ie; be groups with G; N G; = 0 for i # j and denote by
i; : G = *ierGi, g — (g) the canonical inclusions. Then:

1. xic;G; is a group with neutral element () and inverse (hy, ..., h,) = (b1, ..., hyY).
2. The inclusion maps i; : G; — %,c1G; are injective group homomorphisms.

3. Universal property For any family (f;);c; of group homomorphisms f; : G; — H there
is a unique group homomorphism *;c;f; : *;c7G; — H such that the following diagram
commutes for all j €

H=2 06, (15)
i Tij
G;.

Proof:

That the group multiplication - : x;c;G; X x;e1 Gy — %G is associative with neutral element ()
and inverse (hy, ..., h,) "' = (h7', ..., hy!) is verified by a direct computation, and the inclusion
maps %; : G; — *erG; are group homomorphisms by definition. The group homomorphism
*icr fi + *ie1G; — H is given by

xier fi(() = e, xierfi((h)) = *ielfi(ij(h)) = fj(h) forh € G;
xier Ji(hi, o hn) = (xier fi(h1)) - (kier fi(ha)) - -+ (xier fi((hn)))-

If ¢ : %¢;G; — H is another group homomorphism with the universal property, we have
poij(h) = ¢((h)) = fj(h) for h € G; and since ¢ is a group homomorphism ¢(()) = e and
¢(<h1, ceey hn)) = ¢(h1) . ¢(h2) s ¢<hn), which lmphes ¢ = *iEIfi : *iEIGi — H. O

It is also simple to verify the following properties, which are simple generalisations of properties
of topological sums and follow directly from the definitions.

Lemma 2.1.18: The free product of groups has the following properties:
1. Associativity: for all groups Gy, Gs, G5 the groups G * (G2 *x G3) and (G x G2) * G3
are isomorphic.
2. Generators: the subgroups (;(G;) = G; C G1 * G generate G x G.
3. Trivial products: If G| = {e} (G2 = {e}), then Gy x Gy = G2 (G x Gy = Gy).

Similarly to the notions of topological sums and products, the notions of topological pullbacks
and pushouts can also be generalised straightforwardly to categories. For this, one uses their
universal property to define them and replaces topological spaces and continuous maps, respec-
tively, by objects and morphisms in the category under consideration.

Definition 2.1.19: Let C be a category and X;, X5, W, Y objects in C.

1. A pullback or fibre product of two morphisms f; : X; — Y is an object P in C
together with morphisms m; : P — X, such that the inner rectangle in the following
diagram commutes and for any pairs of morphisms ¢g; : W — X, that make the outer
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quadrilateral commute there is a unique morphism ¢g : W — P that makes the two
triangles commute

g2 (16)

P— X

-

Xi—=Y

This is called the universal property of the pullback.

2. A pushout of two morphisms ¢g; : W — X; is an object P together with morphisms
t; » X; = P such that the inner rectangle in the following diagram commutes and for all
pairs of morphisms f; : X; — Y for which outer quadrilateral commutes there is a unique
morphism f : P — Y such that two triangles commute

Y
N f2 (17)
AN
3f \\
P<—2X,
f1
X1 T W

This is called the universal property of the pushout.

Just as in the case of categorical (co)products, pullbacks and pushouts do not necessarily
exist for all pairs of morphisms in a given category. However, if they do exist, their universal
property characterises them uniquely up to isomorphism. The proof is analogous to the one for
the uniqueness of products and coproducts.

Example 2.1.20:

1. In the category Set, the pullback of two maps f; : X; — Y is the set
P = {(z1,22) € X; X Xo : fi(x1) = fo(x2)} with the projection maps m; : P — X,
(x1,22) — ;. The pushout of two maps g; : W — X is the set P = X; I X3/ ~, where
~ is given by i 0 g1(z1) ~ iz 0 ga(xg) for all 1 € Xj, xo € Xy, together with the maps
moi;: X; = P, x;— [i;(x;)].

2. Pullbacks and pushouts in topological space are pullbacks and pushouts in Top. Note
that the corresponding pullbacks and pushouts in Set are obtained by replacing topo-
logical spaces with the underlying sets and omitting the word continuous in all definitions.

3. Attaching is a pushout in Top.

As the direct product of groups G7 x G5 is a product in the category Grp, one expects to
obtain pullbacks in Grp from pairs of group homomorphisms f; : G; — H. Similarly, the fact
that the free product of groups is a coproduct in Grp leads one to expect that pushouts in
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Grp can be obtained by taking quotients with respect to suitable subgroups of G x G5. Note,
however, that the set of cosets gIN for a subgroup N C G does in general not have the structure
of a group unless we require the subgroup N to be normal: g- N -g~! C N for all g € G. In
this case, G/N becomes a group with multiplication (gN) - (hN) = (gh)N for all g, h € G, and
the canonical surjection 7 : G — G/N, g — gN is a group homomorphism. Moreover, for any
subset A C (G, we can consider the normal subgroup generated by A

(A)y = ﬂ N,

NCG normal
ACN

with the group multiplication induced by the multiplication of GG. This yields a suitable notion
of pushout in the category Grp.

Proposition 2.1.21: Let F,Gy,Gs, H be groups and f; : F — G, h; : G; — H group
homomorphisms.
1. Then the set G; xg Go = {(g1,92) € G2 X Gy : hi(g1) = ha(g2)} is a subgroup of
G1 X Go. Together with the projection maps m; : G1 Xy Go — Gy, (g1,92) — ¢; this
becomes a pullback in Grp.

2. Consider the free product Gy x G5 with inclusion maps i; : G; — G1 % G2 and the normal
subgroup N = ((iy 0 fi(x)) - (iz0 fo(x™!)) : x € F) C Gy *xGy. Then Gy xGy/N is a group,
and together with the inclusion maps ¢; = moi; : G; = (G1 » G2)/N, g — i;(g)N, a
pushout in Grp.

Proof:
1. It is clear that G; Xy G2 is a subgroup of G x G since hy(e1) = ey = ha(ey) and for all
9i,9; € Gy, with hi(g1) = ha(g2) and ha(g1) = ha(gs), one has hi(g1 - g1) = ha(g1) - ha(gy) =
ha(ga) - ha(gh) = ha(ge - g5), which shows that G1 X g G5 is closed under the multiplication. The
diagram

G1 Xy G27T2—> Go

| |

Gy H

hi

commutes by definition. It remains to verify the universal property. For this, consider a pair of
group homomorphisms f; : F — G; with h;o f; = hyo fy and note that a group homomorphism
[ F — Gy x Gy with m;0 f = f; is determined uniquely by the requirement 7; o f = f;, since
this implies f(k) = (fi(k), f2(k)) for all k € F'. To show existence, it is sufficient to show that
f takes values in G; Xy G, which follows from the condition hy o f; = hg o f5.

2. The set G x Go/N is a group since N C G * G5 is normal. The diagram

G x Go/N <2— G,
LIT TfQ
Gy~ F

commutes by definition since i; o fi(z) - ig 0 fo(z)™' € N for all x € F. This implies

110 fi(x) =moiyo fi(x) =iy 0 fi(x)N =iy 0 fo(x)N =7 oijo fo(r) =190 fox).
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To verify the universal property, consider two group homomorphisms ¢; : G; — H with ¢,0 f; =
¢5 o fo. Then the group homomorphism ¢ x ¢y : G; * Go — H satisfies

(@1 % d2)(ir0 fi(2) izo fo(2™)) = (¢10 fil2)) - (d20 fa(a™")) = (¢10 fi(2)) - (dr10 fu(x)) ™ = ¢

for all x € F. This implies N C ker(¢; * ¢2) and hence ¢ x ¢o : Gy x Go — H
induces a group homomorphism ¢ : Gy * Go/N — H, gN +— (¢1 * ¢2)(g) with
dow(g) = pomoir(g) = (61 % ¢2)(9) = ¢r(g) for all ¢ € G. On the other hand, the
requirement ¢ o t; = ¢ o moi; = ¢; determines the group homomorphism ¢ : Gy x Go/N — H
uniquely since 7 : G; x Gy — G * Go/N is surjective and the subset i1 (G1) Uia(Gy) C G * Gy
generates G * G. O

The pushouts in Grp are important since they allow one to characterise groups in terms of
generators and relations, which is often convenient. Note however, that such a characterisation
is highly non-unique and it is in general difficult to decide if two groups that are given in terms
of generators and relations are isomorphic.

Definition 2.1.22:

1. For any set A, the free product (A) = ,caZ is called the free group generated by A.

2. The n-fold free product F,, = ({1,..,n}) = Z % ... % Z is called the free group with n
generators.

3. If a group G is given as a quotient (A) /N with a normal subgroup N C (A) and B C (A)
generates N, one writes G = (A|b = 1 Vb € B) and speaks of a presentation of G. If
A=Aay,...,a,} ={1,....,n} and B = {ry,...,r} are finite, the group G is called finitely
presented, and one writes G = (a1, ...,a,| 11 =1, ..., = 1).

Example 2.1.23:

1. The group Z/nZ has a presentation Z/nZ = (a| a™).

2. The group Z x Z has a presentation Z x Z = (a, b : [a,b]), where [a,b] =a-b-a"'-b7'is
the group commutator.

2.2 Modules

In this section we summarise some basic facts and definitions about modules over (unital) rings.
Roughly speaking, a module is a useful concept in algebraic topology because it unifies various
algebraic structures such as abelian groups, commutative rings and vector spaces over fields,
which are all used to define different versions of homology. By working with modules, we can
relate these different notions of homologies and treat them in a common framework. At the
same time, it becomes apparent which aspects on the resulting homology theories are universal
and which depend on the choice of the underlying ring.

Definition 2.2.1: Let R be a unital ring.
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1. A (left) module over R or R-(left) module is an abelian group (M, +) together with a
map > : R X M — M, (r,m) — r>m, the structure map, such that for all m, m’ € M

and r,7" € R
re>(m+m)=re>m+reom (r+r)ym=r>m+r'>m
(r-rym=rv (r'>m) 1>m=m.

2. A morphism of R-modules or R-linear map between R-modules (M,+,>)) and
(N, +,>n) is a group homomorphism ¢ : M — N with

d(r>pym) =r>yo(m) VYm e M,r € R.

A bijective R-module morphism f : M — N is called a R-module isomorphism, and one
writes M = N. The set of R-module morphisms ¢ : M — N is denoted Hompg(M, N).

Remark 2.2.2:

1. Analogously, one defines a right module over R as an abelian group (M, +) together
with amap <: M X R — M, (m,r) — m <r, such that for all m,m’ € M and r,r" € R:

(m+m)<r=m<ar+m'<ar m<a(r+r)y=mar+m<r
m<(r-r)y=m<r)<ar m<a1l=m.

An R-left (right) module is the same as an R°- right (left) module, where R is the ring
with the opposite multiplication. This implies in particular that left and right modules
over a commutative ring coincide.

2. The set Hompg(M, N) of R-module morphisms f : M — N has a canonical R-module
structure given by

(f+g)(m) = f(m)+g(m), (r>f)(m) =r>f(m)  Vm e M, f,g € Homg(M,N),r € R.

3. For any unital ring R, the left (right) modules over R and left (right) module homo-
morphisms form a category R-Mod (Mod-R). Isomorphisms in R-Mod (Mod-R) are left
(right) module isomorphisms. The trivial module {0} is a zero object in R-Mod (Mod-R).

4. If R, S are unital rings and ¢ : R — S is a unital ring homomorphism, then every S-module
M becomes an R-module with structure map >g: R x M — M, r>m = ¢(r) >g m.

In algebraic topology, we mainly consider modules over commutative rings and module mor-
phisms between them. Some examples that are particularly relevant are the following:

Example 2.2.3:

1. A module over Z is the same as an abelian group. This follows because any abelian
group M has a unique Z-module structure determined by 0 >m = 0 and 1>m = m
for all m € M. A morphism of Z-modules is a group homomorphism between abelian
groups. As Z is an initial object in URing, for every unital ring R, there is a unique
ring homomorphism Z — R given by 1 + 1. The induced Z-module structure on an
R-module (M, +,>) is its abelian group structure.
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2. A module over a field F is a vector space over F, and a morphism of F-modules an
F-linear map.

3. Every ring is a left (right) module over itself with the left (right) multiplication as a
structure map.

We will now study in more depth the category of modules over unital ring R. An essential
fact that makes modules useful for algebraic topology is that the four basic constructions in
the category Top of topological spaces - subspaces, quotients, sums and products - all have
counterparts in the category of modules over a ring R, namely submodules, quotients, direct
sums and products of modules. We recall their main definitions and properties.

Definition 2.2.4: Let R be a unital ring and M a module over R. A submodule of M is a
subgroup N C M that is closed under the operation of R: r>>n € N for allr € R and n € N.

Example 2.2.5:

1. For any R-module M, the trivial module {0} C M and M C M are submodules. All
other submodules are called proper submodules.

For any module morphism ¢ : M — N, Ker (¢) C M and Im (¢) C N are submodules.
If M is an abelian group, i. e. a Z-module, then a submodule of M is a subgroup.

Submodules of modules over a field F are linear subspaces.

A

Submodules of a ring R as a left (right) module over itself are its left (right) ideals.

Definition 2.2.6: Let M be a module over a unital ring R, N C M a submodule and 7 : M —
M/N,m + m+ N the canonical surjection. Then > : Rx M/N — M/N,r>(mN) — (r>m)N
defines an R-module structure on the factor group M/N, the quotient module structure.

Remark 2.2.7:

1. The quotient module structure on M /N is the unique R-module structure on the abelian
group M /N that makes the canonical surjection 7 : M — M/N an R-module morphism.

2. If ¢ : M — M" is a module morphism with N C Ker (¢), then there is a unique module
morphism ¢ : M/N — M’ such that the diagram

M—¢>M’

7
Ve
T Ve
l L7 3%

M/N

commutes. This is called the universal property of the quotient module.

3.If ¢ : M — N is a morphism of R-modules, then M/ Ker (¢) — Im (¢),
m + ker(¢) — ¢(m). is a canonical isomorphism of R-modules.

4. If M is a module over R with submodules U C V C M then V/U is a submodule of
M /U, and there is a canonical isomorphism (M/U)/(V/U) = M/V.
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Definition 2.2.8: Let R be a unital ring and (M;);c; a family of modules over R. Then the
direct sum @;c;M; and the direct product Il;c;M; are the sets

@ier M; = {(mi)icr : m; € M;,m; = 0 for almost all i € I}
Wier M; = {(mi)ier = mi € M;}

with the R-module structures given by

(mi)ier + (M})ier == (m; + m;)ier T > (My)ier := (1 > My)ier-

Lemma 2.2.9: The direct product and the direct sum of modules are products and
coproducts in the category R-Mod. More precisely:

1. Universal property of direct sums: the direct sum module structure is the unique
R-module structure on ®;c;M; for which all inclusion maps ¢; : M; — M, m +—
(0,...,0,m,0,...) are module morphisms. For a family (¢);c; of module morphisms
¢; : M; — N there is a unique module morphism ¢ : @;c;M; — N such that for all
i € I the following diagram commutes.

MZLN

7
Ve
Ll'L /'
Ve
P Elfo}

®jerM;.

2. Universal property of products: the product module structure is the unique R-module
structure on Il;e;M; for which all projection maps 7; : ief M; — M;, (mq,ma,...) — m;
are module morphisms. For a family (¢);c; of module morphisms ¢; : L — M; there is a
unique module morphism ¢ : L — Il;c;M; such that for all + € I the following diagram
commutes

Mi<L/L

7
T s
L7 A

We have thus shown that modules over a unital ring R form an additive category. The Hom-
sets Homg(M, N) in R-Mod are abelian groups with respect to the pointwise addition of mod-
ule morphisms and with the trivial module morphism as the unit. The composition of mod-
ule morphisms is bilinear and finite products and coproducts exist for all objects in R-Mod.
Moreover, every module morphism f : M — N has a kernel, namely the inclusion morphism
¢ : ker(f) — M and a cokernel, namely the canonical surjection 7 : N — N/Im (f). It is easy to
see that every monomorphism is the kernel of its cokernel and every epimorphism the cokernel
of its kernel. Together, this implies

Remark 2.2.10: Modules over a unital ring R and module morphisms between them form
an abelian category.

Given the four basic constructions for modules - submodules, quotients, direct sums and prod-
ucts - it is easy to construct pullbacks for a pair of R-module morphisms f; : X; — Y and
pushouts for any pair of R-module morphisms g; : W — X;. This yields the following lemma
whose proof is left as an exercise for the reader.

45



Lemma 2.2.11: Let R be a unital ring.
1. For two R-module morphisms f; : X; — Y, i = 1,2, the submodule

P = ker(fQ O Ty — f1 O7T1) C X1 X XQ,

together with the projection maps m|p : P — X; is a pullback in R-Mod, where
m; » X1 X X9 — X; denotes the canonical projections.

2. For two R-module morphisms g; : W — X is the quotient module
Pl = (Xl D XQ)/IIH (LQ O0gy — U1 091)

together with the maps mo¢; : X; — P’ is a pushout in R-Mod, where where ¢; : X; —
X1 & X, denotes the inclusion maps and 7 : X; & X5 — P’ the canonical surjection.

While the four basic constructions for modules are straightforward generalisations of the cor-
responding constructions for vector spaces, there is one fundamental way in which modules
over general rings differ from vector spaces, namely the existence of a basis and the existence of
complements. While every vector space has a basis and every linear subspace has a complement,
this does not hold for general modules. Although there are always generating sets - subsets of
a module such that every element can be written as a (finite) R-linear combination of these
elements - there is general no linearly independent generating set. In contrast to vector spaces,
which are determined uniquely up to isomorphisms by the choice of a basis, modules therefore
need to be characterised by more elaborate data, namely a presentation.

Definition 2.2.12: Let R be a unital ring.

1. For a subset A C M, the submodule generated by A is the smallest submodule of
M containing A, the subset (A)y = {Xacara>a: 1, € R, 1, = 0 for almost all a € A}
with the induced R-module structure.

2. A subset A C M is called generating set of M if (A)yy = M and a basis of
M if it is a generating set and linearly independent: ¥ ca7r, > a = 0 with r, € R
and r, = 0 for almost all a € A implies r, = 0 for all « € A. A module with a
finite generating set is called finitely generated, and a module with a generating
set that contains only one element is called cyclic. A module is called free if it has a basis.

3. The free R-module generated by a set A is the direct sum ., R. Equivalently, it can
be characterised as the set (A)rg ={f: A — R: f(a) =0 for almost all a € A} with the
canonical R-module structure

(f +9)(a) = fla) +g(a)  (r>f)la)=7r-fla) Vfge({ArreRacA

The maps 6, : A — R with d,(a) = 1 and d,(a’) = 0 for @’ # a are a basis of (A)g, since
every map f : A — R with f(a) = 0 for almost all @ € A can be expressed as a finite
R-linear combination f = ZaeAj(a)#O f(a) > d,. Instead of }_ ., 74 > 0, With r, = 0 for
almost all a € A, we write ) _, 7, a.

4. For a subset B C (A)r, we denote by (A|B)r the quotient module (A|B)p =
(A r/(B)ay,- If M = (A|B)g, then (A|B)g is called a presentation of M, the ele-
ments of A are called generators and the elements of B relations.

46



Remark 2.2.13:

1. Every module has a presentation M = (A|B)g.

2. Presentations of modules are characterised by a universal property:
For any R-module M and any map ¢ : A — M, there is a unique map ¢ : (A)p > M
with (5\ Aa=0¢. If BC ker(qg), then the universal property of the quotient implies that
there is a unique map ¢ : (A|B)g — M with ¢ o7 = ¢, where 7 : (A)z — (A|B)p is the
canonical surjection.

3. If R is a commutative unital ring and M a free module over R, then any two bases of M
have the same number of elements. This number is called rank of M and denoted rk(M).
This notion makes no sense for non-commutative rings since one can have R" = R™ as R
modules for n # m.

Example 2.2.14:
1. Every ring R is a cyclic free module as a left or right module over itself: R = (1g)g.

2. If F is a field, then every module over F is free, since a module over F is a vector space,
and every vector space has a basis.

3. If M is a free module over a principal ideal ring R, then every submodule U C M is free
with 1k(U) < rk(M). (For a proof, see [J9]).

4. The Z-module M = Z /27 is not a free module. Any generating set of Z /27 must contain
the element 1, but 2>1 = 1+ 1 = 0 and hence a generating set cannot be free. A
presentation of Z/27Z is given by (A | B)z = (1]2),

In the context of vector spaces, an important consequence of the existence of bases is the
existence of a complement for any linear subspace U C V, a linear subspace W C V with
V = U @ W. This does not hold for modules over more general rings. A simple example is
the submodule nZ C Z for n € N, n > 2. As 1 ¢ nZ, any complement of this module would
need to contain the element 1 € Z and hence be equal to Z. A similar argument shows that a
proper submodule of a cyclic module can never have a complement. In many applications, one
needs practical criteria to determine if a given submodule has a complement. A sufficient one
is given in the following lemma, which involves structures that can be viewed as the module
counterparts of retractions.

Lemma 2.2.15: Let R be a unital ring and M a module over R.

1. If ¢ : M — F'is a surjective R-module morphism into a free module F', then there is a
R-module morphism ¢ : FF — M with ¢ o ¢ = idr and M = Im (¢p) @ ker(¢). One says
that 1 splits the module morphism ¢ : M — F'.

2. If N C M is a submodule such that M/N is free, then there is a submodule P C M with
P~ M/N and M =% N @ P.

Proof:

1. Choose a basis B of F and for every b € B an element m;, € ¢ *(b) C M. Define the
R-module morphism ¢ : F' — M by ¥(b) = m; and R-linear extension to F. As ¢ o ¢ = idp,
we have m = ¢ o ¢p(m) + (m — ¢ o p(m)) with 1) o ¢(m) € Im (¢)) and m — ¢ o 1h(m) € ker(¢)
for all m € M. As ¢ o) = idp, we have ker(¢) NIm (¢0) = {0} and hence M = ker(¢) ® Im (¢).
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2. By 1., there is a R-module morphism v : M /N — M which splits the surjective module
morphism 7 : M — M/N and hence M = ker(w) @ Im (¢) =2 N @ Im (¢)). The R-module
morphism 7|y, () : Im () = M /N is surjective by definition and injective since m o) = idp/n,
hence an isomorphism. O

The fact that a module M over a ring R does not need to have a basis is closely related to the
presence of elements m € M for which there is an r» € R\ {0} with r > m = 0, the so-called
torsion elements. It is clear that a module with non-trivial torsion elements cannot be free,
since an R-linear combination of basis elements cannot be a torsion element unless it is trivial.

Definition 2.2.16: Let R be a unital ring and M an R-module. An element m € M is called
a torsion element if there is an r € R\ {0} with 7 > m = 0. The set of torsion elements in
M is denoted Torg(M), and M is called torsion free if Torg(M) = 0.

Example 2.2.17:

1. If M = R is a commutative unital ring considered as a module over itself, then torsion
elements are precisely the zero divisors of R. In particular, every integral domain R
considered as a module over itself is torsion free. This applies in particular to Z, to any
field F and to the ring F[X] of polynomials over a field F.

2. In the Z-module Z/nZ for n € N, every element is a torsion element since n>k=n-k=0
for all k € Z. The ring Z/nZ as a module over itself is torsion free if and only if n is a
prime.

It is natural to expect that the set of torsion elements in an R-module M should be a submodule
of M. However, this does not hold in general unless R is commutative and without zero divisors,
i. e. an integral domain. IN this case the torsion elements form a submodule and by taking the
quotient with respect to this submodule, one obtains a module that is torsion free.

Lemma 2.2.18: If M is a module over an integral domain R then Torgr(M) C M is a
submodule and the module M /Torg(M) is torsion free.

Proof:

Let m,m' € Torg(M) torsion elements and 7,7’ € R\ {0} with r >m = ' > m' = 0. Then
(rr’)o>(m4+m') =r'>(r>m)+r>(r'>m’) = 0. As R is an integral domain, r-7’ # 0 and hence
m-+m’ € Torg(M). Similarly, for all s € R, one has r>(s>m) = (r-s)>m = s> (r>m) =0,
which implies si>m € Torg(M), and hence Torg(M) C M is a submodule. If [m] € M/Torr(M)

is a torsion element, then there is an r € R\ {0} with r > [m] = [r > m] = 0. This implies
r>m € Torg(M), and there is an ' € R with v’ > (r>m) = (r-7r')>m = 0. As R is an
integral domain, one has r - 7" # 0, which implies m € Torg(M) and [m]| = 0. O

If R is an integral domain, it is natural to ask if the torsion submodule Torg(M) of an R-module
M has a complement, i. e. if there is a an R-module N with M = Torg(M) & N. A sufficient
condition that ensures the existence of such a complement is that R is a principal ideal ring and
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M is finitely generated. In this case, the classification theorem for finitely generated modules
over principal ideal rings allows one to identify the torsion elements and their complement. In
particular, this implies to finitely generated abelian groups, i. e. finitely generated modules over
the principal ideal ring Z.

Lemma 2.2.19: Let R be a principal ideal ring. Then every finitely generated R-module M
is of the form M = Torg(M)@® R™ with a unique n € Ny. In particular, every finitely generated
torsion free R-module is free.

Proof:

This follows from the classification theorem for finitely generated modules over principal ideal
rings, which states that every such module is of the form M = R" x R/¢1R X ... X R/qnR
with prime powers qi,...,¢,n, € R and n € Ny. Every element m € R/¢1R X ... X R/qR
is a torsion element since (q;---¢n) >m = 0, and r > (my + mg) = 0 with m; € R™ and
mge € R/Gu1R % ... X R/qnR implies r = 0 or my =0, 1. e. Torg(M) = R/ R %X ... x R/qnR. O

In the following, we will require another fundamental construction involving modules over
unital rings, namely the tensor product. This generalises the tensor product of vector spaces,
i. e. modules over fields. It is obtained as a quotient of a free module generated by the Cartesian
products of the underlying sets.

Definition 2.2.20: Let R be a unital ring, M an R-right module and N an R-left module.
The tensor product M ®z N is the abelian group generated by the set M x N with relations

(m,n)+ (m',n) = (m+m',n), (m,n)+ (m,n')=(m,n+n),
(m<ar,n)=(m,r>n) Ym,m' € M,n,n' € N,r € R.
We denote by m @ n = ®(m, n) the images of the elements (m,n) € (M x N)z under the map

®=mor: MxN— M®rN, where 1 : M x N — (M X N)z, (m,n) — (m,n) is the canonical
inclusion and 7 : (M x N)z — M®&gN the canonical surjection.

Remark 2.2.21:

1. Theset {m®@mn: m € M,n € N} generates M ®r N, since the elements (m,n) generate
the free group (M x N)z and the group homomorphism 7 : (M X N)z — M ®g N is
surjective. The relations in Definition [2.2.20] induce the following identities in M ®g N:

m+m)@n=men+m @n, mnh+n)=men+maen,
(m.r)®@n=m® (rn) Vm,m' € M,n,n" € N,r € R.
2. If M is an R-right-module and N an (R, S)-bimodule, then M ®p N has a canonical
S-right-module structure given by (m ® n) <s == m ® (n < s). Similarly, if M is a

(Q, R)-bimodule and N an R-left module then M ®z N has a canonical @Q-left module
structure given by ¢ > (m ® n) := (¢ >m) ® n.

3. As every left module over a commutative ring R is an (R, R)-bimodule, it follows from
2. that the tensor product M ®z N of modules over a commutative unital ring R has a
canonical (R, R)-bimodule structure, given by

r>(men) = (r>m)@n=(m<Jr)@n=me(r>n) =m(n<r)=(men) .
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4. As every module is an abelian group, it is always possible to tensor two modules over the
ring Z. In this case, the last relation in Definition [2.2.20]is a consequence of the first two.

Example 2.2.22:

1. If R =F is a field, the tensor product of R-modules is the tensor product of vector spaces.

2. For any unital ring R and R* := R® R® ... ® R, one has R™ ® R" = R™™.

3. If R is commutative and R[X,Y] the polynomial ring over R in the variables X,Y", then
R[X]|®gr R]Y] = R[X,Y].

4. The tensor product of the abelian groups Z/nZ and Z/mZ for n,m € N is

Z/nZ @y L/mZ = 7 /gcm(m, n)Z,

where gem(m, n) is the greatest common divisor of m and n (see Exercise [13).

5. One has Z/nZ ®7 Q = 0. More generally, if R is an integral domain with associated
quotient field Q(R) and M an R-module, then Torg(M)®rQ(R) = 0 since for every
torsion element m € M there is an » € R\ {0} with r > m = 0. This implies m®q =
m®(r-q/r) = (m <r)®q/r =0 for all ¢ € Q.

Just as submodules, quotients, direct sums and products of modules, tensor products of R-
modules can be characterised by a universal property. As tensor products are defined in terms
of a presentation, this universal property is obtained by applying the one in Remark to
the relations in Definition [2.2.20, The special form of these relations allows one to characterise
the universal property in terms of bilinear maps M x N — A into abelian groups A.

Definition 2.2.23: Let R be a unital ring, M an R-right module and N an R-left module.
A map f: M x N — A into an abelian group A is called R-bilinear if

f(m+m/7n) :f(m’n)+f(m,7n)> f(m’n+n/) = f(m,n)—l—f(m,n’),
f(m<r,n) = f(m,r>n) Ym,m' € M,n,n' € N,r € R.

Lemma 2.2.24: Let R be a unital ring, M an R-right module and N an R-left module.
Then the map ® : M x N — M ®g N, (m,n) — m®n is R-bilinear, and for any R-bilinear
map f : M x N — A into an abelian group A, there is a unique group homomorphism
f : M ®r N — A, so such that the following diagram commutes

MxN-L1 4
7

L P
® <
T

M ®g N.

This is called the universal property of the tensor product . If R is commutative, then
f: M®rN — Ais an R-module homomorphism.
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Proof:

The first statement holds per Definition, since these are the defining relations of the tensor
product. For the second claim, we define f : M @z N — A by f(m®@mn) = f(m,n) and additive
extension to the abelian group M ®r N. As the elements m ® n generate M ®g N, this defines
a unique group homomorphism f. The bilinearity of f guarantees that f is well-defined since

Flm+m') @n) = f(m+m',n) = f(m,n) + f(m',n) = f(m@n) + f(m' @n)
fm@ (n+n)) = f(m,n+n') = f(m,n) + f(m,n') = f(m@n)+ f(men)
f(m<ar)@n) = f(m<rn) = f(m,r>n) = f(me (r>n)),

and one obtains a group homomorphism f M®r N — A with fo@ [ I f’ M®rN — A

is_another group homomorphism with this property, then for all m € M, n € N one has
(f = Hmen)=f oxm,n)— fox(m,n) = f(m,n) — f(m,n) =0 and hence f' = f. O

To conclude our discussion of tensor products, we assemble some important properties of tensor
products that are a direct consequence of the definitions and the universal property.

Lemma 2.2.25: Let R,S be unital rings, I an index set, M, M; R-right modules, N, N;
R-left modules for all i € I, P a (R, S)-bimodule and @ an S-left module. Then:

1. tensor products with the trivial module: 0 ®p N = M ®r 0 =0,

2. tensor product with the underlying ring: M ®p R= M, RQr N = N,

3. direct sums: (®;c;M;) Qr N = BijerM; @ N, M Qg (@lel ) D,cr M @r Ny,
4. associativity: (M ®g P) s Q = M ®@p (P ®5 Q).

Proof:

1. follows directly from the universal property of the tensor product. For 2., note that group
homomorphism M — M ®gz R, m — m®1 has an inverse, namely M @r R — M, mQr — m<r
The proof for R ®@g N = N is analogous.

3. Consider the group homomorphisms ¢; : M; @g N — (BerM;) @r N, ¢i(m; @n) = 1;(m) @n,
where ¢; : M; — @®;cr M; is the canonical inclusion. By the universal property of the direct sum
this defines a unique group homomorphism ¢ : @;e;M; g N — (BierM;) @ N with ¢o j; = ¢;
for the inclusion maps j; : M; g N — ®;e;M; @z N. This group homomorphism has an inverse
Y (BierM;) ®r N — @ierM; @ N given by v (1;(m;) ® n) = j;(m; ® n) and hence is an
isomorphism. The proof for the other identity is analogous.

4. A group isomorphism ¢ : (M ®r P) ®s Q — M ®r (P ®s @) is given by

d((MmRP)Rq¢ =m®e (pRq) VYm e M,pe P,qeQ.

It remains to investigate the behaviour of tensor products under module morphisms, i. e. to
determine how the tensor products M®zrN and M'®rN’ are related if there are module mor-
phisms ¢ : M — M’ and ¢ : N — N'. Clearly, the module morphisms ¢ : M — M’ and
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Y : N — N’ induce a map ¢ x ¢ : M x N — M’ x N'. By composing it with the map
®: M x N — M'®rN’, we obtain an R-bilinear map ® o (¢ x ¢) : M x N — M'®@gN’.
The universal property of the tensor products yields a map ¢p®1) : MRrN — M'®@rN’ with
(pR1) o ® = ® o (¢ x 1), and this allows one to extend the tensor product to a functor
® : Mod-R x R-Mod — Ab .

Theorem 2.2.26: Let R be a unital ring. Then the tensor product of R-modules defines a
functor ® : Mod-R x R-Mod — Ab that assigns to a pair of R modules (M, N) the abelian
group M®gN and to a pair of module morphisms (¢, ) : (M, N) — (M’, N') the unique group
homomorphism ¢ : MRrN — M'®Q@rN' for which the following diagram commutes

M x N—2Y Mt < N

5 5
M ®R Na!(;@ZM/ ®R N/.
For each R-right module M, this defines an functor M ®— : R-Mod — Ab. If R is commutative,

this yields functors ® : R-Mod x R-Mod — R-Mod and M ®— : R-Mod — R-Mod.

Proof:

The map ® o (¢ X ) : M x N — M’ ®r N’ is R-bilinear, and by the universal property of
the tensor product there is a unique group homomorphism ¢ ® ¢ : M Qg N — M’ ®r N’
with (¢ ® ¥)(m ® n) = ¢(m) @ P(n) for all m € M,n € N. That this defines a functor
® : Mod-R x R-Mod — Ab follows from the fact the the following two diagrams commute

idMXidN

M x N9y e M ox N =2 ap s NV -2y N7

A P A -
!/ / " "
M ®g Nid_>M®RNM ®r N M®RN—>¢®¢ M ®@r N o M"®@rN".
The functor M®— : R-Mod — Ab assigns to an R-left module N the abelian group M®zN and
to a module morphism ¢ : N — N’ the group homomorphism idy;®v¢ : MQrN — M®rN’'. O

2.3 Homological algebra

In this section we assemble the algebraic background for homology theory. The fundamental
notion is that of a chain complex - a sequence of modules over a unital ring R and R-module
morphisms such that the composition of two subsequent module morphisms is the trivial map.
We will see later that each topological space gives rise to a chain complex and continuous maps
between topological spaces induce chain maps.

Definition 2.3.1: Let R be a unital ring.

. . . dn n dp—
1. A chain complex (X,,d,) in R-Mod is a sequence ... X1 —= X, d—)Xn_l RN

of R-modules X,, and R-module morphisms d,, : X,, — X,,_1 with d,,_y0d, =0Vn € Z.

dn+2

52



2. Elements of X,, are called n-chains, elements of Z,(X,) := ker(d,) C X,, n-cycles and
elements of B,,(X,) :=Im (d,,+1) C Z,(X.) n-boundaries in (X,,d,).

3. A chain map f, : (X.,ds) — (Ys,d,) between chain complexes (X,,d.) and (Ys,d,) is a
family (f,,)nez of morphisms f, : X,, = Y,, for which the following diagram commutes

dn+2 dn+1 d dn—l
il LN G ' N

fn+1l fnj fn—ll
d’ d, d’

dy,
+2 n+1 n—1
—=Y, Y, Y, 1—...

To keep notation simple, one omits subsequences of trivial modules and trivial module mor-

dy
phisms between them in a chain complex. The sequence 0 — X, LN X1 — ... stands

for a chain complex with X, = 0 for all £ > m and ... M X1 M X,, — 0 for a chain

complex with X, = 0 for all & > m. If there are [,m € Z with X, =0 for all K < m, k > [, one

. d dy— dm dm . .
writes 0 = X; 25 X, —5 ... 2 X1 oty X, — 0 and calls the chain complex finite.

Remark 2.3.2:

1. For any unital ring R, chain complexes and chain maps in R-Mod form a category Chg_pioq-
The identity morphism 1y, : (X, de) — (X, ds) is given by the family of identity mor-
phisms (idy, )nez. The composite g, o fo of two chain maps f, : (Xo,de) — (Ys,d,) and
ge : (Ye,d.,) — (Z,,d!) is given by the family of module morphisms (f, o g,)nez. By
composing the associated diagrams, it is easy to see that this defines a chain map:

dp+2 dp+1 d dn—1
R N N R N R

fn+ll fnl fnll
n d/ d{n d;’L—l

+2 n+1
Ly Y, ) (N

gn+ll gnl gnll
Z n a

d{ri+2 n+1
eIy —— Iy —> Ly 1 — . ..

2. One can show that the category Chpg.noq is abelian. The relevant structures such as
the zero objects and morphisms, products, coproducts, the abelian structures on the
Hom-sets, kernels and cokernels are all induced in the obvious way by the corresponding
structures in R-Mod.

.. . . . dn dn dn
The condition d, o d,,.1 = 0, which characterises a chain complex ... AN Xni1 ol X,

Xy 2oty implies for all n € Z that B,(X.) = Im (d,41) C ker(d,) = Z,(X,) is a submod-
ule. The associated quotient module H,(X,) = Z,(X.)/B,(X.) consists of equivalence classes
of n-cycles module n-boundaries and is called the nth homology of X,.

Definition 2.3.3: Let R be a unital ring and (X,,ds) = ... X 11 LIEEN X, n, X1 oty

a chain complex in R-Mod.
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1. The nth homology of (X,,d,) is the quotient module H,(X,) = Z,(Xs)/B,(X).

2. A chain complex (X,,d,) is called exact in X,, if H,(X,) = 0 and exact if H,(X,) =0
for all n € Z. An exact chain complex in R-Mod is also called a long exact sequence of
R-modules, and a finite exact chain complex in R-Mod of the form 0 — W & X 5 Y — 0
is called a short exact sequence of R-modules.

It is clear that a chain complex is exact if and only if for all n € Z one has ker(d,,) = Im (dp+1).
The name short ezact sequence for an exact chain complex of the foom 0 = W 5 X 5 Y — 0
is motivated by the fact that it is the shortest non-trivial exact chain complex. In an exact
sequence of the form 0 — X — 0 one has X = 0, and in a short exact sequence of the form

0= X L Y — 0 one has ker(f) = 0 and Im (f) = Y, which implies that f : X — Y is a
module isomorphism.

™

In contrast, a short exact sequence 0 — W = X 5 Y — 0 corresponds to the choice of
a submodule W C X. This follows because 0 — W = X 5 Y — 0 is exact if and only
if ker(¢) = 0, Im (7) = Y and Im () = ker(m), i. e. ¢ : W — X is injective, 7 : X — Y is
surjective and Im (¢) = ker(). This gives rise to an isomorphism of R-modules Y = X/ ker(r) =
X/Im (¢v) = X/W. Conversely, for any submodule W C X the inclusion map ¢ : W — X and
the canonical surjection m : X — X/W define an exact sequence of R-modules.

It remains to investigate the algebraic properties of the homologies, in particular their trans-
formation behaviour under chain maps. A chain map f, : (X, ds) — (Ys,d,) consists of a set
of module morphisms f, : X,, = Y, for n € Z with d,, o f,, = f,—1 0o d, for all n € Z. This
implies d], o f,,(z) = fu—1 0d,(z) =0 for all x € Z,(X, ) = ker(d,), i. e. fo(Z,(X,)) C Z,(Ya).
Moreover, if there is a 2’ € X,,11 with & = d,,41(2') then d), | (foi1(2)) = fuldnii(2')) = fu(2),
i.e. fu(Bn(Xs)) C By(Ys). We obtain a module morphism

Hy(fo) : Hn(Xe) = Hn(Ys), 2] = [fu()]

where [z] is the equivalence class of © € Z,(X,) in H,(X,) and [f,(z)] the equivalence class of
fu(z) € Z,(Ys) in H,(Y,). As

Hy(idx, )([2]) = [idx, ()] = [2] = idm, x.)([2])
Hy,(ge 0 fo)([2]) = [gn 0 fn(2)] = Hn(ge) ([fn(2)]) = Hn(gs) © Hn(fo)([z]),

for all z € Z,(X,) and chain maps f, : (Xe,ds) = (Yo, d,), go : (Ye,d,) = (Zs,d.), we obtain
the following proposition.

Proposition 2.3.4: The nth homology defines a functor H, : Chryoqa — R-Mod, which
assigns to a chain complex (X, d,) the R-module H,(X,) and to a chain map f, : (X, ds) —
(Ys, d,,) the module morphism H,(f,) : H,(Xe) — H,(Ys), [z] = [fu(2)].

We will see later that continuous maps between topological spaces induce chain maps between
the associated chain complexes. However, there is another layer of structure that relates con-
tinuous maps between topological spaces, namely homotopies, which also have a counterpart
in the category Chpg.oq - the so-called chain homotopies. We will show later that homotopies
between continuous maps induce chain homotopies between the associated chain maps.
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Definition 2.3.5: Let R be a unital ring and (X., ds) and (Y, d,) chain complexes in R-Mod.

1. A chain homotopy h, : fo = f. from a chain map f, : (Xe,de) — (Ys,d,) to a chain
map ge : (Xe,do) = (Ys,d,) is a family (h,)nez of R-module morphisms h,, : X,, — Y11
with

Gn — fon=hn_10dy+d,, 0h, for all n € Z.
If there is a chain homotopy from f, : (X, ds) — (Ye,d.) to ge : (Xe,de) — (Ys,d,), then
fo and g, are called chain homotopic and one writes f, ~ g,.

2. Two chain complexes (X,,d,) and (Y,,d,) are called chain homotopy equivalent, if
there are chain maps f, : (Xe,ds) — (Ys,d,) and g : (Ys,d,) — (X,, ds) with geofs ~ idx,
and f, 0 go ~ idy,. Such chain maps are called chain homotopy equivalences.

Remark 2.3.6: A chain homotopy he : fo = ¢e between chain maps fo, e : Xe — Y, can
be viewed as a chain map in a natural way. Denote by Z, the chain complex consisting of
R-modules and R-module morphisms

Zn=X0®X, 0 X1, A7, — Zyo, (2,2, 2") > (&) (2) — 2" dyy (2)) + 2, —dir_, (2”)).
Then by the universal property of the direct sum, a chain map k, : Z, — Y, is given by triples

of module morphisms k, = (fu, gn, hn-1) : X0 & X, & X,,_1 — Y, for all n € Z. The condition
that ke : Z¢ — Y, is a chain map - d}f ok, =k, 10 df for all n € Z - is equivalent to

dy, 0 fu() +dy; 0 ga(a') +dyy © hya(z”)

= far 0 Y (2) = fura(2") + gnr 0 (&) 4 gna(2") = hyg o i1 (2") Va2’ € Xy, 2" € X\ .
This implies that f,, ge : Xo — Y, are chain maps and that h, : fo = ge is a chain homotopy.

dzofn(l’) :fn—IOdf(x% dxogn(x) :gn—IOdf(x)
gn(x) = fulx) =}y 0 hy(x) + by 0 dyy (z) Vo € X,

Remark 2.3.7:

1. For given chain complexes X,, Y, chain maps f,, f. : X, — Y, and chain homotopies
he : fo = fl form a groupoid.
The composite of two chain homotopies h : f, = f. and hl, : f. = f! is the chain
homotopy (he + h,) = (hyn + hl)nez from f, to f. The composition of chain homotopies
is associative, and the identity morphism on a chain map f, : X, — Y, is the trivial
homotopy 1re = (0)nez. The inverse of a chain homotopy h : f, = f, is the chain
homotopy —he = (—hy)nez from fl to fl.

2. It follows that chain homotopic is an equivalence relation on each Hom-set
Homen pvod((Xes de), (Ye, d,)), and this equivalence relation is compatible with the com-
position of morphismes:

If he is a chain homotopy from f, : X¢ — Y, to f. : X¢ — Y, and h, a chain homotopy
from g, : Yo = Zs to g, : Yo = Z,, then b = (g, 0 hn + 1), © f1)nez is a chain homotopy
from g, o fo to g, o f. since
In 0 Jn = 9no fu=gno (fu— fa)+ (g, = gn) o fn
=gy, © (hn—10d, + d;ﬁ—l o hy) + (hy_y o d,, + dg—&-l o hy,) o fu
=gl 0 h, 1 odn—l—d/;H_1 og;H_1 oh,+h o0 fu1 odn—i—dgﬂoh;ofn
:(Q;L 0 hyq + h;z—l 0 fu1) 0 dyn + dZH © (g:wl o hy, + h; o fn).
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3. We obtain a category hChpgog, the homotopy category of chain complexes in
R-Mod, whose objects are chain complexes in R-Mod and whose morphisms are chain
homotopy classes of chain maps. The isomorphisms in hChg.,q are chain homotopy
equivalences.

The fact that chain homotopic is an equivalence relation on the set of chain maps f, : X, — Y,
between given chain complexes X,, Y, allows one to identify all chain maps that are chain
homotopic. This amounts to a classification of chain complexes up to chain homotopy equiva-
lences rather than isomorphisms of chain complexes. A key motivation to do so is the fact that
chain homotopic chain maps induce the same module morphisms on the homologies.

Proposition 2.3.8: Let R be a unital ring and (X, d.), (Ys, d,) chain complexes in R-Mod.

L. If fo, fl : X¢ — Y, are chain homotopic, then H,(f.) = H,(f]) : H,(Xs) — H,(Ys).

2. If fo: Xy — Y, is a chain homotopy equivalence, then H,(f,) : H,(X.) — H,(Y,) is an
R-module isomorphism.

The nth homology functor H,, : Chg.yeq — R-Mod induces a functor H,, : hChg.yoq — R-Mod
that assigns to a chain complex X, the R-module H,(X,) and to a chain homotopy class of
chain maps f : X¢ — Y, the R-module morphism H,(f,) : H,(X.) — H,(Ys).

Proof:
1. Let fo, fi : (Xo,ds) = (Ys,d,) chain maps and h, : fo = f, a chain homotopy. Then we have
for all x € Z,(X,)

H,(ge)([2]) = [gn(2)] = [fa(2)] + [hn-1 0 du(@)] + [d}, 11 © hu(2)] = [ful2)] = Hi(f)([2])-
—~  —

=0 €Bn(Ye)

2. If fo: X¢ — Y, is a chain homotopy equivalence, then there is a chain map g, : Yo — X,
such that ge o fo ~ idx, and f, 0 go ~ idy,. With 1. this implies H,(gs) © H,(fs) = idu,(x.),
H,(fs) o Hy(gs) = idg,(v,), and hence H,(go) and H,(f,) are isomorphisms. O

As chain complexes and chain maps form an abelian category, it is possible to perform all
constructions of homological algebra with chain maps and chain complexes instead of R-modules
and module morphisms. In the following, we will not need this in full generality, but we require
the notion of a (short exact) sequence of chain complexes.

Definition 2.3.9:
1. A sequence of chain complexes is a family (Xﬁn) dsn))nez of chain complexes (X.(n), dsn))
together with a family (f.(n))nez of chain maps " : (Xﬁn), d(.")) — (an_l), d(.n_l))

f.(n+2) f.(n+1) f.(n72)

LI ‘¢ E LI § &Xﬁ”‘l) EUEEENSSS

2. A sequence of chain complexes is called exact if for all m € Z the sequence

(n+2) o)

LB e BT ey ey 0

is an exact sequence in R-Mod, i. e. ker(fy(,?)) =Im (ﬁg?ﬂ)) for all n,m € Z.
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3. A short exact sequence of chain complexes is an exact sequence of chain complexes

0— Ly = M, = N, — 0.

We will see later that pairs of topological spaces (X, A) give rise to short exact sequences of
chain complexes. The key point about short exact sequence of chain complexes is that they
allows one to relate the associated homologies, which is highly useful in computations. Clearly,
each sequence 0 — L, <% M, =% N, — 0. gives rise to R-module morphisms H,,(te) : H,(Ls) —
H,(M,) and H,(m,) : H,(M,) — H,(N,) for all n € Z. However, we will see in the following
that the exactness of the sequence yields another R-module morphism 9, : H,,(N,) — H,_1(L,),
the connecting homomorphism. This allows one to organise the homologies H,,(L.), H,(M,),
H, (N,) into an exact sequence that involves the homologies of all three chain complexes and
all indices n € Z. The proof of this statement requires a rather technical lemma known under
the name snake lemma.

Lemma 2.3.10: (Snake lemma) Let R be a commutative unital ring, and suppose the
following diagram in R-Mod commutes and has exact rows

L——=M-—"+-N——=0

ook b

0—L'—=M —~N'

Then there is a unique morphism 0 : ker(h) — L/Im (f), the connecting homomorphism
such that the following sequence of R-modules and R-module morphisms is exact

ker(f) et ker(g) Therta), ker(h) RN L' /Tm (f) UN M'/Tm (g) =, N'/Im (h).
If v : L — M is injective, then t|er(s) : ker(f) — ker(g) is injective, and if 7’ : M’ — N’ is
surjective, then 7' : M'/Im (g) — N’/Im (h) is surjective.

Proof:

1. As the commutativity of the diagram implies gor = (/o f and hom = 7’'og , we have t(ker(f)) C
ker(g) and m(ker(g)) C ker(h). Denoting by p; : L' — L'/Im (f), p, : M' — M'/Im (g),
pn : N’ — N'/Im (h) the canonical surjections, we obtain from the commutativity of the
diagram the identity pyoi/o f = pjogor =0, i. e. Im (f) C ker(pyo¢'). The universal property of
the quotient then implies that there is unique R-module morphism 7' : L'/Im (f) — M’/Im (g)
with 7’ o py = p, o ¢/. Analogously, we obtain a unique R-module morphism 7" : M’/Im (g) —
N'/Im (h) with @' o p, = pj, o 7’. This yields the commuting diagram

ker(f) —>L‘ker(f) ker(g) —>ﬂkerg ker(h)

if ig ih
L ‘ M ul N 0
f g h
0 L : M’ : N’
L s
pf Pg Ph

L /I (f) - » M'/Tm (g) — -~ N'/Im (1)
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with exact columns and in which the second and third row are exact. It is clear that for any
injective module morphism ¢ : L — M, the module morphism ¢ : ker(f) — ker(g) is injective,
and for any surjective module morphism 7 : M — N the module morphism 7’ : M’/Im (g) —
N’/Tm (h) is surjective.

2. We show that the first and fourth row of the diagram are exact:

The commutativity of the diagram implies ij, © (T|ker(g)) © (¢|ker(s)) = T 0t 07y = 0. As the map
ip, : ker(h) — N is injective it follows that (7|ker(q)) © (¢]ker(r)) = 0, 1. €. Im (¢|kex(y)) C ker(7|xerg)-
If m € ker(g) with m(m) = 0, the exactness of the second row implies that there is an [ € L
with m = ¢(1). The commutativity of the diagram implies ¢/ o f(I) = go ¢(l) = g(m) = 0,
and since ' : L' — M’ is injective it follows that f(I) = 0, i. e. [ € ker(f). This shows that
m € Im (¢|ker(s)) and hence Im (¢|er(r)) = ker(7|kerg). The proof of the exactness of the fourth
row is analogous and is left as an exercise.

3. We construct the connecting homomorphism:

Consider an element n € ker(h). Then the surjectivity of 7 implies that there is an m € M with
w(m) = n. If m" € M is another element with this property, then the exactness of the second
row implies that there is an [ € L with m’ = m + «(1). As we have 7’ o g(m) = hom(m) =
h(n) = 0 it follows that g(m) € ker(n’), and analogously g(m') € ker(n’). The exactness of
the third row implies that there is an I’ € L’ with /(') = g(m), and since ' : L' — M’ is
injective, this element [ € L’ is unique. Similarly, we obtain a unique element [” € L’ with
(1) =g(m')=glm)+gou(l) =)+ o f(I) ="+ f(1)). As / is injective, this implies
" =1+ f(l), and ps(l) = ps(I'). We obtain a well-defined map

J:ker(h) — L'/Im (f), nw~— ps(l') where n=mr(m), /(') = g(m), (18)
which is an R-module morphisms since all ingredients involved in the construction are R-linear.
4. The connecting homomorphism in yields a sequence

71-‘kcr(g)

ker(f) 2D, Yer(g) 29 er(h) S L /Tm (f) & MY /Tm (g) Zs N'/Tm (h).

which is already exact in all entries except ker(h) and L'/Im (f). It remains to show the ex-
actness in ker(h) and L'/Im (f). For the former, consider an element n € Im (7 |ker(q)). Then
there is an element m € M with g(m) = 0 and n = w(m) and 3. yields an element " € L
with J/(I') = g(m) = 0. The injectivity of «/ implies I’ = 0 and by definition of the connecting
homomorphism in (18), we have d(n) = p¢(I') = 0. This shows that Im (7 |ker(g)) C ker(9) .

Conversely, if n € ker(0), then by there are elements m € M, ' € L’ with n = 7(m),
g(m) = /(I') and pg(I') = 0. This implies I € ker(ps) = Im (f), and hence there is an [ € L
with " = f(I). This implies g(m) = ¢/ o f(I) = g o «(l), and hence m — () € ker(g). It
follows that m(m — «(I)) = 7n(m) = n and consequently n € Im (7|ker(q)). This shows that
ker(0) C Im (7|ker(g)) and proves the exactness of the sequence in ker(h). The proof of the
exactness in L'/Im (f) is analogous. O

The name snake lemma stems from the fact that the connecting homomorphism 0 : ker(h) —
L'/Im (f) has to be represented by an snakelike arrow in the commutative diagram with the
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short exact sequences of chain complexes and the associated chain maps, as shown below

ker(f) — ker(g) — "2 ex(h)
if ig in
L L M—T N 0 o
f g h
0 —t M —" N
Py Py Ph

L' I (f) —= M'/Tm (g) —= N'/Im (1)

By means of the snake lemma we can relate the homologies H,, (L), H,(M,), H,(N,) for any
short exact sequence of chain complexes 0 — (L,,d%) == (M,,dM) ™ (N,,dY) — 0. The
result is the so-called long exact sequence of homologies which will serve as an important tool
to determine the homologies of topological spaces.

Theorem 2.3.11: (Long exact sequence of homologies )

A short exact sequence 0 — Lo = M, =% N, — 0 of chain complexes in R-Mod induces an
exact sequence

) Hn+1(7ro) Hn+1 (N.) 8n+1 Hn(L.) Hn(h)

Hn(ﬂ-') anl(’»o)

Hy (M) 20 (N 2 1Ly Tt

of homologies, the long exact sequence of homologies. The morphisms 0, : H,(N,) —
H,_1(L,) are called connecting homomorphisms.

Proof:
For all n € Z, the short exact sequence of chain complexes determines a commuting diagram
with exact rows

0 L,—" M, —" >N, 0

0—— L, Ln__>Mn Ny Oa

1

-1 Tn—1

and the snake lemma yields a unique R-module morphism 9, : ker(dY) — L,_1/Im (d%) and
an exact sequence

Ln| or ﬂn‘ er Ip—1 T —
ker(dl) 0, eer(dM) 0 or (@Y O Lo 1 /T (dE) 275 M, /Tm (@) 27 N, /Tm (dY)
As all module morphisms ¢, : L, — M, are injective and all module morphisms =, : M; — N,

surjective the module morphisms ¢ |yer(qz) : ker(dh) — ker(d)') are injective and the module
morphisms p, 1 : M,_1/Im (d*) — N,_;/Im (d¥) are surjective. This yields the following
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commuting diagram with exact rows

Lo/Bo(L) @ Mu/By(M.)) 7. No/Bu(N.)
= L/ (d5,) =M/ (d,) = N,/Im (d},)

E Jas E
ker(dh_) ‘el ) ker(dM ) ™ ke ) ker(dV_,)
= n71<Lo) = n71<Mo) = n71<No>

——0,

in which the morphisms dX : X, /Im (dX,,) — ker(d¥ |) for X = L, M, N are the unique
morphisms with dX ([z]) = dX(z) for all x € X,, determined by the universal property of the
quotient and the identities dX | o dX = 0. This implies for X = L, M, N and all n € Z

H,(X.) = Zy(X)/Bu(Xa) Z ker(dy),  Hoo1(Xe) = Zy-1(X0)/Buor (Xe) = Z, 1 (Xe) /T (d7).

Applying again the snake lemma, we obtain an exact sequence

Hn(me)

Il 1 (N 2 H,y (L

) Hn—l(L.)

Hn(Lo) M Hn(Mo) Hn—l(Mo) M) Hn—l(No)a

and by combining these sequences for different n € Z the long exact sequence of homologies.
The connecting homomorphism 0y : Hi(N,) — Hy_1(L,) is given by

Or([n)x) = [Jx—1 where | € Z_1(L,) with 1,1 (1) = d¥ (m) for an m € Mywith mx(m) = n.
(19)

O

The connecting homomorphism is called connecting homomorphism because it connects the ho-
mologies H,(L,), H,(M,), H,(N,) for different n € N, as shown below. Although its construc-
tion appears to be technical and not very intuitive, it has a direct interpretation as a natural
transformation of between certain functors. As it assigns to a short exact sequence of chain
complexes 0 — L, = M, = N — 0 a collection of morphisms 0, : Hy(N,) — Hy_1(N,), the
relevant functors should associate to the short exact sequence of chain complexes the homologies
Hy(N,) and Hy_1(L,) and to a triple of chain maps fe : Le — L., ge : My — M., h : Ny — N
that satisfy a compatibility condition with the structure of the short exact sequence the associ-
ated R-module morphisms Hy(he) : Hp(No) — Hg(N,) and Hy_1(fs) : Hp—1(Le) = Hy—1(L}).
The following lemma shows that the defining condition of a natural transformation is indeed
satisfied by the connecting homomorphisms.
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Hn+2 (7"'.)

Hypi2(Ne _
+2( )ﬁam

n+1(7"c)

n+1<M0 — n+1(No) ﬁg »

[—»Hn(L.) el o) 2L g (v .,
LHH1<L.>H"—“%1<M.S’"—1“?) D T

Hy_2(te
[—>Hn_2(L.) fnoale)

The connecting homomorphism.

Lemma 2.3.12: Let0— L, = M, =% N = 0and 0 — L, N M| Toy N’ — 0 short exact
sequences of chain complexes in R-Mod and f, : Ly — L., go : My — M, and h : Ny — N,
chain maps such that the diagram

0 Ly —=> M, ">N, 0 (20)
lfc Lg’ jh.
0—> L, — M o N! — 0,

commutes. Denote by 0y : Hy(N,) — Hy_1(Le) and 5;; : Hi(N]) — Hyp_1(L,) the associated
connecting homomorphisms. Then for all k£ € Z the following diagram commutes

Hi(N2) =2 Hy (L)

Hk(hd)t ij—l(f-)
Hi(N,) 7Hk—1(L/.)-

k

Proof:

The commutativity of diagram implies hy o T = 7, © gk, gk © Lp = Ly O fi for all k € Z.
For any n € Z(N,), we have by definition of the connecting homomorphism O ([n]x) =
[lx_1, where | € Zy_1(Ls) satisfies 1;_1(l) = d¥(m) for an m € M, with m,(m) = n. This
gives Hy,_1(fs) 0 Or([nk]) = [fo_1(D)]x_1. On the other hand, the commutativity of implies
hi(n) = hyomi(m) = mhoge(m) and dM o gi(m) = gr_10d} (m) = gr_10te_1(l) = t}_ 0 fr_1(1).
With definition of the connecting morphism, this gives

/

8 o Hi(ha)([nlk) = 0 ([h(m)]) = [fia (D1 = Hia(fo) 0 Du([n]i)-
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Corollary 2.3.13: Let C be the category with short exact sequences of chain complexes in
R-Mod 0 — L, = M, = N, — 0 as objects and triples of chain maps f, : Lo — L.,
ge : My — M., he : Ny — N for which the diagram (20)) commutes as morphisms.

Then for all k& € Z, the homologies define functors H ,ES), H ,Et) : D — R-Mod, that assign to
a short exact sequence 0 — L, = M, =% N, — 0, the kth homologies Hy(L,) and Hj(N,),
respectively, and to a triple of chain maps ( fe, ge, he) the morphisms Hy(f,) : Hy(Ls) — Hy(L))
and Hy(he) : Hi(Ns) — Hy(N]). The connecting homomorphism 0y : Hi(Ne) — Hp_1(Ls) is a
natural transformation 9y : H ,f) — H ,28_)1

Lemma [2.3.12) also allows us to relate the long exact sequences of homologies associated to two
short exact sequences with compatible triples of chain maps between them. One finds that the
induced R-module morphisms between the homologies are chain maps between the associated
long exact sequences of homologies.

/ /

Corollary 2.3.14: Let 0 = L, = M, = N — 0 and 0 — L, RN M| 2 N’ — 0 be short
exact sequences of chain complexes in R-Mod and f, : Ly — L., go : My — M, h: Ny — N|
chain maps such that diagram commutes. Then for all £ € Z, the following diagram
commutes

) g O (V) 2 m () P E ) T B v,y 2

Hk+1(9-)l Hk+1(h-)l Hk(f-)L Hk(g.)j Hk(h.)l
o7 Hrerr (M) Hia (Ng) =— Hi (L, Hi (M) jom Ho(NY) =— ..

© T Hpa () Dot ) Hi(ee) Hy, () A

Proof:

The commutativity of diagram implies Hy(he) © Hi(me) = Hy(m,) o Hy(gs) and
Hy(ge) © Hi(te) = Hi(el) o Hi(f,) for all k& € Z, which means that the two outer squares in the
diagram commute. The two inner squares commute by Lemma [2.3.12] O

2.4 Exercises for Chapter

Exercise 1: Let C be a groupoid with a single object X and set G = (End¢(X), o).

(a) Show that a functor F': C — Set is the same as a group action of G on the set F'(X).

(b) Show that a functor F': C — Vecty is the same as a representation of G on F(X).

(c) Show that a functor F' : C — Grp is the same as a group homomorphism from G to the
group Aut(H) of group automorphisms of the group H = F(X).

(d) For (a), (b), (c), characterise the natural transformations between functors F,G : C —
Set, Vectg, Grp.

Exercise 2: Let G be a group and > : G x X — X a group action of G on a set X, i. e.
(g-h)parx=g> (h>z), e>r=x VgheGurelX.

Show that the category C with elements of X as objects, morphisms Home(z,y) = {g € G :
g>x =y} and the composition of morphisms given by the group multiplication is a groupoid,
the so-called action groupoid for the group action of G on X.
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Exercise 3: Let C be a groupoid. Show that for any two objects X, Y of C with Hom¢(X,Y) #
(), the groups Home (X, X) and Home(Y,Y) with the composition of morphisms as group mul-
tiplication are isomorphic.

Exercise 4: Let C,D be groupoids and F,G : C — D a functors. Show that for all objects
X of C the associated maps F' : Hom¢ (X, X) — Homp(F(X), F(X)), G : Home(X, X) —
Homp(G(X), G(X)) are group homomorphisms and determine the relation between these group
homomorphisms that arises from a natural transformation n : F — G.

Exercise 5: Let C be a category and g; : W — X; (h; : X; = Y) for ¢ = 1,2 two morphisms
in C. Show that the pushout (pullback) of these morphisms is determined uniquely up to
isomorphism by its universal property.

Exercise 6: Let G be a group. The commutator subgroup of G is the subgroup |G, G]
generated by the elements [g,h| =g-h-g~'-h™! for g,h € G

[G7 G] = {[g’rhhn] ’ [gn—hhn—l} e [glahl] S ne N7 gZ7hz € Gforallie {17 7n}}

(a) Show that the commutator subgroup is a normal subgroup of G and that the factor group
G/|G, G] is abelian.

(b) Denote by 7 : G — G/[|G,G], g — ¢|G, G| the canonical surjection. Show that for every
group homomorphism f : G — H there is a unique group homomorphism f : G /|G, G| —
H/[H, H] with fong =myo f.

(c¢) Show that the assignments G — G/[G,G], f — f define a functor F : Grp — Ab and a
functor F': Grp — Grp, the abelianisation functor.

(d) Show that the canonical surjections g : G — G/[G,G] define a natural transformation
between the identity functor idg,p : Grp — Grp and the functor F': Grp — Grp.

Exercise 7: Give a presentation of the following groups in terms of generators and relations:

a) Z/nZ with n € N,

) Z X Z,

) Z/nZ x Z/mZ with n,m € N,

) the symmetric group S,

e) the commutator subgroup [F», Fy], where F} is the free group with two generators.

Exercise 8: Prove the 5-Lemma: For any unital ring R and a commutative diagram of
R-Modules and R-Modulhomomorphisms of the form

Al g o M p K

with exact rows, the following implications hold:
(i) If 8,9 are monomorphisms and « an epimorphism, then « is a monomorphism.
(ii) If B, are epimorphisms and € a monomorphism, then ~ is an epimorphism.

(iii) If @ an epimorphism, € a monomorphism and g, J are isomorphisms, then 7 is an isomor-
phism.
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Exercise 9: Prove the 9-Lemma: Let R be a unital ring and

AlC LA A TA A"

bl

B/cC !B B B B

b T

C/( Lc C TC C”,

a commutative diagram with exact rows in R-Mod such that ; o ¢; = 0 fiir ¢ = 1,2, 3. If two
columns are short exact sequences, then the third column is also a short exact sequence.

Exercise 10: Let R be a unital ring, Chg.oq the category of chain complexes and chain
maps in R-Mod and C a category.

(a) Prove that a functor F': C — Chpjoq is the same as a family of functors F,, : C — R-Mod,
n € Z, together with natural transformations n, : F,, — F},_; satistying n,,_1 o n,, = 0.

(b) Prove that a natural transformation between functors F, F' : C — Ch,_pj0q is the same as a
family of natural transformations «,, : F,, — F such that x,_, on, =n, ok, for all n € Z.

Exercise 11: Let R be a unital ring. One says a short exact sequence 0 — A = M 2 B — 0
of R-modules and R-module morphisms splits if there is a R-module isomorphism ¢ : M —
A @ B such that the following diagram commutes

0—A—>M—L-B 0,

A®B

where ' : A - A& B, a v (a,0) and p' : A® B — B, (a,b) — b. Show that the following
statements are equivalent:

(i) The short exact sequence 0 — A % M 2 B — 0 splits.
(ii) The projection p : M — B has a right inverse.
(iii) the injection ¢ : A — M has a left inverse.

Exercise 12: Let R be a unital ring, (X,,d,), (Ys, d,) chain complexes in R-Mod and p € Z.
We define a chain complex (7),(X,),T,(d.)) as follows

Tp(Xe)n = Xuip, Tp(de)n = (—1)"dpsyp vn € Z.
and for every chain map f, : (X,,ds) — (Ys,d,) a chain map
Tp(fo)  (Tp(Xe), Tp(de)) — (T,(Ye), Tp(dy))s  Typ(feo)n = futp-
Show that this defines a functor 7}, : Chpr.mod — Chpraoea that satisfies
Hn(Tp<X-)) = Hn+p(X')-

This functor is called the translation functor.

Exercise 13: Let n,m € N. Prove that the tensor product of the abelian groups Z/mZ and
Z/nZ is given by
Z/nZ Q@ Z/mZ = Z]gem(m,n)Z,

where gecm(m, n) is the greatest comon divisor of n and m.

64



3 The fundamental groupoid and the fundamental group

3.1 Homotopies and homotopy equivalences

When considering topological spaces, one generally does not distinguish homeomorphic topo-
logical spaces - as their topologies are in bijection, there is no possibility to distinguish them
by their topological properties. This corresponds to isomorphism classes of objects in the cat-
egory Top. In this section, we will find an equivalence relation on the set of continuous maps
f: X — Y that allows us to weaken this classification as described in Example 2.1.3] 5. by
replacing the category of topological spaces with a certain quotient category.

Concretely, two continuous maps f : X — Y will be regarded as equivalent, if there is a one-
parameter family of continuous maps from X to Y that relates them, possibly subject to the
additional requirement that the value on certain subspaces remains constant. This leads to the
notion of homotopies and homotopy equivalences.

Definition 3.1.1: Let X,Y be topological spaces, A C X a subspace with inclusion
ig:A— X and f,g: X — Y continuous maps with foiy = goiy.

1. A homotopy from f to g relative to A is a continuous map h : [0,1] x X — Y,
(t,z) — h(t,z) with

h(0,z) = f(x), h(l,z)=g(z), h(t,a)= f(a)=g(a) Ve e X,a€ At el0,1].

2. If there is a homotopy relative to A from f to g, then f, g are called homotopic relative
to A, and one writes f ~4 g.

3. For A = (), one speaks of homotopy and homotopic instead of homotopy relative to ()
and homotopic relative to (), and one writes f ~ g instead of f ~y g.

4. Continuous maps f : X — Y that are homotopic to a constant map g : X — Y are
called null homotopic.

Example 3.1.2:

1. Let exp : [0,1] — S, z +— €*™® = cos(2mx) + isin(27x) be the exponential map. Then
exp : [0,1] — S! is homotopic to the constant map ¢; : [0,1] — S, ¢ — 1 with the
homotopy .

h:[0,1] x [0,1] = S, h(t,z) = 2Dz,
We will see later that exp is not homotopic to ¢; relative to the subspace {0,1} C [0, 1].

2. Let X be a topological space and A C X a subspace. If Y C R" is convex, then any two
maps f,g: X — Y with f|4 = g|a are homotopic relative to A with the homotopy

h:[0,1] x X =Y, h(t,z)=1tf(x)+ (1 —1t)g(x).
3. If X C R” is star shaped with respect to p € X, i. e. for all z € X the line segment
[z,p] = {te+ (1 —¢)p : t € [0,1]} connecting = and p is contained in X, then any
continuous map f : X — Y is null homotopic with the homotopy

h:[0,1]x X =Y, h(t,x)=f(tx+(1—1)p).
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4. If f,g : X — Y are homotopic relative to A C X, then for any continuous map k : ¥ — Z,
the maps ko f,kog : X — Z are homotopic relative to A. If h : [0,1] x X — Y is a
homotopy from f to g relative to A, then koh :[0,1] x X — Z is a homotopy from ko f
to k o g relative to A.

5. If f,g:Y — Z are homotopic relative to B C Y and d : X — Y is a continuous map
with d(A) C B, then the maps fod,god : X — Z are homotopic relative to A. If
h:[0,1] X Y — Z is a homotopy from f to g relative to B, then hod:[0,1] x X — Z is
a homotopy from f o d to g o d relative to A.

6. If hy : [0,1] x X; — Y is a homotopy from f; to g; relative to A1 C X; and hy :
[0,1]x X5 — Y3 is a homotopy from f; to g relative to Ay C Xy, then A : [0, 1] x X7 x Xy —
Y1 X Ya, (t,21,29) — (hq(t, x1), ha(t, x2)) is a homotopy from f; X fo to g1 X g2 relative
to A; x A,.

Before considering specific examples of homotopies, we investigate their general properties. The
first observation is that homotopies define an equivalence relation on the set of continuous maps
f X — Y and the second is that this equivalence relation is compatible with the compositions

of maps in the sense of Example 5.

Proposition 3.1.3: Let X,Y be topological spaces and A C X a subspace. Then ~4 is an
equivalence relation on the set C'(X,Y) of continuous maps f: X — Y.

Proof:
e Symmetry: Every map f : X — Y is homotopic to itself relative to A with the trivial
homotopy h : [0,1] x X =Y, h(t,x) = f(z) for all t € [0,1], = € X.

e Reflexivity: If h: [0,1] x X — Y is a homotopy from f: X — Y to g: X — Y relative to
A, then h:[0,1] x X = Y, h(t,z) = h(1 —t,x) is a homotopy from g to f relative to A. It is
continuous as a composite of continuous functions and satisfies for all t € [0,1], x € X, a € A

h(()?aj) = h(lax) = g(aj)v h(lax) = h(07 1) = f(ZL‘), h(t> a) = h(l —t, a) = f(a) = g(a)

e Transitivity: If h, A" : [0,1] x X — Y are homotopies relative to A from f : X — Y to
g: X —=>Yandfromg: X —Y tok:X — Y, respectively, then the map
h(2t, x) tel0,2]

R0 x X oY, () =
0,1 (t,2) {h’(2t—1,:c) te (1],

is a homotopy relative to A from f to k. It is continuous since h, b’ are continuous and h(1,x) =
g(x) = h'(0,x). Moreover, it satisfies for all t € [0,1], a € A, z € X
h'(0,2) = h(0,2) = f(z), h'(1,z) =N (1,2)=k(z), h"(t,a)= f(a)=k(a).

This shows that A’ is a homotopy from f to k relative to A. O

Proposition 3.1.4: Let X,Y,Z be topological spaces and A C X, B C Y subspaces. If
fyf'+ X = Y are continuous maps with f(A), f'(A) C B that are homotopic relative to A and
g,¢ 1Y — Z continuous maps that are homotopic relative to B, then go f,¢' o f': X — Z are
homotopic relative to A.
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Proof:
Let hy : [0,1] x X — Y be a homotopy from f to f’ relative to A and h, : [0,1] XY — Z a
homotopy from g to ¢’ relative to B. Then the map

h:00,1] x X = Z, h(t,z) = hy(t, hy(t,x))
is continuous as a composite of continuous functions and satisfies for all ¢ € [0,1],z € X, a € A:

h(O, :L‘) = hg(0> hf(o>$)) = g<hf(0’ 1‘)) =g©° f(.%')
h(L,x) = hy(1, hy(1,2)) = g'(hy(1,2)) = ¢’ o f'(2)
h(t,a) = hy(t, hy(t,a)) = hy(f(a)) = he(f'(a)) = go f(a) = ¢ o f'(a).

This shows that A : [0,1] x X — Z is a homotopy from g o f to ¢’ o f’ relative to A. O

By combining Propositions and [3.1.4] we find that homotopic defines an equivalence
relation on each set Hom(X,Y") in the category Top that is compatible with the composition
of morphisms in the sense of Example [2.1.3] 5. This allows us to construct a quotient category
hTop whose objects are topological spaces and whose morphisms between objects X and Y are
homotopy equivalence classes of morphisms f : X — Y. This category is called the homotopy
category. The composition in hTop is given by the composition of continuous maps, [g]o[f] =
[g o f] for all continuous maps f : X — Y and g : Y — Z. The identity morphisms are the
homotopy equivalence classes of the identity maps, 1y = [idx]| for all topological spaces X.
Isomorphisms in hTop are homotopy equivalence classes of continuous maps f : X — Y for
which there exists a continuous map ¢ : Y — X such that g o f and f o g are homotopic to,
respectively idy and idy. Such maps are called homotopy equivalences.

Similarly, we can consider the category T'op(2) of pairs of topological spaces, where objects are
pairs (X, A) of a topological space X and a subspace A C X and morphisms from (X, A) to
(Y, B) continuous maps f : X — Y with f(A) C B. Then Propositions [3.1.3| and [3.1.4] imply
that homotopic relative to A defines an equivalence on each set Hom((X, A), (Y, B)) that is
compatible with the composition of morphisms. We obtain an associated quotient category,
the category hTop(2) with the same objects as Top(2) and homotopy classes relative to A of
morphisms f : (X, A) — (Y, B) as morphisms. Isomorphisms in hTop(2) are equivalence classes
of homotopy equivalences relative to A, i. e. of continuous maps f : X — Y with f(A) C B
such that thereisa g : Y — X with g(B) C Aand go f ~4 idx, fog ~pidy.

Definition 3.1.5: Let X,Y be topological spaces.

1. A continuous map f : X — Y is called a homotopy equivalence if there is a continuous
map g : X — Y with go f ~idy and fog ~idy.

2. If there is a homotopy equivalence f : X — Y then X and Y are called homotopy
equivalent or of the same homotopy type, and we write X ~ Y.

3. A topological space X is called contractible if it is homotopy equivalent to a point.

Remark 3.1.6:

1. Homotopy equivalence is an equivalence relation.
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2. Any homeomorphism f : X — Y is a homotopy equivalence between X and Y but the
converse is not true. This implies that classification of topological spaces up to homotopy
type is a weaker classification than their classification up to homeomorphism.

Example 3.1.7: Any convex subspace X C R" is contractible, since for any p € X map
[ : X = {p}, v — pis a homotopy equivalence. With g : {p} — X, p > p, one has fog =idy,
and h :[0,1] x X — X, h(t,z) = tx + (1 — t)p is a homotopy from go f : X — X, x — p to
idx by Example 2. This implies in particular R” ~ R™ for all n, m € N. However, we will
see later that R™ is not homeomorphic to R" for n # m.

In order to consider more interesting topological spaces and to show that they are homotopy
equivalent, we need simple examples of homotopy equivalences that are easily visualised. Such
examples are given by deformation retracts, which can be imagined as subspaces of a topological
spaces that are obtained by melting or compressing it to the subspace.

Definition 3.1.8: Let X be a topological space and A C X a subspace with inclusion map
14 : A— X. Then A is called

1. a retract of X if there exists a retraction r : X — A, a continuous map r : X — A
with r oiy = idy,
2. a deformation retract of X, if there is a retraction r : X — A for which i4qor ~4 idx.

Remark 3.1.9:

1. As a retraction r : X — A satisfies r oi4 o = r, retractions can be viewed as the
topological counterparts of projection operators.

2. A retraction r : X — A with 74 or ~ idx is a homotopy equivalence, which implies in
particular that all deformation retractions are homotopy equivalences.

Example 3.1.10:

1. For any topological space X and any point p € X, the set {p} C X is a retract of X
with retraction r : X — {p}, x — p. The subspace {p} C X is homotopy equivalent to
X if and only if X is contractible.

2. The n-sphere S™ is a deformation retract of (R"™')*. The map r : (R"*1)* — S
x +— x/||x|| is a retraction since 7 o ign = idgn, and

h:[0,1] x (R™)* — (R™™)* h(t,z) =t + (1 — t)z/|||]

is a homotopy relative to S™ from ign o 7 : (R"*1)* — (R"*!)* to idgn+1)x. This shows
that S™ and (R"™1)* are of the same homotopy type but they cannot be homeomorphic
since S! is compact and (R"*!)* is not.

3. S x {0} is a deformation retract of the cylinder S* x R. The map r : S' x R — S* x {0},
(z,y,2) — (z,,0) is a retraction since r o ig1 = idgi, o) : ST x {0} = S x {0}, and

h:[0,1]x S* xR — S' xR, h(t,z,y,2) = (z,y,12)

is a homotopy from igi,g o7 : ST X R — S x R to idgi,g relative to ST x {0}.
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The last example is a special case of a more general construction, namely mapping cylinders
of continuous maps f : X — Y. They are obtained by attaching the “cylinder” [0,1] x X to
the topological space Y with the associated map f : X x {1} =Y, (z,1) = f(z) and can be
easily visualised. As the topological space Y is a deformation retract of the mapping cylinder,
the mapping cylinder is homotopy equivalent to Y.

Xx {0} c
f

f
/\Y
X x {1} *—

Example 3.1.11: The mapping cylinder of a continuous map f : X — Y is the topological
space Cy = (X x [0,1]) U7 Y obtained by attaching X X [0,1] to Y with the attaching map
f:X x{1} =Y, (z,1)— f(z). Y is a deformation retract of C;.

To see this, consider the continuous maps r; : X x [0,1] = Y, (z,t) — f(x) and o = idy :
Y =Y. Asr(2,1) =ry0 f(z,1) = ry 0 f(x) for all z € X, the universal property of attaching
implies that there is a unique map r : Cy — Y with romoixyo,1) = r1 and romoty = ry = idy.
Hence r : C; — Y is a retraction. Consider now the maps

hy:[0,1] x X x [0,1] = X x [0,1], (s,z,t) — (x,(1 — s)t + s),
hy: [0,1] xY =Y, (s,y) — v.
By composing the sum map hy + he : [0,1] x ((X x [0,1]) +Y) — (X x [0,1]) + Y with the

canonical surjection 7 : (X x [0,1]) +Y — C}, one obtains a continuous map m o (hy + hs) :
0,1] x ((X x [0,1]) +Y) — Cy, which satisfies

mo (hy+ho)(s,z,1) = [(z,1)] = [f(z)] = 7o (h1 + ha)(s, f(x)) Vze X, sel0,1]

and hence induces a unique continuous map A : [0, 1]xCy — C with ho(idy 11 x7) = mo(h1+hs).
We have for all z € X, s € [0, 1]

h(0,[(z,t)]) = 7o hy(0,2,t) = [(,1)],
h<1’ [(l‘,t)]) =mo h1(17xat) = [(JZ, 1)] = [f(l‘)],
h(s, [(z,1)]) = 7o hu(s,2,1) = [(z, 1)] = [f(z)].

This shows that & : [0, 1] x Cy — Cf is a homotopy from id¢, : Cf = Cy to moiyor: Cy — Cf
relative to mo iy (Y) C Cf. As moiy : Y — Cf is an embedding, this shows that Y and Cy are
homotopy equivalent.

The following example shows that a subspace A C X that is a retract of X with a retraction
r: X — A that is a homotopy equivalence does not have to be a deformation retract of X.
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xv

0 1/3 1/2 1

Example 3.1.12: The comb space is the topological space
C = ({0} x [0,1]) U (Upen{1/n} x [0,1]) U ([0,1] x {0}) C R?

The subspace A = {(0,1)} C C'is aretract of C' with a retraction r : C' — A that is a homotopy
equivalence, but A is not a deformation retract of C.

To show that A is a retract of C, it is sufficient to construct a retraction r : C' — {0} x [0, 1],
since {0} x [0, 1] & [0, 1] is convex and therefore contractible to any point p € [0, 1] by Example
B.1.7 Such a retraction is given by r : C' — {0} x [0,1], (z,y) — (x,0). The continuous map
h:[0,1] xC = C, (t,x,y) — (x, (1 — t)y) is a homotopy from ide : C' = C to ij1)xf1,0} © 7 :
C' — C, and therefore C' is homotopy equivalent to {0} x [0, 1] and to A.

Suppose now that A : [0,1] x C — C' is a homotopy from id¢ : C — C toigor : C — C
relative to A = {(0,1)}. Then h satisfies h(0,z,y) = (z,y) and h(1,z,y) = h(t,0,1) = (0, 1)
for all t € [0,1], (z,y) € C. As [0,1] is compact and C' C R? is compact as a closed and
bounded subset of R?, it follows that h : [0,1] x C' — C' is uniformly continuous and hence
there is a § > 0 with ||h(t, z,y) — h(t',2',y)|| < 1/2 for all (¢, z,y), (t',2',y') € [0,1] x C with
[t —t'|, |z — 2|, |y — ¢'| < 6. This implies ||h(t,1/n,1) — h(t,0,1)|] < 1/2 for all n > 1/ and
all t € [0, 1], which is a contradiction to h(0,1/n,1) = (1/n,1) and the continuity of h. Hence
A ={(0,1)} is not a deformation retract of C.

3.2 Fundamental group(oid)s

In the following, we will use continuous maps and homotopies between them to characterise and
distinguish topological spaces. The simplest possible continuous map into a topological space X
is a map {p} — X from the point space into X. However, such maps do not contain sufficient
information - they only allow one to determine the number of components of X. This leads us to
the consideration of continuous maps v : [0, 1] — X from the unit interval into X, i. e. paths in
X. As we are not interested in the exact shape of the paths nor in their parametrisation, we will
consider them up to continuous deformations which keep their endpoints fixed, i. e. homotopies
h:10,1] x [0,1] — X relative to {0, 1}.

The basic idea is to use such paths to to probe the topological space. We will see later that
“holes” in a topological space X present an obstruction to homotopies between certain paths
in X. Although there are higher-dimensional analogues, the advantage of working with low-
dimensional objects such as paths is that they are much simpler to compute with than their
higher-dimensional analogues. We start by considering the basic operations on paths.

Definition 3.2.1: Let X be a topological space.
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1. A path in X is a continuous map ~ : [0,1] — X. It is called closed path or loop if
~7(0) = (1) and open path otherwise.

2. If 4,6 : [0,1] — X are paths with §(0) = (1), then their composite is the path

=)

v(2t) te|

3)
(2t —1) tels1

Y ]

The reversed path for v : [0,1] — X is the path 7 : [0,1] — X, F(t) = (1 — t),
and the trivial path based at p € X is the path v, : [0,1] — X, 7,(t) = pfor all £ € [0, 1].

3. A topological space X is called path connected if for any p,q € X, there is a path
v :[0,1] = X with v(0) = p and (1) = q.

dxvy:1[0,1] = X, 5*7(25):{

DO =

The existence of a composition law, of reversed paths and of trivial paths suggests a group or
groupoid structure associated with paths in a topological space X. However, we will see in the
following that the composition of paths is not associative, composing a path with a trivial path
changes the path and composing a path and a reversed path does not yield a trivial path - all of
these hold only up to parametrisation. The other disadvantage of the paths is that they contain
too much irrelevant information. We are interested in the paths only up to parametrisation
and continuous deformations that keep the endpoints fixed. For this reason, we consider the
corresponding homotopy equivalence classes.

Definition 3.2.2: Let 7,7 : [0,1] — X be paths with v(0) = +/(0) and (1) = ~/(1).
Then a homotopy (with fixed endpoints) from 7 to 4" is a homotopy from 7 to 7/ relative to
{0,1} C [0, 1]. If there exists a homotopy between paths v,~" then 7,~" are called homotopic,
v ~ ~'. Paths that are homotopic to a trivial path are called null homotopic.

to 6 : [0,1] — X. The dashed lines

Homotopy with fixed endpoints from 5 : [0,1] — X
= h(t,s) and the dotted lines to the paths

correspond to the paths hg : [0,1] — X, hy(t)
he 0 [0,1] = X, hi(s) = h(t, s).
Remark 3.2.3:

1. For all p,q € X “homotopic” is an equivalence relation on the set P(p,q, X) of paths
v :10,1] — X with starting point (0) = p and end point (1) = gq.
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2. Reparametrisations are homotopies. For any path v : [0,1] — X and any continuous
map f : [0,1] — [0,1] with f(0) = 0 and f(1) = 1 the map h : [0,1] x [0,1] — X,
(s,t) — (s f(t) + (1 — s)t) is a homotopy from v to 7y o f relative to {0, 1}.

If we replace paths in the topological space X by the associated homotopy classes (with fixed
endpoints) we obtain the structure of a groupoid with points of X as objects and homotopy
classes of paths as morphisms. In particular, for each point x € X, the homotopy classes of
loops based at X form a group.

Proposition 3.2.4: Let X be a topological space. By taking points in X as objects, ho-
motopy classes of paths in X as morphisms and the composition of morphisms induced by
the composition of paths, one obtains a groupoid II;(X), the fundamental groupoid of X.
In particular, for any x € X, the homotopy classes of loops based at x form a group, the
fundamental group m(z, X) = Homp, (x)(z, ).

Proof:
1. Composition of morphisms: Let v,~/,4,0" : [0,1] — X be paths with §(0) = ¢'(0) =
v(1) = 4/(1) and h,, hs : [0,1] x [0,1] — X homotopies from v to 7/ and § to ¢’. Define
h:[0,1] x [0,1] — X by

S

v

h h

h(s,2t) telo, i - i J
h(s,t)=<¢ 77 12 , hically, 0 5(1
(5.1) {W’%_D peppy o Ephically, (0) M)
Y6 !

Then h is a homotopy from 0 x v to ¢’ x4’ relative to {0, 1}, and hence § xy ~ 13 &' x'. This
shows that the composition of morphisms, [d] o [y] = [§ x 7], is well-defined.

2. Associativity: To show that the composition of morphisms is associative, consider paths
€,0,7v:10,1] — X with €(0) = §(1) and §(0) = v(1). Then one has

y(4t) tel0,9) 7(2t) tel0,3)
ex(0xy)(t)=<0(4t—1) te [%,%) (exd)xy(t) =<4t —2) te [%,%) (21)
e2t—1) teli 1] e(4t—3) te[31],

and a homotopy A : [0,1] x [0,1] — X from ex (0 x7) to (e xJ) *y relative to {0, 1} is given by

This shows that ex(dx7) ~{0,13 (€xd)*7 and hence the composition of morphisms is associative.
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3. Identity morphisms: The identity morphism 1, for p € X is given by the equivalence class
7p] of the trivial path based at p. For paths 7,0 : [0,1] — X with v(0) = §(1) = p, we have

’ %) * _ 5(2t) te [O’ %)
o 5(”_{6@):;9 ey B

and homotopies from 7 * 7, to v and 7, * § to J relative to {0, 1} are given by

=

70)=p te]
v(2t—1) te]

¥ *p(t) = {

D=

This proves vy, ~01} ¥ and v, * 6 ~yo13 0 and shows that 1, = [,] has the properties of an
identity morphism. Hence, II;(X) is a category.

4. Inverses: To show that every morphism in II; (X)) has an inverse, consider a path v : [0,1] —
X with v(0) = p, 7(1) = ¢ and the reversed path 7 : [0, 1] — X. Then one has

B 2y tel0,3) A2 telo,3)
V() = {7(215— ) te ] () = { | (23)

and the following are homotopies from v *% to 7, and from 7 % v to 7,

p q
p q
p p q q
Y\ ¥\
t t
Y 5 o7 Y
This proves 7 « v ~g13 7p and v x5 ~y13 7 and, consequently, 7] o [v] = 1,
[v] o [7] = 1,. This shows that II;(X) is a groupoid and therefore for any object z, the
set 7 (x, X)) = Homy, (x)(z, x) with the composition of morphisms is a group. O

The advantage of the fundamental groupoid compared to the fundamental group is that the
former is more canonical. It does not involve the choice of a basepoint and hence cannot depend
on such such a choice, while the fundamental groups associated two different basepoints may
differ. However, it turns out that the dependence of the fundamental group on the basepoint
is mild, when the underlying space is path connected. In this case, the fundamental groups at
different basepoints can be related by paths connecting the basepoints and one finds that they
are isomorphic.
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Proposition 3.2.5: Let X be a topological space. Then for any path v : [0,1] — X, the map
Oy - m(7(0), X) = m(y(1), X),  [Bl = Nlelble ]
is a group isomorphism with the following properties:

1. It depends only on the homotopy class of 7 relative to {0, 1}.
2. @y, = idy 2,x)
3. (I)[(g]om = CI)[(;] o CD[“{] for all paths v, 0 with 5(0) = ’}/(1).

If X is path connected, this implies m(x, X) = 71 (2’, X) for all z,2" € X. One speaks of the
fundamental group of X and writes m1(X) instead of m (z, X).

Group isomorphism ®p,; @ m((0), X) — m(v(1),X), [B] — [7] o [8] o [7]. The dashed path
denotes 7, the dotted path 8 and the solid path v * 5 x 7.

Proof:

That ®p,; depends only on the homotopy class of v relative to {0,1} follows directly from
its definition. The other statements follow from the the fact that II;(X) is a groupoid and
71 (x, X)) = Homy, (x)(z, ). For any groupoid C and any morphism g : X — Y in C, the map
®, : Home (X, X) — Home(Y,Y), f+— go fog ' is a group homomorphism since

D (fof)y=gofofogt=gofoglogofog™=2a,f)o0®,(f)
P,(1x) :golxogflzly.

Moreover, for all morphisms f: X — X, h:Y — Z, one has

O (f)=1xofoly =f, ®py(f)=hogofogloh =dy(gofog')=d,0df).

Hence, the group homomorphism ®,-1 : Hom¢(Y,Y) — Home (X, X) is the inverse of the
group homomorphism @, : Hom¢ (X, X) — Home(Y,Y') and both group homomorphisms are
isomorphisms. O

A particularly simple groupoid is a groupoid which contains exactly one morphism f : x — 2’
for any objects x,z’. A topological space X whose fundamental groupoid is of this form is
called 1-connected. It is clear that this condition is equivalent to the requirement that X is
path connected and that the fundamental group m(x, X) is trivial for all x € X. The former
holds if and only if for any two objects x, 2’ in I1; (X) there is at least one morphism f : z — 2.
As any pair of morphisms f : x — 2/ and g : ' — x yields a morphisms g o f € m(z, X), the
fundamental group m(x, X) is trivial for all z € X if and only if Homy, (x)(z,2’) contains at
most one morphism for all z, 2" € X.
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Definition 3.2.6: A topological space X is called simply connected if all of its fundamen-
tal groups 71 (x, X) are trivial and 1-connected if for any two objects z, 2’ in the fundamental
groupoid II; (z), Homy, (x)(«, ') contains exactly one morphism. This is equivalent to the con-
dition that X is path-connected and 7y (z, X) is trivial for all z € X.

Example 3.2.7: If X C R” is star shaped, then X is 1-connected.

As there is a point p € X with [p,z] C X for all x € X, one has a path P, : [0,1] — X,
P,(t) = (1 —t)p + tx from p to z and, consequently, a path P, x P, : [0,1] — X from x
toy for all z,y € X. If v : [0,1] — X is a loop based at p, then h : [0,1] x [0,1] — X,
h(s,t) = (1 —s)p+ sv(t) is a homotopy from the trivial path =, : [0,1] — X to v relative to
{0,1}, which shows that m(x, X) = m(p, X) = {e} for all z € X.

To determine the fundamental group(oid)s of more complicated topological spaces, we first need
to consider continuous maps between such spaces and to clarify how they interact with the
associated fundamental group(oid)s. The basic observation is that for any path « : [0,1] — X
and any continuous map f: X — Y, we obtain a path fo~v:[0,1] =Y in Y.

This assignment is compatible with homotopies between paths and allows one to define a map
[v] = [f o ~] that associates homotopy equivalence classes of paths in Y to homotopy equiv-
alence classes of paths in X. Moreover, one finds that this assignment is compatible with the
composition of continuous maps and with homotopies between them. We obtain the following
theorem.

Theorem 3.2.8: Let X.,Y.Z be topological spaces. Then:

1. The assignments x — f(x), [y] — [f o 7] associate a functor II;(f) : I, (X) — I1;(Y) to
each continuous map f: X — Y.

2. These functors satisfy: I (k o f) = II;(k)II;(f) for all continuous maps f : X — Y,
k:Y — Z, and Hl(ldX = idl_Il(X)

3. A homotopy h : [0,

Il xX =Y fromf: X — Y tog: X — Y induces a natural
isomorphism Iy (h) : II

)
X
1(f) = I (g).

Proof:

1. II;(f) assigns an object f(z) in the groupoid II;(Y") to every object z of II;(X) and a
morphism [f o 4] from f(z) to f(y) to every morphism [y] from x to y in II;(X). To show
that this assignment is compatible with the composition of morphisms and identity morphisms,
consider paths 7,0 : [0,1] — X with v(1) = 6(0) and a trivial path -, : [0,1] — X. Then the
identities fo (0 xy) = (fod)x(fo~y) and for, = Yf imply

I (f)([8] o M) =[fo(@xN]=I[(f*8)x(fon]=I[fod]o[for]=TL(f)([d]) o (f)([+]),
L (f) (1) = I (f)([v]) = [f 0 %] = [yrw] = 1w = Ime-
(

This proves that II;(f) : I1;(X) — II;(Y) is a functor.

2. To prove the second claim, note that II;i(k o f)(z) = ko f(x) = I (k)(IIy(f)(x)) and
IT; (idx)(x) = x for all z € X. Moreover, for all paths ~ : [0,1] — X, one has

(ko f)([7]) = [k o foq] =TL(k)([f o)) = (k)AL (f)([7]))
I (idx)([7]) = [idx o] = [1.
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3. Define for all z € X a path h, : [0,1] = Y, h,(t) = h(t,z) in Y from f(z) = h(0,z) to
g(x) = h(1,z) and assign to the object x in II;(X) the morphism [h,] : f(z) — g(z) in I1;(Y).
To prove that this defines a natural transformation II;(h) : II1(f) — II1(g), we have to show
that the diagram

Fz) 2 o) (24)

nmmm% lm@mw
f(y) [Tyrg(y)

commutes for all paths v : [0, 1] — X with y(0) = 2 and (1) = y. As this is equivalent to

(g 07) x ha] = T(g)([7]) © [ha] = [Ry) o TL(F)([7]) = [y % (f 07)];

it is sufficient to construct a homotopy relative to {0, 1} from (g o) * h, to hy * (f o). Such
a homotopy is given by

fory hy
fon(2t) tel0,3) for
h(s;t) = qh2t—s9(s)) tel3.5+35)  f(@) ho(y (-2) 9(y)
goy(2t—1) te[s+3,1] g0
he goy !

This shows that IT;(h) : II1(f) — II;(g) is a natural transformation. That it is a natural
isomorphism follows directly from the fact that I1,(Y’) is a groupoid, i. e. [h,] : f(x) = g(x)
has an inverse |h,] : g(x) — f(z) for all x € X. 0

In particular, we can apply Theorem to homotopy equivalences f : X — Y. In this case,
one has a continuous map g : ¥ — X with go f ~ idy and f o g ~ idy. Theorem [3.2.8
then yields a pair of functors IT;(f) : II1(X) — I, (Y), II1(g) : II1(Y) — II;(X) together with
natural isomorphisms & : IT; (¢)I1;(f) = idx and 7 : II;(f)I1;(g) = I;(idy). In other words:

Corollary 3.2.9: If f : X — Y is a homotopy equivalence, then the associated functor
I (f) : I (X) — II;(Y) is an equivalence of categories. If two topological spaces X and Y are
of the same homotopy type, then their fundamental groupoids II; (X ) and II; (V) are equivalent.

We will now consider the implications of Theorem and Corollary for the fundamental
group mi(z, X) = Homp, (x)(z,z) of a topological space X based at x € X. In this case, the
statement that II;(f) : II;(X) — I1;(Y) is a functor implies that the map m (z, f) = II1(f) :
m(z, X) = m(f(z),Y) is a group homomorphism.

The second claim in Theorem [3.2.8| states that the composition of continuous maps corre-
sponds to the composition of group homomorphisms and that the identity map to the iden-
tity homomorphism. In other words: we obtain a functor m; : Top® — Grp that assigns to
each pointed topological space (x, X) the fundamental group m (z, X) and to each continuous
map f : X — Y with f(x) = y the group homomorphism 7 (z, f) : m(z, X) — m(y,Y),
(] = [fenl
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The third claim in Theorem [3.2.§| states that for homotopic maps f,g: X — Y, the associated
group homomorphisms 7 (z, f) and m(z,g) are related by conjugation. More specifically, if
h:[0,1] x X — Y is a homotopy from f: X — Y to g: X — Y, diagram implies

m(z, 9)([7]) = [ha] 0 mi(z, f)([7]) o [ho] with Ay 2 [0,1] = X, hy(t) = h(t, z)

for all closed paths v : [0,1] — X based at x € X. By combining these statements with
Corollary we obtain the following theorem.

Theorem 3.2.10:

1. The assignments (x, X) — m(z, X) and f — m(z, f) define a functor m; : Top® — Grp.

2. If f,g : X — Y are homotopic, then the group homomorphisms m(z, f) : m(z, X) —
m(f(z),Y) and m(z,g) : m(x, X) — m(g(x),Y) are related by conjugation.

3. If f: X — Y is a homotopy equivalence, then the associated group homomorphism
m(z, f) : m(x, X) — m(f(x),Y) is a group isomorphism. Topological spaces of the same
homotopy type have isomorphic fundamental groups.

The results in Theorem |3.2.8 and [3.2.10| allow one to relate the fundamental groups of topo-
logical spaces X,Y via group homomorphisms induced by continuous maps f : X — Y. In
particular, they allow one to relate the fundamental group of a topological space X to the one
of a subspace A C X that is a retract or deformation retract of X. In this case, the associated
retraction identifies the fundamental group m (a, A) with a subgroup of m(a, X). If A C X is
a deformation retract, then the retraction induces a group isomorphism. This often allows one
to reduce the problem of determining the fundamental group of a topological space X to a few
simple examples.

Corollary 3.2.11: Let X be a topological space, A C X a subspace and a € A.
1. If A is a retract of X, then the inclusion map i4 : A — X induces an injective group
homomorphism m(a, A) — m(a, X).

2. If A is a deformation retract of X, then the inclusion map 74 : A — X induces a group
isomorphism 7 (a, A) — m(a, X).

Proof:
If A C X is a retract of X with retraction r : X — A, then r oi4 = ids and consequently
mi(a,r) o m(a,ia) = m(a,r ois) = m(a,ida) = ids a4y This implies that the group

homomorphism 7 (a,i4) : m1(a, A) — m(a, X) is injective. If additionally, i4 o r ~4 idx, then
the group homomorphism m(a,i4) o mi(a,r) = m(a,ia o) is related to m(a,idx) = idx, (a,x)
by conjugation and hence an isomorphism. This implies that m(a,i4) : m1(a, A) = m(a, X) is
surjective and hence a group isomorphism. O

Example 3.2.12:

1. The fundamental groups of the ring {z € R? : 1 < [|z|| < 2}, the cylinder R x S
the circle S, the Mobius strip and S' x D? are all isomorphic, since these spaces are

homotopy equivalent (see Example 3.1.10 and Exercise .
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2. For all n € N, the fundamental groups of (R"")* and of S™ are isomorphic since by
Example [3.1.10[ S™ is a deformation retract of (R™)*.

3. For connected topological spaces X,Y and any continuous map f : X — Y the
fundamental group m(Cy) of the mapping cylinder Cy — (X x [0,1]) U7 Y is isomorphic
to the fundamental group m(Y) since Y is a deformation retract of the mapping cylinder

by Example |3.1.11]

4. Contractible topological spaces are simply connected since they are homotopy equivalent
to a point. This applies to Bing’s house (Exercise [7)) and to the comb space (Example

FLD)

Similarly to the fundamental group of a topological space with base point x, one can also define
higher homotopy groups. In this case, one considers continuous maps f : [0, 1] — X from the
unit n-cube [0, 1]" = [0, 1] x ... x [0,1] to X with f(9[0,1]") = {x}. As S™ =~ [0, 1]"/ ~, where
~ is the equivalence relation that identifies all points on 9]0, 1)", such maps are in bijection
with continuous maps f : 5™ — X. Just as in the case of the fundamental group, one finds that
the homotopy classes of such maps relative to 9]0, 1]" form a group, which for n > 2 turns out
to be abelian.

Proposition 3.2.13: Let X be a topological space, x € X and n > 2. Then the homotopy
classes relative to 9]0, 1]" of continuous maps f : [0,1]" — X with f(9[0,1]") = {x} with the
composition law

glo[fl=1lgxfl (g% f)tr, . tn) =

L) = {f(?tl,tz,...,tn> t€ [0, 1)
yn 1

form an abelian group, called the nth homotopy group 7,(z, X).

Proof:

It is clear that the composition is associative with the homotopy class of the constant map
fe 2 [0,1]" = X, (t1,...,t,) — x as unit and inverses [f]~' = [f] with f : [0,1]" — X,
(t1, ...y tn) — f(1 —t1,ta,...,t,). This follows analogously to the proof of Proposition [3.2.4]

It remains to show that the group 7, (z, X) is abelian, e. .g f g ~sjo1» g* f for all continuous
maps f,g : [0,1]" — X with f(9[0,1]") = ¢(0[0,1]") = {x}. For this, consider the map
h:[0,1]""" — X pictured below

s=0 — 5:}1 — s:%
to iy ta
T T T
fl9 fle f
x x x x x x
r | g g
x b x b x b
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t t

which is given explicitly by

€T t1 € [O, %),tg S [0,28)
oy, 2228 ety t, €[0,3),ty € 25,1
h(s,ty,...ity) = 12t =27 310001 tn) ! [1’2)’ 2 € [25,1] sel0,7)
g(2t1 - 17 1,_2257t37 '-'7tn> hh € [5’1]at2 S [Oa 1- 28)
T t1 € [3,1],t2 € [1 — 25,1
T t1 €[0,1—2s),ty € [0,%)
W=ld2s op e t,) t €1 —2s,1 0,3
hstr, oty = 490 Aty etn) € 125, 1), 21 €l0.:3) selt b
f(2$72t2 17t37"'7t7L) tl 6 [0728) [571]
x €1 —2s,1],ty € [1,1]
9(55-, 2t b3, .., 1) t1 €[0,2 —2s),t, € [0,3)
te2—2,1 t, €0, 1
h(s,t1,....,t,) = 1€l s, 1),t2 [1 2) SG[%,%)
[0,28 - 1) tz S [5, 1]
f(t1+1 2s 2t2 1,t3,...,tn) [28 — 1, 1] tz € [%, 1]
9(2t1, 525 13, . 1) t1 €[0,3),t2 €[0,25 — 1)
11,t,€]0,2-2
h(S,tl,...,tn) — x [271]7 2 [ ’ S) = [%,1]
x [07§>7t2 S [25—171]
f2t -1, %t&...,tn) t1 € [3,1],t2 € [2 - 25,1]

Clearly, h is continuous with h(0,tq,....,t,) = g* f, h(1,t1,....t,) = fxgund h(s,ty,...,t,) =
for all (x1, ..., z,, € OW™), and therefore h is a homotopy from fxg to g% f relative to 9[0, 1]*. O

Remark 3.2.14: The proof of Proposition [3.2.13| also shows that the choice of the first
coordinate for the composition in m,(x, X) is arbitrary and that the composition law

Ft1, oy too1, 2t Lty ooy tn) tr € [0,
gty o tit, 2t — Litgg, o tn) e €

)
J

— ol

gl o [f1=1lg*1 ] (g f)(tr,itn) = {

N

Y

would yield the same result.
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Remark 3.2.15: One has analogues of the statements in Theorem [3.2.10}

1. The nth homotopy group defines a functor m, : Top® — Ab from the category
Top*® of pointed topological spaces into the category Ab of abelian groups that
assigns to a continuous map f : X — Y with f(z) = y a group homomorphism
Tz, f) (2, X) = ma(y, Y).

2. If f,g : X — Y with f(z) = g(x) = y are homotopic relative to {x}, then
oz, f) = mu(z, g) : mp(x, X) — m,(y, V). This means that the functor 7, : Top® — Ab
is constant on the homotopy equivalence classes of morphisms in Top® and induces a
functor m, : hTop®™ — Ab.

3. If f: X — Y is a homotopy equivalence, then m,(z, f) : m,(z,X) — 7, (f(x),Y) is
a group isomorphism. Topological spaces of the same homotopy type have isomorphic
homotopy groups.

Unlike fundamental group(oid)s, higher homotopy groups are rather difficult to compute. Even
in the case of the n-spheres S™, there is no general formula or result that characterises all
homotopy groups 7 (S™) for general k,n € N. We will therefore not pursue the computation
of higher homotopy groups further in this lecture but instead characterise higher-dimensional
topological manifolds in terms of homology.

3.3 The fundamental group of the circle

The aim is now to compute fundamental group(oid)s of topological spaces also for those cases,
where it does not follow immediately that they are trivial. We will see later that this can be
achieved by building up topological spaces gradually from simple building blocks and relating
their fundamental group(oid)s to the ones of the building blocks.

The first essential building block in this construction is the circle S = {z € C : |z| = 1}, and
the central ingredient in the computation of its fundamental group is the exponential map

2mix

exp: R — S' 1+ ™ = cos(27w) + 1 sin(27z).

The basic idea is to relate homotopy classes of paths 7 : [0,1] — S! with v(0) = (1) = 1 to
homotopy classes of paths 7 : [0,1] — R with 4(0),7(1) € Z. Clearly, every continuous path
7+ 0,1] — R with 5(0),5(1) € Z defines a continuous path v = expo¥ : [0,1] — S! with
~v(0) = (1) = 1. However, it is not clear a priori which paths 7 yield a given path ~ (or a path
homotopic to it) or if every path 7 : [0,1] — S with v(0) = (1) = 1 arises this way. To clarify
this, we first consider continuous maps of the circle S' — S! and relate them to continuous
maps R — R. As S! is homeomorphic to the quotient [0,1]/ ~ where ~ is the equivalence
relation on [0, 1] that identifies the endpoints, we can easily extend these results to closed paths
v :[0,1] — S* later.
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. i exp
N - P}

Lemma 3.3.1: Let f: S' — S! be continuous with f(1) = 1. For every t, € Z there is a

unique continuous map f : R — R with f(0) =tg and expof = f oexp. The map f is called a
lift of f.

Proof: o
Uniqueness: If fi, fo : R — R are two two lifts of f, then

TP _ expOfl(t) _ f oexp(t)
expo(fi(t) — fa(t)) expofo(t) [ oexp(t)

=1 vVt € R,

which implies fi(t) = fo(t) € Zfor allt € R. As fi—fr:R— R is continuous, it follows that
fo — f1 is constant, and as f1(0) — f2(0) =ty — top = 0, we have f; = fo.

Existence: As S! is compact and f : S* — S! continuous, f is uniformly continuous. The same
holds for exp : R — S since S! and [0, 1] are compact and exp is periodic with period 1. Hence
foexp: R — S is uniformly continuous, and there is an € > 0 such that foexp([) is contained
in an open half-circle for all intervals I of length < e. For any open half-circle H C S', one
has exp ™ (H) = Uyeple with I, = (s + k, s + k + 3) for some s € R, and exp |y, : [y — H is a
homeomorphism.

As foexp([0,€]) is contained in an open half-circle Hy, there is a unique interval I, of length
1/2 with exp(ly) = Hy and ty € Iy. Define

Ft) = (explp) "t o foexp(t)  Vte 0,

Then [ : [0,¢e] — R is continuous with exp of\[o’d = expoflj, and f(O) = ty. Now apply
the same procedure to the interval [e,2¢] and ¢; = f(1). As f o exp([e, 2¢]) is contained in a
half-circle Hi, there is a unique interval I; of length 1/2 with exp(/;) = H; and t; = f(e) € 1.

We obtain a continuous function f : [0,2¢] — R with exp o f|j2q = exp of]jp2q by setting

f(t) = (exp|n) "o foexp(t)  Vte [e, 2.

By iterating this step and extending it to negative numbers, we obtain a continuous function
f:R —= R with expof =expof and f(0) = t. O
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Given a_lift f:R — R of a continuous map f : St — S we can consider the quantity

f(1) = f(0). As expof = f oexp and exp(0) = exp(1) = 1, we have exp(f(1) — f(0)) = 1
and hence f(1) — f(0) € Z. Moreover, this quantity does not depend on the choice of the lift,
since any two lifts differ by a constant. This allows one to assign to each map f: .S 1 St the

quantity deg(f) = f(1) = f(0).

To obtain an analogous quantity for general paths v : [0, 1] — ST with v(0) = v(1) = 1, recall
that S! is homeomorphic to the quotient [0, 1]/ ~ where ~ is the equivalence relation on [0, 1]
that identifies the endpoints. As v(0) = (1) and exp(0) = exp(1), the universal property of
the quotient implies that there is a unique path ~. : [0,1]/ ~— S with v. o 7® = 7, and the
unique map exp_ : [0,1]/ ~— S? with exp_ om = exp | is a homeomorphism. Hence, we can
define the degree of v as the degree of v. o exp_!: St — S

exp ‘[0,1]

St 0,1] —— 5" (25)
[0,1]/ ~

Definition 3.3.2:
1. Let f:S" — S* be continuous and f:R — R of falift of f. Then the degree of f is

deg(f) = f(1) = f(0) € Z.
2. Let v:[0,1] — S* be a path with v(1) = 7(0) = 1. Then the degree of v is deg(y) =
deg(7~ o expZ'), where 7/ o exp ! : ST — S' is the map defined by ([25)).

Example 3.3.3: For n € Z, the map f : ' — S, 2+ 2" has degree deg(f) = n.
The map f: R — R, ¢+ nt is a lift of f since expof(t) = exp(nt) = exp(t)" = f o exp(t) for
all t € R. This yields deg(f) = f(1) — f(0) = n.

We will make use of the notion of degree to determine the fundamental group of the circle. This
requires that we first determine its basic properties, which also have many useful applications in
geometry. They follow from basic computations together with the properties of the exponential
map and the lifts.

Lemma 3.3.4:

For any lift f : R - Rof f: S* — S',t e Rand k € Z, one has f(t+k)— f(t) = kdeg(f).
deg(f - g) = deg(f) + deg(g) for all continuous maps f,g: St — S*.

deg(f o g) = deg(f) - deg(g) for all continuous maps f,g: S* — SL.

If f:51 — S1is continuous with f(—z) = —f(2) for all z € S1, then deg(f) is odd.
Any continuous map f : ST — S! with deg(f) # 0 is surjective.

o W

Proof: 3 3 3 3
1. We have f(t+ k) — f(t) = Z;:é fit+5+1)— f(t+7) = kdeg(f).

2. IffNisalift offapdgaliftofg,thenf—i—g:R—)Risaliftoff-g : St — S! since
expo(f + g) = (expof) - (expog) = (f o exp) - (goexp) = (f - g) o exp.
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3. Iffisalif’coffzaundgauliftofg,thenfog:IE\E—>Risaliftoffog:S1 — St since
expofog= foexpog= fogoexp.

4. For any lift f : R — R of f and ¢ € R, one has
exp(f(t) +3) = —expof(t) = —foexp(t) = fo(—exp(t)) = foexp(t + 5) = exp(f(t + 3))-

This implies that the continuous map g : R — R, g(t) = f(t +
and hence is constant. It follows that deg(f) = f(1) — f(0) =

f(t) — 5 takes values in Z

+3) =

2

9(3) + g(0) + 1 =2¢(0) + 1.

5. From deg(f) # 0 it follows that for any lift f of f we have |f(1) — f(0)] > 1
and hence the image f(R) contains an interval [ of length one. This implies

F(S") = fexp(R)) = exp(f(R)) D exp(]) = 5. O

By considering the degree of paths 7 : [0,1] — S with v(0) = (1) = 1, we are able to compute
the fundamental group of the circle and to show that it is isomorphic to Z. The essential steps
are to show that the degree of such a path depends only on its homotopy class relative to {0, 1}
and that the composition of paths adds their degrees.

Theorem 3.3.5: The degree induces a group isomorphism deg : m (1, S') — Z, [y] — deg(y).

Proof:

1. We show that the degree of v depends only on the homotopy class of v:

Let f,g: S' — S! be continuous and A : [0,1] x ST — S* be a homotopy from f to g. Consider
for ¢, € [0, 1] the maps

hy: St — S 2z h(t, 2), Hyp:S'— S 20

As h is continuous and [0,1] x S* is compact, h is uniformly continuous, and there is a § > 0
with |h(t,z) — h(t',2)| < 1 for |t — /| < 4. In this case, H;» : ST — S! is not surjective and
hence deg(H;y) = 0 by Lemma 5. It then follows from Lemma |3.3.4] 2. that

deg(h,) = deg Hyy + deg(hy) = deg(hy)  Vt,t' € [0,1] with |t — /| < 4.
By choosing a subdivision 0 = tg < ... <t, =1 with |[t; —t;_1| < § for i € {1,...,n}, we obtain
deg(f) = deg(hy,) = deg(hy,) = ... = deg(hy,) = deg(g).

If v,6 : [0,1] — S! are paths that are homotopic relative to {0,1} via h : [0,1] x [0,1] — S,
the commuting diagram yields a homotopy h. : [0,1] x S* — S h (¢, 2) = h(t,expZ!(z ))
from v oexp’t: St — St to §.oexp t: St — St which implies

deg(y) = deg(y. o exp_') = deg(d. o exp_') = deg(é).
Hence the degree induces a map m (1, S') — Z.

2. To show that deg : m(1,S5') — Z, [y] — deg(y) is a group homomorphism, it is sufficient
to show that deg(d xv) = deg(d) + deg(y) for all paths 7,6 : [0,1] — S! with v(0) = (1) =
5(0) = 6(1) = 1. This follows from the fact that S* is a topological group with the group
multiplication induced by the multiplication in C. By Exercise [12] the group structures on the
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set m1(1,S) that are induced by the pointwise multiplication of paths and their composition

coincide: [6] o [y] = [0 x 7] = [J - 7]. Together with Lemma [3.3.4] 2. this implies

deg(d xv) = deg(6 - ) = deg((d - )~ o exp_') = deg((0~ 0 exp_') - (v~ o expl'))
= deg(6~ o exp:I) + deg(y~ o expzl) = deg(d) + deg(7).

3. To show that deg : m (1, S') — Z is surjective, note that for n € Z, the path ~, : [0,1] — S*,
t — exp(nt) has deg(y,) = n by Example 3.3.3| To prove that deg : m;(1,S') — Z is injective,
suppose that v : [0,1] — S! is a path with y(0) = (1) = 1 and deg(y) = 0. Let 7 : R — R be
a lift of v oexp! : ST — S* with 4(0) = 0. Then

h:[0,1] x [0,1] = S',  h(s,t) = exp(s7(t))

is a homotopy from the constant path based at 1 to the path v = expoyloy : [0,1] — S!
relative to {0, 1}. This shows that deg : m (1, S') — Z is injective. O

Theorem determines the fundamental group of the circle and all other topological spaces of
the same homotopy type, such as the punctured plane C* and the cylinder S* x R. Moreover,
it has applications to many geometrical, topological and algebraic questions. This becomes
evident in the following corollaries.

Corollary 3.3.6:

1. If f: ST — St is the restriction of a continuous map ¢ : D* — S, then deg(f) = 0.

This follows since h : [0,1] x S' — S, h(t,z) = g(tz) is a homotopy from the constant
map S! — ¢(0) to f.

2. S'is not a retract of D?.

This can be seen as follows. If 7 : D? — S! is a retraction, then r oig1 = idg1 : St — S1.
In this case, 1. implies deg(r o ig1) = deg(idgi) = 0. On the other hand, we have
deg(idg1) = 1 by Example [3.3.3]

3. A continuous map f : D* — D? has a fix point (Brouwer’s fix point theorem in d = 2).

Suppose there is a continuous map f : D? — D? without a fix point. Then for any x € D?,
there is a unique straight line through z and f(z). Let r : D> — S! be the map that
assigns to x € D? the intersection point of this line with S' = 9D? that is closer to «
than to f(x). Then r is continuous due to the continuity of f and hence a retraction from
D? to S*. Such a retraction cannot exist by 2.

Theorem [3.3.5] and Corollary also give rise to a very simple, purely topological proof of
the fundamental theorem of algebra and allows us to prove that S? is not homeomorphic to a
subset of R?, which implies in turn that R? and R?® cannot be homeomorphic.

Corollary 3.3.7 (fundamental theorem of algebra):
Every non-constant polynomial with coefficients in C has a zero.
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Proof:

Suppose there is a non-constant polynomial with coefficients in C and without a zero. Without
restriction of generality suppose that p is normalised, p = 2™ 4+ a,,_12" ' + ...+ ag with n > 1.
Then the map

p(z)

[p(2)]

is continuous and by Corollary [3.3.6] 1. we have deg(f oig1) = 0. However, the map

f:C—=5 2+

2V 4 tay_ 12" 4 t2a, 02"+ tag
|27 + tap—12" 1 + 24,2272 + ...+ tPag|

h:0,1] x S* = S h(t,z) =
is a homotopy from ¢g : S' — S' z — 2" to foign : S' — S This implies

deg(f oig1) = deg(g) = n. O

Corollary 3.3.8 (Borsuk-Ulam):
If f:5% — R?is continuous with f(—z) = —f(z) for all z € S?, then f has a zero.

Proof:
Suppose f does not have a zero. Then the maps
g:82—>51,x»—>||ﬁx;||, G:D*—= S 2+ g(z, /1 —|2]?)
x

are continuous with g(—z) = —g(z) for all z € S? and Goig1 = goigi. By Corollary 1. this
implies deg(goig1) = 0, while Lemmam 4. implies that deg(goig:) is odd. Contradiction. O

Corollary 3.3.9: S? is not homeomorphic to a subset of R?. R? is not homeomorphic to R2.

Proof:

As any continuous map R3 — R? restricts to a continuous map S? — R?, it is sufficient to show
that a continuous map g : S? — R? cannot be injective. This follows from Corollary since
the associated map f : S? — R? z +— g(z) — g(—x) satisfies f(—z) = —f(x). By Corollary
3.3.8] there is a point z € S? with f(z) = g(z) — g(—) = 0 and hence g is not injective. ~ O

Another nice but slightly less serious application of the degree and Corollary is that it
gives an answer to the following question:

Is it possible to cut a sandwich, consisting of bread and two toppings, in two pieces
such that both pieces contain an equal amount of bread and of each topping in only
one cut?

To answer this question, we interpret the bread and each topping as a subset of R? and model
the knife by an affine plane in R3. To give a precise interpretation to “equal amount” , we
suppose that the three sets are Lebesgue measurable, for instance open, bounded, and require
that the resulting pieces have equal volume. The answer to the question is then given by the
following Lemma.
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Lemma 3.3.10 (The sandwich lemma): Let A, B,C C R?® open and bounded subsets.
Then there is an affine plane that cuts each of the subsets A, B, into two subsets of equal
volume.

Proof:
For 2z € 5% and t € R, we denote by H,, the affine hyperplane normal to x through ¢tz and by
H +t the associated half plane that does not contain the origin

H,;, ={y eR®: (y,x) =t}, H;t:{yGR?’:(y,@Zt}.
For fixed = € S?, we consider the map
az : R =R, t—vol(ANH,).

Clearly, a, decreases monotonically. As A is bounded, there is an r > 0 with ||a|| < r for all
a € A, which implies a,(t) = 0 for ¢ > r and a,(t) = vol(A) for ¢t < —r. Moreover, a, is
(Lipschitz) continuous since

laz(t) — a.(t')] < vol(AN (HF

z,min(t,t’) \ zmaxtt’ ))

<mrit-t| vt eR

By continuity and monotonicity of a,, we have a;'(3vol(A)) = [t1, ] for some t;,¢, € R, and
we set t4(x) = 2(t1 + t2). This yields a continuous map t4 : 5 — R with t4(—z) = —ta(x)
since a_,(t) = vol(A) — a,(—t). Analogously, we obtain contain (Lipschitz) continuous maps
by, ¢, : R — R and continuous maps tg,tc : S2 — R for the sets B, C. The continuous map

f:8* = RY  xe (tp(r) —ta(x),te(x) — ta(z)).

satisfies f(—x) = —f(x) and Corollary implies that there is an z € S* with f(z) =
follows that t4(z) = tp(z) = to(z) =: t and a,(t) = svol(A), by(t) = tvol(B), c,(t) = %VOI(C).
O

The sandwich lemma does not hold for more than three sets. This can be seen easily by choosing
sets A, B, C for which the affine plane H,; that cuts them into two pieces of equal volume is
determined uniquely, for instance three balls of radius 1 centred on different points of the x-axis.
It is then easy to choose a fourth set D, which the plane H,; does not cut into two pieces of
equal volume.

3.4 The theorem of Seifert and van Kampen

In this section, we develop an important tool that will allows us to compute the fundamental
group(oid) of many topological spaces - the theorem of Seifert and van Kampen. The basic idea
is to cut a topological space X into two overlapping pieces, whose fundamental group(oid)s are
simpler to compute than the one of X and then to build up the fundamental group(oid) of X
from the fundamental group(oid)s of these pieces.
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To implement this idea, one considers two open subsets Uy, Us C X with X = U; U Us, the
associated inclusion maps ig : Uy — X, jr : Uy N Uy — Uy, for k = 1,2, and their fundamental
gI‘OUpOidS Hl(Ul N UQ), Hl(Ul), Hl(UQ) and Hl(X)

By Theorem the inclusion maps iy : Uy — X, ji : Uy N Us — Uy, induce functors

Hl(Zk) Hl(Uk> — Hl(X) Hl(jk) IHl(Ul N Ug) — Hl(Uk)
Tr+—x =X
[V > lik 0 v]x [0]12 = [ji 0 0]

where | |12, [ ]k, | ]x denote the homotopy classes relative to {0,1} in Uy N Uy, Uy, X,
respectively. Although the action of these functors on the objects of the fundamental groupoids
(points) is rather trivial, this is not the case for their action on morphisms. The homotopy
classes of a given path in different topological spaces can look quite different, and it is essential
to distinguish them.

The aim is now to relate the fundamental groupoids I, (U;NUs), 11, (Uy), 11, (Us) and II; (X)) via
these functors. To find the appropriate algebraic structure, it is helpful to note that the subsets
U, and U, give rise to a description of X as a pushout of topological spaces. By considering
the topological spaces Uy, Us and the topological space U; N Us, together with continuous maps
Jr : UyNUy — Uy, one obtains a pushout U; +,ny, Uz = Uy + U/ ~ where ~ is the equivalence
relation on Uy + Us given by ji(w) ~ ja(w) for all w € Uy N Us. From the universal property of
this pushout and the continuous maps #; : Uy — X, which satisfy i; o j; = 75 0 j5, one obtains
a unique continuous map ¢ : Uy +y,~v, Us — X with ¢ o jp = ix. One can show that this is a
homeomorphism and hence X ~ U; +y,ny, Us.

This suggests that the fundamental groupoids II;(X), II;(U;), I1;(Us) and II;(U; N Us) to-
gether with the functors I (ji) : II1(U; N Us) — I1;(Uy) and 11 (i) : Uy — X should form a
pushout in an appropriate category. This category is the category of groupoids, whose objects
are groupoids and whose morphisms are functors between them, with the identity functors as
identity morphisms.

Theorem 3.4.1 (Seifert-van Kampen): Let X be a topological space, Uy, U, C X open
with Uy UU; = X and i : Uy — X and j : Uy NUy — Uy the associated inclusion maps. Then
the following diagram is a pushout in the category of groupoids

114 (41
T (X) <29 )

Hl(iz)T Tnl(ﬁ)
Hl(Uz) <—H1(U1 N Ug)

Iy (52)
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Proof:

1. By Theorem [3.2.8| the continuous maps iy : Uy — X, jr : Uy N Uy — Uy induce functors
Hl(Zk) : H1<Uk) — Hl(X), Hl(]k) : Hl(Ul N UQ) — H1<Uk) As 11 Ojl = i Oj2 : U1 N U2 — X,
they satisfy IT; (41)I11(j1) = 1 (i1 01) = 1 (ix0J) = I (i2)I11(j2), and the diagram commutes.

2. It remains to verify the universal property. For this, consider a groupoid C and two functors
Fy : 111 (Uy) — C with FiII1(j;) = F3I1;(j2). We have to show that there is a unique functor
F:1(X) — C with FII, (iy) = Fy for k = 1,2.

Fy
C
‘
\\H!F
1) <y~ thilty
. Tnl(h) Tnl(jl)
Hl(Ug) m)ﬂl(Ul N U2>

To define F' on objects, we use X = Uy U U, and set F(x) = Fy(z) for x € Uy. If x € Uy N Uy,
the identity FiI1,(j1) = Fblli(jo) implies Fi(x) = Fy(z), which shows that this definition is
consistent.

S5

o7 -

—

<

Decomposition of a path 7 : [0, 1] — X into paths in U; and Us.

To define F' : II;(X) — C on morphisms, we first show that the universal property of the
pushout determines the functor completely. For this, we consider a path v : [0,1] — X and
subdivide it into pieces that are contained entirely in U; or Us. As v~ 1(U; U Us) is an open
cover of the compact interval [0, 1], by Lebesgue’s lemma there is a finite decomposition 0 =
to < t1 < ... <ty1 <t, =10f[0,1] such that [t;_1,;] C v (Ukw), where k(i) € {1,2}.
By choosing homeomorphisms 7; : [0, 1] — [t;_1,¢;] with 7;(0) = ¢;,_; and 7;(1) = ¢;, we obtain
paths v; = vy o7 : [0,1] = Ug). By composing the associated paths d; = iy 0y, : [0,1] = X,
we obtain [y|x = [0n]x © ... 0 [d1]x. The universal property of the pushout then implies

F([0:]x) = F([jrg) © vilx) = FIL (o) ([Vilkey) = Frey(Vilka) ) (26)
F([ylx) = F([0n]x) o ... 0 F([01]x) = Fim)([vnlkmy) © - o Fry(Inle@),

and hence determines F'([v]x) uniquely.

3. To prove the existence of F', we can define F' by if we can show that right hand-side of the
second equation does not depend on the choice of the decomposition 0 =ty <t; < ... <t, =1
nor on the homeomorphisms 7; : [0, 1] — [t;_1,t;] and depends only on the homotopy class [v]x.
Independence of the choice of homeomorphisms is clear, since different choices are related by
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reparametrisations, which are homotopies. Independence of the decomposition follows because
for any two finite decompositions of [0, 1] there is a finite sub decomposition, and the identities

Fy([vil2) = Fi([vil) i %([0,1]) € U N s
Friy (Dilkeiy) © Friny (ialki-1) = Freiy (ilkay © i1l ) for k(i) = k(i — 1)

ensure that the associated expressions in agree.

To show that depends only on the homotopy class of 7, consider two paths v,~" : [0,1] — X
with 7(0) = 7/(0) = p, and (1) = +/(1) = ¢ and a homotopy A : [0,1] x [0,1] — X from =
to 7' relative to {0,1}. Because h is continuous and h~'(U;), h~!(Us) form an open cover of
the compact set [0, 1] x [0, 1], Lebesgue’s lemma ensures that there is an n € N such that all
squares S;; = [=2, L] x [E1, L] with 4,5 € {1,...,n} are contained in a set h™!(Uy;)) with
k(i,7) € {1,2}. Choose homeomorphisms 7; : [0,1] — [=+, 1] with 7;(0) = =+ and 73(1) = £
and consider for i, 7 € {0,...,n} the paths

aij 0,1 = Ui j)Uk(iagy, 0 (£,75(8)), big 2 [0,1] = Upi WUk gy, t > b (1), 2)

with images in, respectively, h(S;; N Sit1,;) and h(S;; NS j11).

jin

(-1)/n

Consider now the two paths from (0,0) to (1, 1) in the boundary of [0, 1] x [0, 1] pictured below
and their images under h, which are obtained by composing the paths a; ; and b; ;. By definition,
the paths on the left and right boundary of the square correspond to

[V]x = [aon]x © ... 0[ao1]x, [V]x = [ann]x o ..0[ani]x-

As h is a homotopy relative to {0,1}, we have b0\ (t) = p, byn(t) = ¢ for j € {0,...,n},
t € [0, 1] - the homotopy classes of the paths along the top and bottom of the square are trivial

[%]X = [bn,n]X ©...0 [bl,n]X7 [%]X = [bn,o]X ©...0 [bl,o]x-
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Using , we compute

F([ao,n]x ©...0 [ao,l]x) = Fk(o,n)([ao,n]k(o,n)) ©...0 Fk(O,l)([aO,l]k(O,l))

= F([yq]) o F(laon]x o - .. o faoilx) = Lrg © F(laon]x o - .. o aoa]x)

= Fymn) ([bamlimm) © - 0 Fram ([b1alkan) © From)([@onlkom)) © - - - Fio,1)([@0,1]k0,1))

and

F([an,n]X ©0...0 [an,l]X) - Fk(n,n)([an,n]k(n n)) Fk(n 1)([an 1]k(n 1))

= F([annlx o...0lan1]x) o F([p]) = F([an, n]X o...ofap1]x)o Lrp)

= Fietnn) ([@nnlkmmn)) © - - Frmn,1)([@na]km1) © Frm,o) ([ 0Jk(n,0)) © - - - © Fr1,0)([b1,0]x(1,0))-
By considering the images h(S; ;) and the associated paths a; j, b; ;, we can transform the two

paths in X representing the two terms in the last two lines into each other as indicated in the
picture below.

A A \ \
----- > > > >
<A <« <4 <A
e e T i s e e S e
> > > >
k >~ e e L it EEREETE EEE

We will show that this does not change the right hand side of equation . For this, note that
because the square S;; C [0,1] x [0,1] is convex and & : [0,1] x [0, 1] — X continuous, Example
3.1.2] 3. implies

[ai ;x5 © [bij—1]k6.5) = Bigleiig) © laimglkey) Vi g € {1,...,n}.
As Fi11,(j1) = FblI5(j2) one has for all 4,5 € {0,...,n — 1}
Fiiigy([aileen) = Frarp([@isleaig)s Frap([bigleag) = Frgg+n ([biglea+1)-
Using the shorthand notation A;; = Fij)([aijlke,)) and Bsj = Figj)([0ijlke,)), we find that

these identities imply
AjjoBij1 = BijoAiy,

90



and we obtain a chain of equations

F(['Y]X) = Bn,n o...oBj,o0 AO,n ©c...0 Ao,l =B,no...0 Bz,n o Al,n oBip10 AO,n—l ©c...0 A0,1

:BnnoH'OB2,noA1,noA1,n—1OBl,n—QoAO,n—QO--~OAO,1 =...=

)

=...=B,,0...0B3,0A3,0...0A4510B500DB
=...=A,,0...04,10B,00...0B1o=F([y]x)

which shows that the right hand side of depends only on the homotopy class of ~. O

Theorem gives an explicit description of the fundamental groupoid I1; (X)) in terms of the
fundamental groupoids I1;(U;), I1; (Us) and II;(U; N Usy). However, this description is not very
practical for computations, since it contains as objects all points x € X. If one is interested
only in the associated Hom sets, this is not necessary, since for any two objects X, X’ in a
groupoid C for which there is a morphism f : X — X’  one has Hom¢(X,Y) = Home(X',Y)
and Home (Y, X) = Hom(Y, X’) for all other objects Y. in other words, one is interested in
isomorphism classes of objects in II; (X)) rather than in the objects themselves.

This suggests one could work with a reduced fundamental groupoid, in which only a few objects
from each isomorphism class of objects, i. e. from each path-component of the topological space
X, are included. By selecting certain objects and considering only the Hom-sets between those
selected objects, one obtains a new groupoid, which still contains all relevant information about
the topological space X. By applying this procedure to the fundamental groupoids II;(X),
I, (Uy), 4 (Usy) and 11 (U; N Us) in Theorem one obtains the following reduced version
of the Theorem of and van Kampen.

Theorem 3.4.2: Let X be a topological space and A,U;,Us C X subspaces with Uy, Us
open, Uy U Uy = X and such that every path-component of Uy, Uy, U; N Us contains a point in
A. Denote for V' C X by ITI#(V) the full subcategory of II; (V') with points in ANV as objects
and Hompay)(a,a’) = Hompy, (vy(a, d’) for all a,a’” € ANV. Then the following diagram is a
pushout in the category of groupoids

¢ (i1)

I (X) I5'(th)
Hf‘(iz)T TH{‘(jl)
I1(Us) m}}’f‘([h NUs).

Proof:

For V = U; N Uy, Uy, Uy, denote by Iy : TI{H(V) — II;(V) the inclusion functors, that assign
all points a,a’ € ANV and morphisms [y] : @ — d’ to themselves. We construct retraction
functors Ry : I, (V) — TI(V) with Ry Iy = idpa(y as follows.

Choose for every point € U; NUs a point p, € ANU; NUs, and path 4* : [0, 1] — U; NUs from
x to p, such that for every a € Uy NUsN A, p, = a and «* is the trivial path based at a. Assign
to each point € Uy N U, the point p, and to each morphism [y] :  — y in II;(U; N Us) the
morphism Ry, nv,([7]) =[] o [7] o [¥*] ! : px — py- Then apply the same procedure to every
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point of Uy \ Us and U, \ Uy. This defines functors Ry : I1; (V) — IIZ4(V) with Ry Iy = idpgagy)
for V.= U; N Us,, Uy, Us, X such that all quadrilaterals in the following diagram commute

T4 (41)

A

X PayA
¥\\\\\\\\\\ A4
Ix Hf<X>&Hf<Ul>z/m

11

111 (i2) Hf(h)T ]Hf(jl) 1(j1)

1 (52)

Then any pair of functors Fy, : [IH(Uy) — Y with F1112(j;) = FoI14(js) yields a pair of functors
FlLi(j1) = FiRu, 1L (1) = AL (1) Ruiev, = Fally () Royno, = FoRo L () = Foll ().
By Theorem [3.4.1] there is a unique morphism F’ : II;(X) — Y with F'II; (i) = F}. Then

F=F'Ix :I(X) — Y satisfies

FII; (i) = F'Ix11] (i) = F'W (ix) I, = Fi Iy, = F.Ru Iy, = Fy.
Conversely, for every functor G : II#/(X) — Y with GII{(iz) = F}, the functor G’ = GRy :
I, (X) — Y satisfies G'I1; (i) = GRxIL, (i) = GIL'(ix) Ry, = Fi.Ry, = F}. The universal
property of the pushout in Theorem implies G’ = F' and

G =GRxIx =G'Ix = F'Ix = FRxIx = F.

Theorem [3.4.2 allows us to compute the fundamental group of the circle in a much simpler way
than the method used in Section |3.3| For this, we only need to cover the circle by overlapping
open subsets U; and U, and to choose a collection of points z € S! such that every path-
component of Uy NU,, Uy and U, contain at least one of these points. This illustrates the power
if the abstract approach to fundamental groups based on groupoids.

Example 3.4.3 (Fundamental group of the circle): Consider X = S and for fixed
e € (0,1) the open sets Uy = {z € S' : £Im (2) < €}.
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St=U,UU_ with Uy = {z € S': £Re(2) < €}.

Then the subspaces Uy are 1-connected, and U, N U_ has two contractible path components,
one containing 1 and one containing -1. We can therefore choose A = {1,—1} and obtain the
following groupoids

e II{4(U; NUy) has two objects, £1, and two identity morphisms 14 : £1 — 1.

e II7(U+) have two objects, £1, two identity morphisms 1+, : #1 — %1, an isomorphism
ot : 1 — —1 and its inverse az': —1 — 1.

e I12/(X) has two objects, &1, two identity morphisms 14; : £1 — 41 and some other
morphisms, which are to be determined.

The functors in the pushout in Theorem [3.4.2] are given as follows:

e The functors II5'(j.) : TN (U, NU_) — TIZY(Ux) map the objects 1, —1 and the identity
morphisms 1;, 1_; in ITI$(U, N U_) to the objects 1, —1 and the identity morphisms 1;,
1y in II{UL).

e The functors {(iy) : TI{Y(Uy) — I1§1(X) map the objects 1, —1 and identity morphisms
13, 1 in TI§(Uy) to the corresponding objects and identity morphisms in I1{(X) and
the morphisms a4 : 1 — —1 to some morphisms By = (i) (ay) : 1 — —1 in TEY(X).

We claim that the morphisms f1 : 1 — —1 in [I{(X) are different and the Hom sets in II3'(X)
are given by

Hom(1,1) = {(B='8,)" : n € Z} Hom(—1,-1) ={(:8-)" :n€Z}  (27)
Hom(1, —1) = {(8+8-)"B+ : n € Z} Hom(—1,1) = {84(BZ'64)" : n € Z}.

It is clear that the objects +1 together with these Hom sets define a groupoid B. A functor
F : B — C into another groupoid C is determined uniquely by the objects F'(£1) in C and the
morphisms F(5y) : F(1) — F(—1), since all morphisms in B are obtained by composing /.
and B_. Conversely, for any two objects C'+ in C and two morphisms fi : C, — C_ in C there
is a functor F': B — C with F\(£1) = Cy and F(B+) = f4.

Similarly, a pair of functors Fy : II;(Ux) — C into another groupoid C that satisfies the
condition F II{(j,) = F_II#(j_) is determined uniquely by the objects F,(1) = F_(1),
Fi(—1) = F_(—1) and the morphisms F(ay) : Fi(1) — Fi(—1) in C. Conversely, for any
two objects Cy and morphisms fi : C, — C_ in C there is such a pair of functors with
F_|_(:|:1) = F_(:l:l) = C:t and F:t(Oé:t) = f:t-

This shows that for every pair of functors F. : II;(Uy) — C with F I (j,) = F_TI{4(j_), there
is exactly one functor B — C with with F'(1) = F (1), F'(—=1) = F1(—1) and F(fy) = Fy(ay).
This is equivalent to the conditions FTI{(i+) = F., and by the uniqgeness of the pushout it
follows that I1/(X) is isomorphic to B. In particular, we have (1, S') = Hompax)(1,1) = Z.

Another important consequence of Theorem [3.4.2| arises when the subspaces U;, Us; and their
overlap U; NUs; of the covering subsets are path connected. In this case, it is possible to choose
a subset A C X which consists of a single point z € U; NU,. We can then replace the groupoids
I1#4(V) in Theorem [3.4.2] by fundamental groups 7 (z, V), all functors II{(f) : TI{(V) — (V')
by group homomorphisms m(x, f) : m (2, V) — m (2, V'), and the pushout becomes a pushout
in the category of groups. As pushouts are unique up to isomorphisms, this implies that the
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fundamental group 7 (z, X) is given as a quotient of the free product of 7 (z, Uy) and 1 (x, Us)
by the normal subgroup generated by the inclusions of 7 (x, U; N Us) (see Lemma [2.1.21]).

Corollary 3.4.4 (Seifert-van Kampen, fundamental groups):
Let X be a path-connected topological space, Uy, Uy C X open such that X = U; UU; and Uy,
Uy, Uy N Uy are path connected. Denote by 4 : U, — X and j, : Uy N Uy — Uy the inclusion
maps. Then for all x € U; N Uy, the following diagram of groups and group homomorphisms is
a pushout in Grp

71 (z, X) mn) 1 (x,Uy)
ﬂl(x,ig)T Tﬂ'l(xvjl)

7T1(£L‘, Ug) mjgl(x’ U1 N UQ)

This implies 7 (x, X) = (71 (z, Uy) * m1(x,Uy)) /N where

N = (i1,12([j1 0 7]) - d212([72 0 7]) : [7] € (2, U N Uy))

is the normal subgroup of 7 (z,U;) * mi(x, Us) generated by the the elements iy 12([j1 0 7]) -
i2,12([j2 © 7)) for paths v in Uy N Uy and 412 : m(x,U;) — mi(z,Uy) * mi(x, Us) denote the
inclusions for the free product of groups.

The theorem of Seifert and van Kampen for fundamental groups: The dotted and the solid path
in, respectively, U; and U, represent the same element of 71 (z, U; N Us) and of m(x, X). They
are identified by taking the quotient 7 (z, Uy) * m(x, Us)/N.

We will see in the following that this Corollary of the Theorem of and van Kampen allows
one to directly compute the fundamental groups for many topological spaces. The key point
is to choose the sets U; and U, in such a way that their fundamental groups and the one of
their overlap U; N Us; become as simple as possible. The simplest situation arises, when the
fundamental groups of U; and U, are trivial. In this case, X has a trivial fundamental group,
since the free product of two trivial groups is trivial.

Example 3.4.5: For n > 2, the fundamental group of the n-sphere S™ is trivial.

To show this, choose ¢ € (0,1) and consider the open sets Uy = {z € S" : £21 < €}. Then
S™ = U, UU_, and the sets Uy, Uy N U_ are path-connected. As Uy ~ D" ~ {p}, one has

m(Ux) = {e} and Corollary implies 71 (S™) = m (D") x m (D")/N = {e}.
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Covering of th n-sphere by open sets Uy = {x € 5" : +1; < €}.

This example also shows that the condition that U; N U, is path-connected in Theorem is
necessary. In the case of the circle, we also have Uy ~ D' ~ {p}, but U, NU_ ~ {1}U{-1} is
not path-connected and 7 (S') = Z.

Another situation, in which it is very simple to compute the fundamental group m(x, X) from
the pushout in Corollary is the case where the intersection U; MU, is 1-connected. In this
case, the normal subgroup generated by the inclusions of m(z, U; N Uy) = {e} is trivial, and
the associated quotient reduces to the free product of the groups m(z, Uy) * m1(x, Us).

Corollary 3.4.6: Let X be a topological space, U;,Us C X open and path-connected such
that X = U; UU, and Uy N Uy is 1-connected. Then for all x € U; N Us, one has

m(z, X) = m(x,U1) * m(z, Us).

Corollary can be applied to a wide class of examples of topological spaces and combined
with familiar constructions such as the attaching of n-cells, deformation retracts and wedge
sums.

Example 3.4.7: Let X, X, be path-connected topological spaces and Y = D' Uy (X7 + X»),
where f: {1, -1} — X + X, satisfies f(1) € i1(X1), f(—1) € i2(X2). Then m (V) = m(X;) *
7T1(X2).

This can be shown as follows. Denote by ¢; : X; = X1 + Xo, t12: Xi + Xo = Y, tpr ¢ D' Y
the inclusion maps and by 7 : D' + X; + X, — Y the canonical surjection. Choose U; =
tpr((—1,1))Ueip04;(X;). Then Uy UU; =Y and U; C Y are open since 7 H(U;) = (—1,1]UX;
and 771 (Uy) = [—1, 1)UX5 are open in D'+ X+ X5. It also follows directly that Y, U; and U, are
path-connected. As tp1|—11): (—1,1) = Y is an embedding, Uy N Uy = tp1((—1,1)) ~ (—1,1)
is 1-connected and Corollary proves the claim.
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Example 3.4.8 (Bouquets):

For n € N, a bouquet with n circles is the wedge sum V*S! = S v StV ...V St of n circles
with respect to a single point, as pictured below. Its fundamental group is

m(V'SY 2 F, =Zx%...xZ.

This follows since the wedge sum V*S?! is homotopy equivalent to the topological space obtained
by attaching a 1-cell to the disjoint sum S* + v*~1S! as in Example This implies

(V'S 2 Zxm (VIS = Zx Zam (V2SS ) = ... =Zx... xZ =F,.

It is clear that Example not only allows us to compute the fundamental groups of bouquets
but also of all topological spaces that are homotopy equivalent to bouquets. In particular, this
includes the following examples, which motivates the consideration given to them and, more
generally, wedge sums.

Example 3.4.9:

1. The fundamental group of the n-punctured plane R?\ {py,...,p,} or of the n-punctured
disc D? \ {p1,...,pn} is the free group F, with n generators. This follows because the
bouquet with n circles is a deformation retract of R?\ {py, ..., p,} and of D*\ {p1, ..., pn},
as pictured below.

2. The fundamental group of the n-punctured sphere S%\ {p1, ..., p,} is the free group F,_;
with n — 1 generators. This follows because the stereographic projection with respect to
p1 defines a homeomorphism S? \ {p1,...,pn} — R2\ {p2, .., pn}-
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3. The fundamental group of the n-punctured torus 7'\ {pi,...,pn} is the free group F, .,
with n + 1 generators. Again, this follows because the bouquet with n + 1 circles is a
deformation retract of T'\ {p1, ..., pn}-

The fact that the fundamental group m(S™) is trivial for all n > 2 also allows one to apply
Corollary to the attaching of n-cells with n > 3. Open coverings of spaces obtained
by attaching an n-cell to a topological space X typically give rise to open sets Uy, Uy whose
intersection is homotopy equivalent to an n — 1-sphere. If n > 3, this n — 1-sphere is 1-connected
and Corollary yields the following result.

Lemma 3.4.10: Let X be a path-connected topological space, n > 3 and f : 0D" = S"~1 —
X continuous. Then m (D™ Uy X) = m(X).

Proof:
The pushout diagram for attaching D" to X with f: S""! — X is given by

DU X <— X

A4

D" St

i

Consider the subsets U; = tpn(D") and U = (D" Uy X) \ {¢p~(0)}. Then U, is open and
contractible since 7 1(U;) = iDn(Do”) ~ D o~ {p}, which implies m(U;) = {e}. The set
U, is open since m1(Uy) = ipa(D™\ {0}) Uix(X) and ip.(DN \ {0}) C D™ and X are
open. Moreover, Uy is homeomorphic to the mapping cylinder C, = (S™* x (0,1]) U; X,
which implies U ~ X and m1(Uz) = m1(X) (see Example [3.1.11)). The intersection U; N Uy
is homotopy equivalent to S"~!, since D" \ {0} ~ S™! and Lpn| s, D" — Dr Ur X is an
embedding. Hence U; N Uy is 1-connected by Corollary and Corollary implies
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m (D" Up X) =2 m(D") »m (X) =2 m(X). O

In particular, we can use this Lemma to compute the fundamental group of a finite path-
connected CW-complex X = [J;_, X*. As X is path-connected, X* is path-connected for all
k > 1. As X* is obtained from X*~! by attaching k-cells, it follows with Lemma that
7 (X) = m(X*) = m (X*71) = 7 (X?) for all k > 3. This shows that all information about the
fundamental group of X is encoded in its 2-skeleton.

Corollary 3.4.11: Let X = J;_, X" be a finite path-connected CW-complex. Then 71 (X) =
1 (XQ) .

A similar phenomenon occurs when one considers the connected sum of manifolds. In this case,
two m-dimensional manifolds M;, M, are glued along an (n — 1)-sphere, which is obtained
by cutting two n-discs from M; and M, and identifying their boundaries. By covering the
connected sum with open subspaces Uy, Uy C M;# M, that overlap along this (n — 1)-sphere,
one obtains again that U; N U, is one-connected if n > 3. Corollary then shows that the
fundamental group of the connected sum M;# M, of two n-dimensional manifolds is the free
product of the fundamental groups 71 (M;) and m; (M,).

Lemma 3.4.12: Let M;, My be path-connected topological manifolds of dimension
dlm(Ml) = dlm(MQ) > 3. Then 7T1(M1#M2) = 7T1(M1) *7T1(M2).

Proof:

Choose homeomorphisms h; : Use = {z € R" : ||z|| < 2¢} — h;(Ua) C M; and attach N; :=
My \h1<UE) to Ny := MQ\hQ(U€> with the hOHlGOHlOI‘phiSHl hQO(h1|8U€)71 : hl(aUE) — hg(aUe)
This gives the pushout diagram

My #M, “— Ny = M \ ho(UL)
[Ll ThZO(hﬂ@UE)I
N1 = M1 \ hl(Ue) <Fhl(aUg) ~ Snil,

98



in which ¢; : N; — M#M, are embeddings since hy o (hy|oy.)™! : hi(0U.) — hy(0U,) is a
homeomorphism. Denote by 7 : Ny + Ny — M;# M, the canonical surjection. Then the sets

Ul = Ll(Nl) U Lo O hg(UgE \ UG) U2 = LQ(NQ) U L1 © hl(UQe \ UE)

are open, since 7 H(U;) & N;+h;(Us\Ue) for i # j and N;, h;(Us\U,) are open in, respectively
N; and N;. Analogously, it follows that the set Ui NUs = t10hy (Uze \Ue)Utg0ho(Use \ Ue) is open.
It is also apparent that Uy, U and U;NU, are path-connected and Uy NUs =~ h;(Use\U,) ~ S,
which is 1l-connected for m > 3 by Corollary [3.4.5] Corollary [3.4.6] then implies
T (Mi#My) = m(Ny)xm1(Ny). As M; is obtained by gluing an n-cell to N; with the continuous
map f; : S"' — h;(0U.), x — hi(ex) and n > 3, we have 71 (M;) = m (D" Uy, N;) = m(N;),
which proves the claim. O

It remains to consider the connected sum M;# M, two path-connected two-dimensional topo-
logical manifolds M; and M. In this case, we can choose open subsets Uy, Uy C M# M,y with
Ui UUy; = M1#Ms as in Lemma |3.4.12| and again apply Corollary to compute the funda-
mental group 7y (z, X) for x € Uy N Uy. However, the the conclusion that 71 (U; N Uy) is trivial
no longer holds. This means that m (M;#M>) is no longer a free product. Instead, Corollary
yields a presentation of 7y (M;# Ms) in terms of generators and relations. We compute this
presentation explicitly for surfaces of genus g, i. e. connected sums M = T#9 = THT# ... #T.

Theorem 3.4.13: For g € N, the fundamental group of an oriented genus ¢ surface T#9 =
(St x SH# ... #(S x S) has a presentation

7T1<T#g) = <a1,bl, ...,ag,bg | [bm(lg] Tt [bg,ag] : [bl,al] = ]_>,

where [b,a] =b-a-b"'-a"!is the group commutator.

Proof:
1. We first show that T#¢ is homeomorphic to a D?/ ~, where the equivalence relation ~
identifies points at the boundary of S' = dD? as shown below.

This follows by induction over g. For g = 1, there is a homeomorphism & : D? — [0, 1] x [0, 1],
which induces a homeomorphism D?/ ~— S! x S, as shown below.
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B, B,  ByY b Y B

A A"y

Suppose the statement is shown for T#* with £ < g — 1. Then we can cut the disc D? along a
straight line labeled with ¢ into two pieces P, and P, as shown below. As the two endpoints of ¢
on the boundary S* = 9D? are identified, the quotients P,/ ~ and P/ ~ are homeomorphic to
the quotients of @)1/ ~ and @2/ ~ with the same boundary identification and a disc bordered
by ¢ removed from them. By induction hypothesis, 1/ ~ is homeomorphic to M; = T#=1\
hi(U.) and Qy/ ~ to My = T\ hy(U.), where hy : Uy — hy(Us) C T#97Y and hy : Upe —
ho(Us) C T are homeomorphisms. By attaching M; to M, with the homeomorphism hg o
(hilov.) ™t : hi(OU.) — ho(OU.,), we obtain T#9 = Mi# My ~ D?/ ~.

Ay

2. We compute the fundamental group of T#9 = D?/ ~ with the Theorem of van Kampen. For
this we choose the open and subspaces

Ui= DY~ D g, Up= D\ {0} ~

with T#9 = U; U U, and a point x € U; N Usy. Then we have U; N Us &~ D? \ {0} ~ S! and,
consequently, 71 (z, Uy N Uy) = m(S') =2 Z. As S* = 0D? is a deformation retract of D?\ {0},
there is a retraction r : D*\ {0} — S' and a homotopy & : [0,1] x D*\ {0} — D?*\ {0}
from ig1 o r to idp2\ oy relative to S 1 As the equivalence relation ~ only identifies different
points x # x' € D?\ {0} if both z,2’ € S', the universal property of quotients yields a
retraction r. : Uy — S'/ ~ and a homotopy h. : [0,1] x Uy — U, from igi,. or. to idy,. This
implies Uy ~ S'/ ~. As S'/ ~ is a bouquet with 2g circles, it follows from Example that
7T1(I, Ug) = Fgg.
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Corollary then yields the following pushout in Grp

1 (m7il)

1 (x, X) ——m(z,U;) = {e}
7T1(967i2)T ZH@TTH(CCJ&)

Fgg = 7T1(£L’, Ug) m;)rl(x, U1 N UQ) = 7.

As the diagram commutes, the group homomorphism 7 (x,is) o my(x, jo) = m (2, 41) om (2, j1) :
m(z, Uy NUs) — m(z, X) is trivial. Moreover, as any group homomorphism 7 (z,U;) = {e} —
H into a group H is trivial, the universal property of this pushout states that for any group
homomorphism ¢, : m(x, Us) = Fy, — H for which ¢g o m(x,j2) : Z — H is trivial, there is a
unique group homomorphism ¢ : m(z, X) — H with ¢ o my(z,12) = ¢. This implies

m1(z, Us)
m1(x, jo) (m1 (@, Uy N Uy))

7'1'1(513',)()g gFQg/Z.

To obtain a presentation of 7 (z, X)) we need to determine the group homomorphism
Wl(x,jg) : 7T1(ZE, U1 N UQ) =27 — 7T1([E, Ug) = Fgg.

For this, we consider the paths A;, A}, B;, Bl : [0,1] — D?\ {0} pictured below and their images
a; =poA;,bj =po B; :[0,1] — U under the canonical surjection p : D*\ {0} — Us. Then the
homotopy classes of a;, b; : [0,1] — Us freely generate mi(x, Us) = (a1, b1, ..., a4,by) = Fy.

As Uy NUy, ~ S the fundamental group m(x, U; N Us) is isomorphic to m(S') = Z and
generated by the homotopy class of the path ¢ = po (2exp|py) : [0,1] — Uy N Us. As the
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homotopy class of the associated path C' = £ exp|jo.1] : [0,1] — D?\ {0} is given by

[C] = [By* Ay Bl % Al x ... By % Ay x By * A
= [By]o[Ag) o [B)] T oAl oo [Bi]o Ao B o [A]7Y,

it follows that the group homomorphism 7 (x, j2) : m (z, Uy N Us) — m1(x, Us) is given by
M2, j2) ¢ [e] = [bg] 0 ag] o [by] ™ o fag] T oo fbu] o fa] o [Bi] 7 o [ar] T,
and we obtain the presentation

mi(x, X) =Em(z, Uz) /71(z, jo) (m1 (2, Uy N Us) = (ay, b, ..., a4, by | [by, ag] - - - [b1, a1] = 1).

Example 3.4.14: For the torus, Theorem|[3.4.13]yields m; (T') = (a,b| [b, a] = 1) = ZXZ, while
the torus 7'\ D with a disc removed has the fundamental group 7 (7T'\ D) = (a,b) = F5. On the
punctured torus, the group element [b, a] corresponds to the curve that winds counterclockwise
along the disc, as pictured in Figure [3.4] If the hole is patched by attaching a 2-cell along the
dashed circle, then one obtains a torus in which the correponding curve is contractible.

Corollary 3.4.15: For g; # g¢», the surfaces T#9 and T7#92 are not of the same homotopy
type and, consequently, not homeomorphic.

Proof:

If two path-connected topological spaces X, Xy are of the same homotopy type, then their
fundamental groups are isomorphic m1(X;) = m(Xs). This implies that their abelianisations
Ab(m (X)) = m(Xy)/[m(X;), m1(X;)] are isomorphic, too. However, by Theorem we
have m (T#9) = (ay, by, ..., ag, by| [by, ag] - - - [b1, a1] = 1), which implies

Ab(T#) =Z xZx...xZ

~
2g X

and hence m (T#91) % 7, (T#9) for g, # go. -

By attaching m 2-cells to a bouquet with n circles, one can construct a topological space X with
fundamental group 71 (X) = G for every finitely presented group G. The statement holds more
generally for groups with a presentation in terms of infinitely many generators and relations,
but the proof becomes more complicated due to topological subtleties of CW-complexes.

The principal idea is to start with a topological space Y whose fundamental group is a free
group, for instance a bouquet, and to attach 2-cells with the relations as attaching maps. Each
2-cell attached with a continuous map f : S' — Y “destroys” the corresponding element
[f] € m(Y), that is, identifies it with the unit element, and one obtains a topological space

[

with with fundamental group m(X) = G.

Proposition 3.4.16: Let G = (ay,...,a,|r1 = 1,...,1, = 1) be a presentation of a group GG
with generators aq, ..., a, and relations ry,...,7,,. There is a path-connected topological space
X with m(X) 2 G.
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Proof:
We prove the claim by induction over the number m of relations. For m = 0 we can choose X
as a bouquet with n circles, since m(X) = F,, = (a1, ..., a,) by Example

Suppose the statement is shown for m < k and G = (ay, ..., a, | 71, ..., 7k+1). Consider the group
H = (ay,...,an |11, .., 1) with the canonical surjection 7y : F,, — H = F,,/{({r1, ..., kx}) . Then
by induction hypothesis, there is a path-connected topologuical space Y with m(Y) = H.
Choose a point y € Y and a closed path « based at y with [y] = g (rg41). As v(0) =~(1) = v,
the path ~ induces a continuous map f : S! — Y that can be used to attach a 2-cell to Y.

We consider the topological space X := D?+;Y and compute its fundamental group with the
thorem of Seiffert and van Kampen. Consider the open and path-connected subspaces

Uy =u(D?) Uy =4(D*\{0}) Uih(Y),

where t;, = mx o, t1 : D = D?>4+Y and 15 : Y — D? +Y denote the inclusions for the
topological sum and 7x : D? +Y — X the canonical surjection. The subspace U; is homotopy
equivalent to D2, which implies 7, (U;) = {e}. The subspace U; NUs = ¢1(D?\ {0}) is homotopy
equivalent to S', and this implies 7 (U; N Us) = Z. The subspace U, is homotopy equivalent to
Y, since an argument analogous to the proof of Lemma [3.4.10|shows that ¢5(Y’) is a deformation
retract of U,. This implies 7 (z,Us) = m(y,Y) for all z € U; N Us. With Corollary we
obtain the pushout
mi(z, X)=—{e} |

T (iz)T {z»—)e

et (Y) <~ Z

m1(J2)

with m1(j2) : Z — m(Y), 1 = 7wy (rk4+1). This implies

~ 71-l(y) ~ H
mi(z, X) = m(52)(Z)  {ru(rie)})

It is now sufficoent to show that the groups G = F,,/{({r1,....;7x11}) and K = H/{{mg(rr+1)}
are isomorphic. For this, denote by ng : F,, — G and mx : H — K the canonical surjections.
As {ry,...,re11} C ker(mg o my), by the universal property of the factor group there is a
unique group homomorphism ¢ : G — K with ¢ o m1g = mx o mg. The group homomorphism
e« B, — G satisfies {ry,...,rx} C ker(mg), and hence there is a unique group homomorphism
V' H — G with ¢/ oy = mg. As my(ri41) € ker(¢'), we also obtain a unique group homo-
morphism ¢ : K — G mit Y omg = 1. This implies Yopong = Yomgomy = ' omry = mg and
porpomgomy = poy) oy = pong = wromy. With the universal properties of the factor groups
we obtain 1o¢ = idg and 1 o¢ = idg. This shows that ¢ = ¢~ and G and K are isomorphic. O
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Figure 1: The defining relation for the fundamental group of the torus.
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3.5 Supplement*: paths, homotopies and fundamental groupoids
from the higher category perspective

The relation between topological spaces, continuous maps, homotopies and fundamental
groupoids, functors and natural transformations between them in Theorem [3.2.8| can be formu-
lated in a more concise way in the language of higher categories. For this, we first introduce
the notion of a 2-category. While a category involves two layers of structure, objects and mor-
phisms between them, a 2-category involves three layers, objects, morphisms between them and
morphisms between morphisms. It also exhibits two compositions and certain coherence axioms
between them.

Definition 3.5.1: A 2-category C consists of

1. A collection of objects X,V ....
2. For each pair of objects X,Y in C, a category C(X,Y).

The objects in C(X,Y) are called 1-morphisms and denoted f : X — Y. The
morphisms in C(X,Y’) are called 2-morphisms and denoted a : f = g, and the identity
morphisms for an object f in C(X,Y) by 1; : f = f. The composition of morphisms in
C(X,Y) is denoted - and called vertical composition.

3. For any triple of objects X,Y, Z a functor exy , : C(Y,Z) x C(X,Y) — C(X, Z), called
the horizontal composition. It is required to be strictly associative, i. e. to satisfy for
all objects W, X, Y, Z

o.x,z(9xy,z X idew,x)) = ewy,z(idey,z) X owxy)

4. For each object X, a unit functor Iy : Z — C(X, X), where Z is the trivial category
with one object X and one identity morphism 1yx. This data is equivalent to the choice
of a 1-morphism ex : X — X in each category C(X, X) together with the associated
identity morphism 1., : ex = ex. The unit functors are required to satisfy the following
compatibility condition with the horizontal composition

ox vy (ly X idexy)) = ide@y) = ox,x,v (idecx,y) X Ix).

Remark 3.5.2: In a 2-category C, the objects and 1-morphisms also form a category, with the
composition of 1-morphisms given by the horizontal composition and the identity morphisms
by the unit functors. A 2-category in which all 1- and 2-morphisms are isomorphisms is called
a 2-groupoid.

Remark 3.5.3: To illustrate structures in a 2-category with diagrams, one often uses the
following notation. A 1-morphism f : X — Y between from an object X to an object Y is
denoted

x—L.vy

and the unit 1-morphism ey : X — X for an object X is omitted, i. e.

X=X = X.
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A 2-morphism h : f; = fo from a l-morphism f; : X — Y to a l-morphism f; : X — Y
corresponds to a 2-cell

X\
X nY,
~——7
f2
and the identity 2-morphism 1; : f = f from a l-morphism f : X — Y to itself is omitted

f
XY - x-L.y
\fj

The vertical composite hy - hy @ fi = f3 of two 2-morphisms hy : f1 = fo, hs : fo = f3 between
1-morphisms f1, fo, f3: X — Y is denoted

fi
/U%

N
f3
The horizontal composite gexy 7 f : X — Y of I-morphisms f: X =Y, ¢g:Y — Z is denoted
xtoy-2.z

and the horizontal composite k exy z h of 2-morphisms h : fi = fo, k : g1 = g2 between
l-morphisms fi, fo: X =Y and ¢1,92: Y — Z by

f g1
X Y Ik Z
T e

The associativity of the vertical composition and the properties of the identity morphisms
ensure that diagrams involving multiple vertical composites and identity morphisms have a
unique interpretation. The requirement that the horizontal composites are functors ensures that
diagrams involving both vertical and horizontal composition have a unique interpretation. The
associativity and unit condition for the horizontal composition ensure that diagrams involving
multiple horizontal composites have a unique interpretation.

To develop an intuition for the structures in a higher category, it is always useful to first
consider the situation where there is only one object and to determine to what the categorical
data reduces in this case. For a 2-category, this yields a monoidal category or tensor category.

Example 3.5.4: A 2-category C with a single object X is a strict monoidal category (D, ®, €).

In this case, one has a single category D = C(X,X) together with a functor
® = exxx : D x D — D, a distinguished object e € D and a 1-morphism ex = 1. : e — ¢
such that ®(® x idp) = ®(dp x ®), e® D = D ® e = D for all objects D of D and
1.® f=f®1, = f for all morphisms f : D — D’ in D. This is precisely the data for a strict
monoidal category.
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Example 3.5.5: Let R be a unital ring. Then chain complexes, chain maps and chain homo-
topies in R-Mod form a 2-category Ch(R-Mod):

1. objects: chain complexes X,,Y,, ... in R-Mod,

2. 1- and 2-morphisms: The objects of the categories Ch(R-Mod)(X,, Ys) (1-morphisms)
are chain maps f,, ge,... : Xe — Yo. A morphism from f, : X, = Y, to g : X¢ = Y,
(2-morphism) is a chain homotopy he : fo = g.. The composition of morphisms in
Ch(R-Mod)(X., Ys) (vertical composition) is given by the pointwise addition of chain
homotopies he + h, = (hy, + h!)nez. The identity morphisms in Ch(R-Mod)(X,,Y,) are
trivial chain homotopies 15, = (0),ez.

3. horizontal composition: The horizontal composition functor
0x..ve.Z : Ch(R-Mod)(Ys, Z,) x Ch(R-Mod)(X,,Y,) — Ch(R-Mod)(X., Z,)

is given by the composition of chain maps ge © fo = (gn © fn)nez and the horizontal
composition of chain homotopies A, 0 he = (g1 © hy + 1l 0 fr)nez = (gnt10 o + R0, [ ) nez
for chain homotopies he : fo = f. and h, : go = ¢, and chain maps f,, f : X¢ — Y.,
Joy 0o Yo — Z,.

4. unit functors: The unit functor are given by the identity chain maps ex, = idy, =
(idx, Jnez and the trivial chain homotopy 1., from ey, to itself.

It is clear that the vertical composition is associative and unital, and hence the sets
Ch(R-Mod)(X,,Y,) form categories. It also follows directly that the horizontal composition
is a functor, since

k:oh'.—}—k 0 he —(ggﬂoh’ +kfmof;@+ga’1+1ohn+knofn)nez

= (9Z+1 © h/ + k/ o fn+ gn+1 o hyp + ky o fn)nEZ = (g;—i+1 o (h; + hn) + (/f; + kn) o fn)nGZ
= (kl, + h.) o (ke + hs)

Iy 0ly, =(9e00+00 fo)nez = (0)nez = lypos.-

for all chain maps f., U Xy — Y., g.,g,, .Yy = Z, and chain homotopies h, : fo = f.,

S fl = fl ke s ge = gl KL gL :> gy The horizontal Comp0151t10n functor is strictly
assoc1at1ve since for all chain maps flob-w, = X,, f2,2 : Xe = Y., f2,93: Yy, = Z, and
chain homotopies A% : f£ = g¥, we have f3 o (f20 1) = (/30 20 [z — (f3 o f2)o I and

ho(hQOh) (ng_lo(thh) +h30f2 f)nGZ
(n+1o(9n+1oh1+h20f)+h30f f)neZ
(92+1 © gn+1 © hl (gn+1 © h2 + h3 o fz) f Jnez

= (o110 901 0y + (W20 hd)no fo)nez = (hd o hZ) o b,

The compatibility conditions between the horizontal composition and units are satisfied since
for all chain maps f,,gs : Xe — Y, and chain homotopies h, : fo = go, Wwe have ey, o fo =
(1dYn o fn)neZ - (fn o ian)neZ - fo o ex, and

ho o 1ex. — (gn+1 o0+ hn o ian)nGZ — (hn)nEZ — (idYn+1 o hn +0o0 fn)nEZ - ]-ey. o ho

We will now show that the notion of a 2-category is also appropriate for topological spaces,
continuous maps and homotopies between them. This is rather intuitive up to one detail. To
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ensure that the vertical composition of 2-morphisms is associative, one cannot simply work
with homotopies but has to consider instead homotopy classes of homotopies. This is familiar
from the construction of the fundamental groupoid, where one has to take homotopy classes of
paths instead of paths to obtain a category.

Example 3.5.6: The 2-category 2Top involves the following structures:

1. objects: topological spaces X,V ...,

2. 1- and 2-morphisms: for given topological spaces X,Y, the category Top(X,Y’) has
as objects continuous maps f : X — Y. Morphisms from f: X - Y tog: X — Y
are homotopy classes relative to {0,1} x X of homotopies from f to g. The vertical
composition is given by the composition of homotopies. For homotopies h; : [0, 1]x X — Y
from f; : X =Y to fi1: X =Y, 1=1,2 we set

h1(2t,1') t e [
ha(2t — 1,2) t €|

=)

i L

)
]

The unit 2-morphisms are the homotopy classes relative to {0,1} x X of trivial homo-
topies hy: [0,1] x X =Y, hy(t,z) = f(z) for all t € [0,1], z € X.

3. horizontal composition: The horizontal composition is given by the composition of
maps and homotopies

faooxyz fi = fa0f, [ho] ®x v 7z [h1] := [h2 ® hy] with (hy @ hy)(t,z) = ho(t, hi(t, x))

for all continuous maps f1, f1 : X = Y, fo, f5 : Y — Z and homotopies h; : [0,1]x X — Y
from fi to f] and hs : [0,1] X Y — Z from f, to f.

4. unit functors: The unit functor for a topological space X is given by the identity map
ex = idy : X — X and the homotopy class of the identity homotopy ex = [hia,| With
hiay 2 [0,1] X X — X, h(t,z) =x for all t € [0,1], z € X.

[ho] - [h1] == [ho - hq] with hQ-hl(t,x):{ :

Y

N[ —=

We will now show that these structures satisfy the axioms of a 2-category.

1. The vertical composition is well-defined. If h;, R, : [0,1] x X — Y are homotopies from
fi: X =Y to fiyx1: X =Y and H; : [0,1] x [0,1] x X — Y are homotopies from h; to h
relative to {0,1} x X for i = 1,2, then H : [0,1] x [0,1] x X =Y

Hi(s,2t,z) s E [O,%)

H(s,t,x) =
( ) {H2(8,2t—1,a:) tel3,1]
is a homotopy relative to {0, 1} x X from hy-hy to hy-h} and hence hiy ~go13xx b2, B ~011xx M1

2. The vertical composition is associative and unital. For all continuous maps f1, fa, f3, f1 :
X — Y and homotopies h; from f; to fiy1, one has hg - (hy - h1) ~go13xx (hs - ha) - hy and
hg, - b1 ~{01yxx M ~fo13xx P - hy,. Explicitly, a homotopy H : [0,1] x [0,1] x X — Y from
hs - (hy - hy) to (hs - hy) - hy relative to {0,1} x X is given by

by (2 2) te [0, =)
H(s,t,x) = hy (4t —s—1,z) te [ =2)
hs (45222 1) te[=21).

108



hy ha  hs

hq hy/ hs
i fa

hi  he hs

Homotopies Hg, Hy, : [0,1] x [0,1] x X — Y relative to {0,1} x X from hy - hy, and hy, - hy,
respectively, to hy are given by

) filo) t€ [O’%)
HL(57t7$) - {hl (%;—Jis—i_s’x) t e [%7 1]
[ (,2) telo, )
Hp(s,t,x) = {fQ(I)+ t e [%7 1]
S hl H hl
fi i Ja f2 " k
/ f2
hoh W

3. The horizontal composition is a functor since for all continuous maps f, f'f” : X — Y,
g,9.,9" : Y — Z and all homotopies h from f to f’, ' from [’ to f”, k from ¢ to ¢’, k¥’ from ¢
to ¢”, one has for all t € [0,1], x € X

(hg exv,z hy)(t,x) = he(t, h(t,x)) = g o f(z) = hyos(t, )

e}

[ I
R

k(2t, h(2t, 7)) tel
Kt — 1,12t —1,2) te]

) .

Y

Y

(K" - k) oxyz (W -h)(t,x) = (K exyz ') (kexyzh)(t x) = {

N |—=

The horizontal composition is associative and unital, since for all continuous maps f: W — X,
g: X—=>Y h:Y—>Z

(h°X,Y,ZQ)°W,X,Yf:(hog)of:hogof:ho(gof):h°X,Y,Z (Q'W,X,Yf)
ey oxyy f=idyo f=f= foidx = fexxy ey,

and for all continuous maps f1, f : W — X, fo, f5 : X = Y, f3, f; : Y — Z and homotopies h;
from f; to f/, one has

(hg . (hg : hl))(t, .I') = hg(t, (hg : hl)(t, [L’)) = hg(t, hg(t, hl(t, I’))) = (hg : hg)(t, hl(t,$))
= (hg : hg) : hl)(t,l‘)
(hy - h)(t, ) = hy (t, h(t, z)) = h(t, ) = h(t, hx(t,2)) = (h - hx)(t, 7).

for all ¢ € [0,1] and x € X. This shows that 2Top is a 2-category.

Note that all 2-morphisms in 2Top are invertible since for any homotopy h from f: X — Y
to f/: X — Y one has a homotopy h : [0,1] x X — Y, h(t,z) = h(1 — t,z) from f’ to f and
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h-h ~013xx Ry, h-h ~0.13xx hy. Homotopies H, H' : [0,1] x [0,1] x X — Y from h-hto hf
and h - h to hyp relative to {0,1} x X are given by

(1
H(s,t,x) = Q h(2Es ) te[521 )
(

f(z) tel—s1]
h(,2)  tel0,45®)
H'(s,t,x) = h(2t1’_133,$) te [%,1—5)
f(z) tell—s,1]
sy s
/ f!
AN, Il Ik
h \h h \h
— t — t
h h h h

The aim is now to relate this 2-category to fundamental groupoids of topological spaces, func-
tors between them and natural transformations. The fact that there are again three layers of
structure strongly suggests that groupoids, functors between them and natural transformations
between such functors form a 2-category. In fact, this not only holds for groupoids but, more
generally, for small categories, functors and natural transformations.

Example 3.5.7: The 2-category Cat consists of the following:

1. objects: small categories C, D, ...,

2. 1- and 2-morphisms: the category Cat(C,D) is the functor category Fun(C, D) with
functors F,G : C — D as objects and natural transformations « : F' — G as morphisms.
The vertical composition is the composition of 2-morphisms in D, i. e. (k- 1)c = k¢ © e
for all natural transformations n : F' - G, k : G — H, functors F;G,H : C — D
and objects C' in C. The identity 2-morphisms are the identity natural transformations
lp: F = F with (1p)c = 1p(c) for all objects C' in C.

3. horizontal composition: The horizontal composition is given by the composition of
functors and their action on natural transformations

Gecpe F=GF:C—¢, (Becpea)e = Pp oGlac): FG = F'G'

for functors F,F’ : C — D, G,G' : D — & and natural transformations o : F© — F’,
g:G—G.

4. unit functors: The unit functor for a small category C is given by the identity functor
ec = id¢ : C — C and the identity natural transformation ec = 1jq, : id¢ — ide.

We verify that these structures satisfy the axioms of a 2-category.

1. It is easy to see that the vertical composition is strictly associative and unital, since for
functors F,G, H, K : C — D and natural transformations a: ' - G, :G—> H,v: H —» K,
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one has (v- (8-a))c = vcoBcoac = ((v-8) a)c and (lg-a)c = lgey o ac = ac =
[670XS 1F(C) = (Oéc . 1F)C’-

2. The requirement that the horizontal composition is a functor reads

(0-7)ecpe (B-a)=(6ecpeB): (vocpe ) loocpelr =1lgr

for all functors F, F', F" :C — D, G,G',G" : D — £ and natural transformations o : F' — F”,
B:F = F' ~v:G— G, §:G — G". This is equivalent to the conditions

dpricy © Yrrey © G(Be) o Glae) = dpncy o G'(Be) o vrr(cy © Glae)

larcy 0 G(lrc)) = lar(c)
for all objects C' in C. The first condition follows from the naturality of the natural transfor-
mation v : G — G, which implies G'(f¢) o vpi(cy = Yrr(cy © G(Be) for all objects C in C.

The second from the fact that for any functor G : C — D and any object D in D, one has

3. The horizontal composition is strictly associative and unital, since for functors ' : C — D,
G:D— €& and H: £ — F one has

(H 0975’]: G).C,’D,é' = HGF =H .D,S,]-' (G .(37D75 F)

€D 9¢ DD F= ld'DF =F= Fldc =F ®cc,D ldc

and for all natural transformations a: FF — F', §: G — G', v: H — H' and objects C in C

(yoper (Bocoea))e =varc)o H(Bre) o Glac)) = varc) o H(Br ) o HG(ac)
= (Yarr (o)) © H(Brr(c))) o HG(ae) = (7 ®p e, 7 B)ricy o HG(ac)
= ((7 oD e F 5) o cDeE Oé)c

(ep ®cpp )c = lpicyoac =ac=acolpe)=acoF(lg) = (aecepec)c

This shows that Cat is a 2-category.

Just as in the case of a category, one can construct full sub 2-categories of a 2-category C
by discarding certain objects X in C and all categories C(X,Y’) and C(W, X) involving the
discarded objects. This allows one to restrict attention to a subcategory of Cat, whose objects
are groupoids instead of general categories.

Example 3.5.8: The 2-category Grpd consists of:

1. objects: groupoids.

2. 1- and 2-morphisms: functors between groupoids and natural transformations between
them. Vertical composition and identity 2-morphisms as in Cat.

3. horizontal composition and unit functors: as in Cat.

The structures introduced so far suggest that there should be a generalisation of the notion
of a functor to 2-categories. This generalisation should involve all layers of structure, i. e. the
objects as well as the categories C(X,Y) and should be compatible with both, vertical and
horizontal composition and the associated identity 2-morphisms and unit 1-morphisms.
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Definition 3.5.9: A 2-functor F : C — D between 2-categories C,D consists of the
following data:

1. An assignment X — Fy(X) of an object Fy(X) in D to each object X in C.
2. For each pair of objects X,Y in C, a functor Fxy : C(X,Y) = D(Fy(X), Fo(Y)).
3. For each triple of objects X,Y, Z in C a natural isomorphism

Oxv,z OR (xR Fo2)(Frz X Fxy) = Fxz exy,7 .

This determines for all l-morphisms f : X — Y, g : Y — Z a 2-morphism
bg.r = Fy,z(9) ®myx),m0),m02) Fxy (f) = Fxz(gexy,z f)-
4. For each object X in C, an invertible 2-morphism ¢x : eg,(x) = Fx, x(ex),

such that the following consistency conditions are met:
1. For all 1-morphisms f : X — Y, the following diagram commutes

legpx

Fxy(f)=Fxy(f)®erx) =emny)® Fxy(f) Fxy(f)e Fxx(ex)

ldw'l \ l%ﬁex

Fxy(ey o f) Fyy(ey o f)=Fxy(f) = Fxy(feex)

¢ey,g
2. For all I-morphisms f: W — X, g: X - Y, h:Y — Z, the following diagram commutes

lo¢g’f

Fy,z(h) @ Fxy(g) ® Fwx(f) —= Fy,z(h) ® Fwy (g e [)
l%,g'l l¢h,gof
FX’y(hOQ)OFW’)(<f) Breg 1 FW’Z<hOgof>.

The 2-functor is called a strict 2-functor if all 2-morphisms ¢, ¢ : Fyz(g) ® Fxy(f) =
Fxz(ge f)and ¢x : epx) = Fx x(ex) are identity 2-morphisms.

Using the notion of a 2-functor, we can now formulate the results from Theorem 3.2.§| (and some
additional ones) more concisely, namely as the existence of a 2-functor from the 2-category of
topological spaces, continuous maps and homotopy classes of homotopies to the 2-category of
groupoids, functors and natural transformations between them.

Theorem 3.5.10: The assignments

Fy: X v IL(X)
FX’yZ fX—)Y — Hl(f)Hl(X)—)Hl(Y)
Al f=g +w IL(h):IL(f) = IL(g)

from Theorem define a strict 2-functor F': 2Top— Grpd.

Proof:
1. The assignments Fxy : 2Top(X,Y) — Fun(Il;(X),II;(Y)) are well-defined:
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If h:[0,1] x X — Y is a homotopy from f to g, then the natural transformation IT;(h) :
IL (f) — IIi(g) is given by a collection of morphisms II;(h), = [hs]o1 : f(x) — g(z), where
hy :0,1] = Y is the path given by h,(t) = h(t, x).

Ifh,h':[0,1] x X — Y are homotopies from f to g and H : [0,1] x[0,1] x X — Y is a homotopy
from h to A’ relative to {0,1} x X, then H, : [0,1] x [0,1] — Y, H,(s,t) = H(s,t,x) is a
homotopy from h, : [0,1] — Y to Al : [0,1] — Y relative to {0, 1}. This implies [h;]o1 = [h)]o1
for all z € X and hence II;(h) = II, (/).

2. The assignments Fxy : 2Top(X,Y) — Fun(Il;(X),II;(Y)) are functors:

For fixed topological spaces X, Y, continuous maps fi, fo, f3 : X — Y and homotopies h; :
[0,1] x X =Y from f; to fo and hy : [0,1] x X — Y from f5 to f5, we have

h1(2t,$) t - [O, %)

ho(2t —1,z) t €[5, 1]

(hQ . h1)<t,l‘) = {

and, consequently, (hg - h1), = (h2)z * (h1),. This proves that for all x € X

Hl(h2 : hl)x = [(h2 : hl)x]o,l = [(hQ)x * (hl)x]o 1= [(hZ)x]O 10 [(hl)x]o 1= Hl(hQ)x o Hl(hl)x

and hence Iy (hy - hy) = II1(hg)II; (hy). Similarly, we find for the trivial homotopies hy : [0, 1] x
X =Y, hy(t,x) = f(x) for all x € X that II1(hs), = [Vf@)] = 1f@) for all z € X and hence

II;([hf]) = idm,(r) = lu,(r). This shows that for all topological spaces X,Y, the assignment
Fxy : 2Top(X,Y) — Fun(Il;(X),II;(Y)) is a functor.

3. The functors Fxy : 2Top(X,Y) — Fun(Il;(X),II;(Y)) are compatible with the horizontal
composition and the unit functors:

For the 1-morphisms ex =idy in 2Top and the 2-morphisms 1., = [hia,] given by the trivial
homotopy hiq, from idx to idyx, we obtain

Fx x(ex) = Fxx(idx) = I (idx) = idm, (x) = em (x),

FX,X([hidx]) = [(h’idx)]I - [%ﬁ]l‘ = 1€H(X,X)

This shows that the functors F'x x are compatible with units. To check compatibility with
the horizontal composition, consider continuous maps fi, f; : X = Y, fo, f5 : Y — Z and
homotopies hy : [0,1] x X — Y from f; to f] relative to {0,1} x X and hy : [0,1] x Y — Z
from fo to fj relative to {0,1} x Y, respectively. Then it follows directly that the functors
Fxy: 2Top(X,Y) — Fun(Il;(X),II;(Y)) satisfy

FX,Z(fQ oXY,Z fl) = FX,Z(f2 o f1) = Hl(f2 o fl) = Hl(f2)H1(f1) = FY,Z(fQ) O, (Y),I11(2) FX,Y(fl)-

Moreover, from hy ~13xx Ry - ha and hy ~o13xy ha - hy, and the identities

o ) faohi(2t,2) t €0,
(ha 1)) e (g - ) 1,2) = (R ) () 2) = {wt e e
= ((hz-hyp,) @ (hy))e = (h2) @) * (f2 0 hn)s

we obtain for all z € X

(Fy,z([ho] ex,v.z [P1]))z = [(h2) 5y(x) * (f2 0 h1)zlor = [(h2) g @)]o,1 © [(f2 0 h1)alos
= i ([ha]) 1 (@) © T (f2) (TLi([P1])2) = Fy,z([ha]) f12) © T (fo) (Fxy ([71])) e
= (Fy,z([h2]) om0 m ) mz) Fxy ([h1]))z-
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This shows that Fy,z([ho] ex,v,z [M]) = Fy,z([h]) e, (x),m,(v)m(z) Fx,y([h]), and hence all

2-morphisms ¢y y = 1, gop) : Hi(g o f) = (g o f) and ¢x = Liay (,, * idm(x) — idm,(x) are
trivial. This shows that F': 2Top — Grpd is a strict 2-functor. O

This theorem shows that the notion of 2-categories and 2-functors between them give rise to
a more conceptual formulation of Theorem [3.2.8] However, this is not the end of the story. A
closer inspection of Definition reveals that a 2-category is not the most general structure
that involves three layers of structure and two composition laws. More precisely, the associa-
tivity condition on the horizontal composition and the compatibility condition for horizontal
composition and units in Definition [3.5.1] are unnecessarily strict. The corresponding equations
impose that certain functors are equal, which is a rather unnatural requirement. By weakening
this requirement to the condition that these functors are naturally isomorphic, one obtains the
notion of a bicategory.

Definition 3.5.11: A bicategory C consists of

1. A collection of objects XY, ...

2. For any pair of objects X,Y, a category C(X,Y). The objects in C(X,Y’) are called
1-morphisms, the morphisms in C(X,Y’) 2-morphisms. 1-morphisms in C(X,Y") are
denoted f : X — Y and we write a : f = ¢ for a 2-morphism between 1-morphisms
fyg: X — Y. The composition of morphisms in C(X,Y") is denoted - and called vertical
composition.

3. For any object X a unit functor Iy : Z — C(X, X) where Z is the trivial category with
one object X and one 1-morphism 1yx. This is equivalent to the choice of a 1-morphism
ex and a 2-morphism ey : ex = ex for all objects X.

4. For any triple of objects X,Y,Z a functor exy , : C(Y,Z) x C(X,Y) — C(X, Z), called
the horizontal composition functor.

5. For any pair of objects X, Y, natural isomorphisms
Ixy :oxyy(Iy xidexyy) = idecx,y), rxy toxxy(decxy) X Iy) = ideix vy,

the left and right unit constraints
6. For any quadruple of objects W, X, Y, Z, natural isomorphisms, called associators,

aw,xy,z : ewx,z(0xy,z X idew.x)) = owy,z(idev.z) X ew,xy),
such that the following axioms are satisfied

(B1) pentagon axiom: for all objects f,g,h,k in, respectively, C(V, W), C(W, X), C(X,Y),
C(Y, Z) the following diagram commutes

(k? o XY,z h) oy X.Z (g oy W, X f)
ay,w,X,Z
((k *xY.Z h) oV X Z g) oy W.Z f k VY. Z (h oy XY (g oy W, X f))
aW,X,Y,Z.lfl ]lk.aV,W,X,Y

(kowyz (howxyg)) evwz f keyvyz((hewxyg) evwy f)),

—_—
av,w,Y,Z
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where we write ayy,xy for the morphisms (avwxy)ngr @ (b owxy 9) ovwy f —
hevxy (gevwx f)inC(V,Y).

(B2) triangle axiom: for all objects f,g in, respectively, C(V, W), C(W, X), the following
diagram commutes

av,w,X,Y

(gowwx Iw) evwx [ —= gevxy (Iw evww f)
T ol
WX fl (1g.lV,X)
gevw,x f,

where we write ryy,x for the morphism (rw,x), : g oww.x Iw — g.

Clearly, a bicategory in which all natural isomorphisms lxy, rxy and aw xy_z are identity
natural transformations is a 2-category. However, the notion of a bicategory is more general
which makes it much easier to find examples. This is obvious already in the simplest example,
namely a bicategory with a single object.

Example 3.5.12: A bicategory with one object is a monoidal category. Examples of monoidal
categories are the category Vecty with the tensor product of vector spaces and the unit object
e = [F. More generally, the category R-Mod-R of (R, R)-bimodules over a unital ring R is a
monoidal category with the tensor product of bimodules as horizontal composition and the unit
bimodule R with the bimodule structure given by left and right multiplication as the tensor
unit.

Beyond the fact that a bicategory is a more natural notion than a 2-category and that there
are many algebraic structures that form bicategories but not 2-categories, there is another
motivation for bicategories that arises directly from algebraic topology. This is the fact that
bicategories provide a different perspective on the fundamental groupoid and relate its definition
to the familiar construction of the homotopy category of topological spaces. To see this, we first
consider a bicategory IIy(X), which can be viewed as a higher analogue of the fundamental
groupoid.

Example 3.5.13: Let X be topological space. The bicategory Il5(X) consists of:

1. objects: points z € X,

2. 1- and 2-morphisms: the category Ily(x,y) for z,y € X has as objects paths v :
[0,1] = X with v(0) = z and y(1) = y. A morphism [h] : 7 = 7 from v : [0,1] — X to
v :[0,1] — X is a homotopy class relative to {0,1} x [0,1] of a homotopy h relative to
{0,1} from v to «'. The vertical composition is given by the composition of homotopies

h(2s,t) s€l0,3)
W(2s—1,t) tel[s1]

W)W = b K] K h(s,t) = {

and the identity morphisms are the homotopy classes [h,] relative to {0,1} x [0,1] of
trivial homotopies h, : [0,1] x [0,1] = X, h,(s,t) = y(t) for all s,t € [0, 1].
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3. horizontal composition: The horizontal composition functor is given by the composi-
tion of paths and homotopies

~
m
=

V2(2t)

3)
w2t —1) teli1

]

[ho] 442 [h1] = [ha % hy]  with  (hex hy)(s,t) = {

(72 @2y, 11)(t) = v2 x 1 (1) {

Y

D=

h1(8,2t>
h2(8,2t - 1) t € [

~
m
=)

3)
1].

4. unit functors: The unit functors are given by the trivial paths -, with 7,(t) = x for
all t € [0,1] and the homotopy classes of trivial homotopies [h,] with h,(s,t) = z for all
s,t €[0,1].

5. left and right unit constraints: The left and right unit constraints associate to each
path v : z — y the 2-morphisms [hz] : v, *y = v and [hg] : 7 *x 7, = 7 given by

hi(s,t) = {W—fs) t e, :?) h(s,) = {x te0,52)

Y

D=

y te[H2,1] V) te [P
S S
v v
M y x Ty
) x
¢ ¢
vy z 9

6. associators: the associators associate to each triple of paths v; : w — x, v5 : © — v,
73y — z the 2-morphism [A] : (V3 0242 72) ®wzz 71 = 73wy (72 ®wey 71) given by

4 404
va(MEE) e 3]
S
94! V2 V3
w z
it Y2 V3

~

71 72 V3

That the vertical composition of 2-morphisms is associative and unital follows in the same way
as in Example [3.5.60] The horizontal composition functor is not longer associative and unital
since it is paths rather than homotopy classes of paths that are composed. The associators and
left and right unit constraints are then given by the associated homotopies. That the horizontal
composition and unit functors are functors follows directly from the fact that the vertical
composition of 2-morphisms is based on the first argument of the associated homotopies while
the horizontal composition makes use of the second argument. That the associators and unit
constraints satisfy the pentagon and triangle identities follows by a lengthy but straightforward
computation.

116



We will now clarify how the bicategory II(X) is related to the fundamental groupoid II; (X)
for a topological space X. Clearly, the two have the same objects, namely the points in X. A
morphism [y] :  — Y in II;(X) is a homotopy class relative to {0, 1} of a path vy : [0,1] - X
with v(0) = = and (1) = v, i. e. a l-morphism in II3(X). Moreover, two such paths v,7" :
[0,1] — X are homotopic relative to {0,1} if and only if they are isomorphic in the category
II(X)(x,y). The composition of morphisms in IT; (X) is related to the horizontal composition
in ITo(X) and the identity morphisms to the associated units. This shows that the fundamental
groupoid II; (X)) is obtained from II5(X) via the general construction in the following lemma.

Lemma 3.5.14: Let C be a bicategory. Then there is a category hC whose objects are the
objects of C and whose morphisms are 2-isomorphism classes of 1-morphisms f: X — Y in C,
with the composition of morphisms given by [g] o [f] = [g®x.v.z f] and with identity morphisms
]-X:[GX] X = X.

Proof:

The composition of morphisms is well-defined, since for any l-morphisms f, f" : X — Y,
9,9 Y — Z in C for which there are 2-isomorphisms « : f — f', f: g — ¢, the 2-morphism
Bexyza: gexyz f — ¢ exyz f'is a 2-isomorphism. The composition of morphisms
is associative since for any triple of 1-morphisms f: W — X, g : X - Y, h:Y — Z
the associator gives a 2-morphism (h exyz g) ewyz f = hewyz (g ewxy f), which is an
isomorphism in C(W, Z). The identity morphisms satisfy 1x o f = f = f o 1y since the left
and right unit constraints define 2-morphisms ex ey x x f = f and f ey w x ey = f, which
are isomorphisms in C(X,Y). O

The usefulness of this construction is illustrated by the fact that it places two known and well-
motivated concepts from algebraic topology in a common framework, namely the homotopy
category of topological spaces and the fundamental groupoid of a topological space. Both are
applications of Lemma to different bicategories.

Example 3.5.15:

1. For the bicategory II5(X) in Example [3.5.13 the associated category hlly(X) is the
fundamental groupoid II; (X).

2. For the 2-category 2Top in Example the associated category h2Top is the homotopy
category of topological spaces hTop with topological spaces as objects and homotopy
classes of continuous maps as morphisms.

3.6 Exercises for Chapter

Exercise 1: Consider the category Top(2) with pairs (X, A) of a topological space X and a

subspace A C X as objects and continuous maps f : X — Y with f(A) C B as morphisms

from (X, A) to (Y, B).

(a) Show that ~, defines an equivalence relation on the set of morphisms
Homrop2)((X, A), (Y, B)) that is compatible with the composition of morphisms and
the identity morphisms. Construct the associated quotient category hTop(2).
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(b) Characterise the isomorphisms in AT op(2).

Exercise 2: Let X be a topological space and Homeo(X) the group of homeomorphisms
f: X=X

(a) Show that the homeomorphisms f : X — X that are homotopic to the identity map
idy : X = X form a normal subgroup Homeoy(X) C Homeo(X).

(b) Show that the homotopy classes of homeomorphisms f : X — X form a group Map(X).

(c¢) Show that the group Map(X) is isomorphic to the quotient Homeo(X')/Homeog(X).

Exercise 3: Let GG be a topological group and > : G x X — X an action of G on a topological
space X. Consider for g € G the continuous map I, : X — X, v — g > x. Prove that if G is
path-connected, then [, is homotopic to the identity map idx for all g € G.

Exercise 4: Prove that a retract of a contractible topological space is contractible.

Exercise 5: Let X be a topological space. Prove the following statements:

(a) X is contractible if and only if every continuous map f : X — Y in a topological space Y’
is null homotopic.

(b) X is contractible if and only if every continuous map f: W — X from a topological space
W is null homotopic.

Exercise 6: Prove that the graph pictured below (bold lines and bold vertex) is a deformation
retract of the punctured torus.

Exercise 7: Show that the subset of R?® pictured below (Bing’s house) is contractible.

= >

Exercise 8: Consider the Mébius strip M = [0, 1] x [0,1]/ ~ with the equivalence relation
(z,0) ~ (1 —2,1) for x € [0,1]. Show that the Mébius strip is homeomorphic to a mapping
cylinder.

118



Exercise 9: Let X be a topological space, [0,1]" = [0,1] x ... x [0, 1] for n eN, [0,1]° := {0}

x [0,
and f™ :[0,1]" — X constant maps. Show that homotopies fro fi

™ to f ) relative to 9[0, 1]
are in bijection with continuous maps h™ : S* — X with ™ (p) = f™([0,1]") for a point
p e S™

Exercise 10: Let X be a path connected topological space. Show that the fundamental group
m(z, X) is abelian if and only if for all paths v : [0,1] — X with 7(0) = = and y(1) = y the
group isomorphism @ @ m(z, X) — m(y, X), [6] — [y] o [B] o [7] does not depend on the
choice of v : [0,1] — X.

Exercise 11: The Cartesian product of two categories C and D is the category C x D whose
objects are pairs (C, D) of objects C' in C and D in D, morphisms Homeyp((C, D), (C", D)) =
Hom¢(C, C") x Homp(D, D’) and the composition of morphisms given by (f, g) ocxp (h, k) =
(foch,gopk).

(a) Show that for any two topological spaces X,Y the fundamental groupoid of the product
space X x Y is given by II1(X x Y) = II;(X) x II1(Y).
(b) Relate the fundamental group m ((x,y), X x Y) to m(z, X) and m(y,Y).

Exercise 12: Let G be a topological group. For two paths v,d : [0,1] — G with (0) =
0(0) = (1) = 6(1) = e, define a pointwise product by

(ved)(t) :==~(t)-6(t)  Vte]|o,1].

(a) Show that v ~yo13 7" and § ~y 13 §" implies d@y ~y 13 §’@y'. Conclude that [0]e[y] := [de~]
defines a group structure on the set of homotopy classes of paths v : [0,1] — G with
7(0) =~(1) =e.

(b) Show that v~y 4 if and only if v @ 6= ~g 13 7e.

(c) Show that [d] @ [y] = [v] @ [0] for all v, : [0,1] — G with v(0) =6(0) =~(1) =d(1) =e.

(d) Show that [6] o [y] = [0] @ [y] for all ~,6 : [0,1] — G with v(0) = 6(0) = (1) = (1) = e.
Conclude that for any topological group G, the fundamental group (e, G) is abelian.

Hint: For 3. and 4, use that v v. ~0.13 ¥ ~{0,1} 7e * 7 and v(0) = v(1) =

Exercise 13: Let G be a path connected topological group and X a G-space.

(a) Show that for every x € X, the action > : G x X — X defines a group homomorphism
7T1(€,G) — 7T1(SC,X).
(b) Show that the image of this group homomorphism is in the center of m (z, X).

Exercise 14: Let X be a topological space. Show that the following statements are equivalent:

(a) Every continuous map f : S' — X is homotopic to a constant map. B
(b) Every continuous map f : S' — X can be extended to a map f : D* — X with f|sp> = f.
(c) Any two paths paths v,~": [0,1] — X with v(0) = ~+/(0) and (1) = +/(1) are homotopic.

Exercise 15: Show that all of the following topological spaces are homotopy equivalent but
none of them is homeomorphic to one of the others:

(a) the circle ST,

(b) thering R={z e R?: 1 < a? + 22 < 2},
(c) the Mébius strip,

(d) S' x D?

119



Exercise 16: Prove the following statements:

(a) If f,g: S* — S! are continuous with f(z) # g(z) for all z € S* then deg(f) = deg(g).

(b) If f : S' — S!'is continuous with deg(f) = 0 mod n then there is a continuous map
g: St — St with f = g

(c) If w = exp(1/n) with n € N and f : S' — S* continuous with f(wz) = f(z) for all z € S*
then deg(f) =0 mod n.

Exercise 17: Show that for the following topological spaces X and subspaces A C X there
is no retraction r : X — A:

(a) X =5'xD? A=5"xdD?~ S x SL.

(b) X =D?V D?* A=0D?*VoD*~ St v St

(c) X=D?/~withl~—-1, A=0X ~ StV S"

Exercise 18: For a continuous map f : C — C without zeros on the unit circle we set

W(f) = deg(f) where f:S' — S' f(2) = %

Show that for any polynomial p without zeros on the unit circle W(p) is the sum of the
multiplicities of all zeros of p in the unit disc.

Exercise 19: Real projective space RP? is obtained as a quotient D?/ ~, where z ~ —z for

all x € S' = 0D?. Use the theorem of Seifert and van Kampen to obtain a presentation of
T (RPQ)

Exercise 20: The Klein bottle is the quotient K = [0, 1] x [0,1]/ ~, where (z,0) ~ (x,1)
and (0,y) ~ (1,1 —y) for all z,y € [0, 1]. Use the theorem of Seifert and van Kampen to give
a presentation of the fundamental group m (K).

Exercise 21: Let f:S' — S* be a continuous map with deg(f) = n € N. Use the theorem
of Seifert and van Kampen to compute the fundamental group m;(D? Uy S*) of the topological
space D? Uy ST obtained by attaching a 2-cell to S with f.

Exercise 22: Show that the fundamental group of an n-punctured surface of genus ¢ has a
presentation

TUTHFIN AP,y oy Pu}) = (M1, ooy My @1, by ooy G, by | [by, ag) -+ - [br, @]y, - - - my = 1)

Exercise 23: Consider the union X C R3 of n € N lines through the origin in R?. Determine
the fundamental group m (R3\ X).

Exercise 24: Let X be the union of n € N parallel lines in R?. Determine the fundamental
group 71 (R3\ X).

Exercise 25: Let X1, ..., X, pairwise disjoint path connected topological spaces, x; € X; for
i € {1,...,n} and suppose that z; € X; has a contractible open neighbourhood U; C X;. Show
that the fundamental group of the wedge sum X; V...V X, with respect to z = [11] = ... = [z,]
is given by

m(z, X1 V...V X,) =m(r, Xy) * ... xm (2, Xp).

-----

Exercise 26: Express the homotopy classes of the paths ¢, d, e as products of the homotopy
classes of the paths a;, b; and their inverses. 19



Exercise 27: Consider the subsets A C R? pictured below:

(a) aring S!
(b) two separate rings
(c) two linked rings

Determine the fundamental group of R?\ A.
a) b)
C) O
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Exercise 28: Show that the boundary of the surface (in boldface) cannot be a retract of the
surface.

Exercise 29: Let X = U?:o X" a path-connected CW-complex of cellular dimension 2.

(a) Consider the 1-skeleton X!. A maximal tree 7' C X' is a maximal 1-connected subcom-
plex of X!. Show that the topological space X/ ~ obtained by collapsing a maximal tree
T C X! is homotopy equivalent to X1.

(b) Determine the fundamental group of X'/ ~.

(¢) Compute the fundamental group 7 (X). For this, determine first how the topological space
obtained by collapsing ' C X can be obtained by attaching 2-cells to X!/ ~.

Exercise 30: Determine the fundamental groups of the graphs X = X°U X" pictured below.

Hint:Use Exercise 29

a) b)

C)
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4 Simplicial and singular homology

4.1 Singular simplexes and A-complexes

In homology theories topological spaces are described in terms of continuous maps from sim-
plexes (convex hulls of certain sets of points in R™) into a topological space. This looks similar
at first sight to the fundamental group(oid), in which one characterises a topological space X
in terms of open or closed paths, i. e. continuous maps from the interval or a circle to X, and to
the higher homotopy groups, in which one considers continuous maps from the n-spheres or the
unit n-cube with n > 2. The use of simplexes instead of spheres or discs is motivated mainly by
combinatorial simplifications, and the fundamental difference between homotopy and homology
lies elsewhere, namely in the algebraic structures that are used to organise these continuous
maps from cubes, spheres or simplexes.

In homotopy theory, the relevant structures are group(oid)s and arise from the concatenation
of paths or, more generally, unit cubes. In homology theories, one instead works with linear
combinations by organising these continuous maps into a module over a commutative ring.
Roughly speaking, this amounts to neglecting the order in which the relevant structures are
composed. As a consequence, (higher) homologies are much easier to handle than (higher) homo-
topy groups. Given a well-behaved topological space and a nice decomposition into the images
of certain simplexes, all homologies can be computed straightforwardly, while to computation
of homotopy groups is a more difficult problem.

To introduce homology theories, we first have to assemble some basic background on simplexes
in R™. It should be kept in mind, however, that it is the algebraic structures used to organise
them rather than the combinatorial properties of the simplexes which are essential.

Definition 4.1.1:

1. An affine n-simplex [vy, ..., v,] is the convex hull of (n + 1) points vy, vy, ..., v, € R™

[V0, .., U] = conv({wg, ..., v, }) = ﬂ C={X"tiv; - t; >0, X ot; = 1}.

CCR™ convex
V0., Un €C

The points vy, ..., v, are called vertices and the point b = n+r1 Z?:o v; the barycentre
of the simplex [vy, ..., v,]. The convex hull of a subset V' C {wp, ...,v,} with |V| =k+1is
called a k-face of [vg, ..., v,].

2. An affine simplex [vy, ..., v,] is called regular if it is not contained in an affine plane of
dimension < n, i. e. if v — vg,v9 — vy, ...,v, — vy € R™ are linearly independent, and
singular otherwise.

3. The standard n-simplex A™ C R" is the set
A" = [60,61, ceey en] = {E?:Otiei e R"™: t, Z O, Z?:Oti = 1} C Rn,
where eq, ..., e, is the standard basis of R" and ey = 0 the null vector.

4. For i € {0,...,n} the face map is the affine linear map F? : A"~! — A" that maps the
standard (n — 1)-simplex A"™! to the face [eg, ..., € 1, €11, ..., €n] OppOsite to e; in the
standard simplex A" It is given by Fl(e;) = e; for j < i and F!(e;) = e;41 for j > i.
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® > *—> X F3
0 1 /2—>
® > *— X,
0 1 l > .~
F2 0 1
X
1
0
Standard n-simplexes and face maps.
Remark 4.1.2:

1. Affine simplexes in R™ are equipped with the subspace topology. The boundary of an
affine simplex [vp, ..., v, is the the union of its (n — 1)-faces

. n
(9[1)0, ey 'Un] = Ui:O[U(J? ey Vi1, U541y ooy ’Un].
Its interior the set

[00s e 0] \ D0y 0] = {Efgtivs : £ € (0,1), Soty = 1},

2. An affine linear map ¢ : [vg, ..., v,] = [wo, ..., wy,] is determined uniquely by the images
of the vertices vy, ..., v,. In particular, for an n-simplex [vy, ..., v,], there is a unique affine
linear map ¢ : A" — [vg,...,v,] With ¢(e;) = v;, namely >0  tie; — >0 tiv;. The
coefficients tg, ..., t; are called barycentric coordinates.

In the following, we will not only consider affine simplexes as subsets of R™ but also equip these
simplexes and their faces with an orientation. For this, recall that an oriented vector space is
a (finite-dimensional) vector space V' together with the choice of an ordered basis vy, ..., v,. A
bijective linear map V' — V is called order preserving if its representing matrix with respect to
the ordered basis vy, ..., v, has determinant 1 and order reversing if it has determinant —1.

If [vg,...,v,] C R™ is a regular affine n-simplex with ordered vertices, we can thus assign an
orientation to [vg, ...,v,] by requiring that the linear map ® : R" — R" e; — v; — v is
orientation preserving, which is the case if and only if det(v; — vg, ..., v, — vg) > 0. We then
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equip each (n—1)-face [vg, ..., Vi1, Vit 1, ..., U] with the orientation induced by the normal vector
that points inwards into the n-simplex. The orientation induced by requiring that the face map
Do Fi: A" — [vg, .., 0i 1, Vi1, ..., Uy IS orientation preserving agrees with this orientation if
7 is even and is the opposite of this orientation if 7 is odd. It is also clear that the orientation
depends on the ordering of a simplex only up to even permutations.

Definition 4.1.3:

1. An ordered n-simplex is an affine n-simplex together with a linear ordering of its
vertices. We write [vg, ..., v,] for the affine n-simplex with ordering vy < vy < ... < v,.

2. The orientation of a regular ordered affine n-simplex [vy,...,v,] C R™ is defined as
e([vo, ..., vn]) = sgndet(vy — vy, ..., v, — vg). The orientation of [v, ..., v,| induces an orien-
tation on each face of [vg, ..., v,], which is defined inductively by

€([vo, ..., vn])  deven
€V, -y Vi—1,Vig1y ey Up|) = .
(Lo b D {—e([vo,...,vn]) iodd.

Face maps and orientations for the standard n-simplexes.

To describe a topological space X in terms of continuous maps ¢ : A™ — X, one must decide
which continuous maps are considered - all continuous maps, embeddings or only continuous
maps that satisfy certain compatibility conditions. Different choices lead to different versions
of homology. In the following, we focus on two main examples, namely singular and simplicial
homology. The former admits all continuous maps ¢ : A" — X - even very singular ones that
map the entire simplex to a single point. The latter is based on collections of maps that are
homeomorphisms onto their image when restricted to the interior of the standard n-simplex
and satisfy certain matching conditions.
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Definition 4.1.4: Let X be a topological space and R a commutative unital ring.

1. For n € Ny, a singular n-simplex in X is a continuous map o : A" — X. We denote
by S.(X) the free R-module generated by the set of singular n-simplexes o : A" — X.
Elements of S,,(X) are called singular n-chains.

2. For n € N, the boundary operator 0, : S,,(X) — S,-1(X) is the R-module morphism
defined by

n

On(0) =) (-1)' 0o F}

1=0

for singular n-simplexes o : A" — X, where F! : A"! — A" are the face maps from

Definition 4.1.1} For n = 0, we set dy = 0.

Notational convention: Here and in the following, we we write rm instead of r > m for the
structure map > : R x M — M of an R-module M. We write 1 for the multiplicative unit of
R, —1 for its additive inverse and, more generally +n = —(1 + ...+ 1) for the n-fold sum of 1
and its additive inverse.

The idea of the boundary operator is that it describes the boundary of a simplex as an R-linear
combination of its faces. The coefficients of this linear combination tell one how often a given
face arises in the boundary and their signs characterise the orientation.

Example 4.1.5: Consider R = Z, X = R? and choose vertices vy, v1, v2,v3 € R3. Denote by
0, A" — R3 the affine linear map with o, (e;) = v; for i € {0,....,n} and n = 1,2, 3.

1. Then 0;(0y1) = 01 0 FY — 0y o F}', which implies 0 (0y)([eo]) = [v1] — [vo]. This is a linear
combination of the endpoints of the oriented line segment from vy to v; with a positive
sign for the endpoint and a negative sign for the starting point.

2. For oy : A? — R3 one obtains dy(03) = 09 0 Fy — 09 0 Fy + 05 o Fy, which implies
0a2(02)([eo, €1]) = [v1, v2] — [vo, V2] + [vo, v1]. This is a linear combination of the faces in the
triangle with coefficients +1 if their orientation agrees with the one of triangle and -1 if
it is opposite. By composing two boundary operators, one obtains

O 0 Oa(2)([eo]) = [va] — [v1] = ([v2] = [vo]) + [v1] — [vo] = 0.

This is because each vertex occurs in exactly two edges, once as the starting point and
once as the end point, if these edges are oriented in the sense of the triangle.

3. Similarly, one obtains for n = 3:
03(03) :agoFg—a;;oF;—l—agoFf—a;;oFg’

53(03)([60, 61762]) = [U1>U2>U3] - [UO,U2,U3] + [U07U1av3] - [007"01,’02]

This is a linear combination of the 2-faces of tetrahedron A? with a coefficient 1 if the
orientation agrees with the one of the tetrahedron and -1 if it is the opposite. By composing
this with the boundary operator dy, we obtain

05 0 O3(03)([eo, €1]) =[ve, v3] — [v1, v3] + [v1, V2] — ([va, v3] — [V, V3] + [0, V2])

+[v1,v3) — [vo, v3] + [vo, v1] — ([v1, V2] — [0, V2] + Vo, v1]) =0
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This is because every edge occurs in exactly two triangles, once with positive and once
with negative orientation, if the triangles are equipped with the orientation induced by
the one of the tetrahedron.

4. Let vy be the image of vy under reflection on the affine hyperplane through vy, v, v3 and
73 : A* — R3 the affine linear map with 73(eg) = vy, T3(€1) = vo, T3(€2) = v3, T3(€3) = V4.
This corresponds to two tetrahedra which intersect in the triangle [vy, ve, v3]. We obtain

03(03 + 73)([eo, €1, €2]) = [v1, v2, v3] — [vo, V2, V3] + [Vo, V1, V3] — [v0, V1, Vo]
+ [vg, U3, v4] — [v1, V3, V4] + [V1, V2, V4] — [V1, Vo, V3]

= —[vg, V2, v3] + [Vo, V1, V3] — [vo, 1, V2] + [V2, U3, V4] — U1, V3, V4] + U1, V2, V4.

This is a linear combination of the faces of the polyhedron P = conv{wg, v1, v, v3,v4},
where again the coefficients are given by the orientation of the faces - the contribution of
the inner triangle [v1, ve, v3] which is common to both tetrahedra cancels. By composing
with dy, we obtain again 9, o 93(03 + 73)([eo, e1]) = 0.

Example provides a geometrical interpretation of the term boundary operator. By apply-
ing the boundary operator to a linear combination of n-simplexes one obtains their boundaries,
realised as an R-linear combination of their faces. Moreover, the example suggests that the
boundaries of (n + 1)-dimensional polyhedra define n-dimensional polyhedra without bound-
aryi. e. that that 9, 100, = 0 for all n € N. The following proposition shows that this is indeed
the case and that simplexes and their boundaries define a chain complex in R-Mod.

Proposition 4.1.6: Let X be a topological space and R a commutative unital ring. Then
the boundary operator satisfies 9,1 o 9, = 0 for all n € N. The singular n-chains in S, (X)
with the boundary operators 0, : S, (X) — S,—1(X) form a chain complex S,(X) in R-Mod:

8n—l

o g (X)) 2y 6 X)) P 8 1 (X) 2 B 5(X) P 5y (X) D Sp(X) — 0.

The n-cycles in Z,(X) := ker(9,) C S,(X) are called singular n-cycles and the n-boundaries
in B, (X)r =1Im (0,11) C Z,(X) singular n-boundaries in X. The nth homology H,(X) :=
Zn(X)/B,(X) is called the nth singular homology of X.

Proof:
A direct computation shows that the face maps from Definition satisfy the relations

FiloF/ | =FloF1:A"2 5 A" Y0<j<i<n.
Using these relations, we obtain for all continuous maps o : A" — X:

On100n(0) =0p—1 (S1o(—1) 00 F}) = S (—=1)'S72 (=1) 00 Fl o FJ_,
=Sosjcicn(=1)To 0 Fj 0 Fi_y + Socicjan1(=1) oo Fy o F]_,
=Socjicn(—1)a 0 Fj o Fi_) + Sogjcicn-1(=1)" oo FJ o Fy_
=Yo<jcicn(—=1) oo Fl o FI71 + Socjcicn(—1) oo F) o FI7] = 0.

As 0, : S, (X) — S,-1(X) is R-linear, this proves the claim. O

Singular homologies are in general rather difficult to compute. However, in some cases it is
possible to show that they are trivial straightforwardly. Examples of this are the following.
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Example 4.1.7: Let R be a commutative unital ring and X = {p} a single point. Then for
each n € Ny, there is a single n-simplex o, : A" — {p}. This implies S, (X) = (0,)r and
do, = 3" o(=1)'0,_1. For n odd or n = 0, this yields 9,0, = 0, in the other cases 9,0, = 7,_1.
This implies

By (X) = {0 n even Z,(X) = {0 n # 0even

(on)r modd (0,)r n=0ornodd,

and H,(X) =0 forn >0 and Hy(X) = R.

Example 4.1.8: If X = II;c;X; is a decomposition of X into path components X; then

H,(X) = @ Ha(X)).
iel
As A" is path-connected, o(A™) is path-connected for any singular n-simplex o : A™ — X and
hence contained in a path-component X;. It follows that S,(X) = @,.; Sn(X;). As 0(A") C X;
implies 0,0(A") C X;, we also have Z,(X) = @,.; Zn(X;), Bu(X) = @D,c; Ba(X;) with
Bo(X:) C Zu(X)) C Su(X:) and Hy(X) = @, Ho(X,).

el = n

Example 4.1.9: If ) # X C R" is star-shaped with respect to p € X, then H,(X) = 0 for
all n > 0 and Hy(X) = R.

Define for n > 0 the module morphism P, : S, (X) — S,41(X) by

Pn(O') (Z?:Jroltzez) = tn+1p ‘l’ (1 - tn—i—l) g <Z:Z'l:0 b ei) .

17tn+1

for all singular simplexes o : A" — X.

The 3-simplex P(c) : A®* — X for a 2-simplex o : A? — X (gray area).

Then P, (o) is continuous and satisfies
P(o)oFil =0 Py0)oF., =P, 1(00oF)) VYoeS,(X),0<i<n.
From this, we obtain
Ons1(Pa(0)) =X725 (1) Pa(0) 0 Fyy = (1) 4+ XiLo(=1)' Pa(0) © Fpy
=(=1)""o + SLo(=1)'Pocs(o 0 F) = (=1)"" 0 + Poa (9n0).
This implies o = (—1)0,,11(P,(0)) for all ¢ € Z,(X) and B, (X) = Z,(X) for all n € N.
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As it is still difficult to compute singular homologies, we consider another type of homology,
namely simplicial homology. Its advantage is that it is very easy to use in computations, since
one does not need to take into account all singular n-simplexes o : A™ — X but only a finite
or infinite subset. This must be chosen in such a way that it is closed under the action of the
boundary operators. If it consists of infinitely many singular simplexes, one also needs to impose
a condition that ensures that the topologies on the images of the simplexes are compatible with
the topology of X. This leads to the notion of a A-complex.

Definition 4.1.10: Let X be a topological space. A (finite) simplicial complex or A-
comple structure on X is a (finite) family {o;}ic; of singular simplexes o; : A™ — X that
satisfies the following axioms:

(S1) Every point # € X is contained in exactly one image o;(A"®), and o] DAy X
is injective for all 7 € I.

&n(i)

(S2) For every simplex o; : A"@ — X and every j € {0,...,n(i)} there is a k € I with
0; 0 Fi(z.) =0y A1 5 X

(S3) X is equipped with the final topology induced by the family {o;}ic;:
a subset A C X is open if and only if o; '(A) is open in A™® for all i € I.

The k-skeleton X* of a A-complex (X, {0;}icr) is the subspace

Xt= ] oi(a") with L={iel:n@)=k}ClL

1€lpU.. .Ul

A sub complex of a A-complex (X, {0;}icr) is a subspace A C X together with a subset
{oj}jes, J C I, of simplexes such that (A, {o,};es) is a A-complex. A simplicial map f :
(X, {oi}ier) = (Y, {7;}jes) between A-complexes (X, {o;}icr), (Y, {7;}jes) is a continuous map
f X — Y such that for each ¢ € I there is a j € J with f oo, = 7;.

Remark 4.1.11:

An@) - A™) — X are homeomorphisms
onto their image. This follows because closed subsets A C A" are compact and hence
mapped to compact subsets 0;(A) C X, which are closed since X is hausdorff. Hence

1. If X is a Hausdorff space, then the restrictions o;

LA O’i(&n(i)) is continuous, bijective and closed, i. e. a homeomorphism.

oils .
LIARG)
2. Ome can show that if X is hausdorff, then a simplicial complex structure {o;};e; on X
defines a CW-complex structure on X in such a way that the k-skeleta of (X, {o;}icr)
and the k-skeleta of the CW-complex agree. The k-skeleton X* is obtained from X*~!

by attaching k-cells D* ~ A¥ with the attaching maps o;|gar : OA* — X1 for i € I;.
3. A-complex structures on a topological space are not unique. A given topological space

X can have several different A-complex structures.

4. Every two- or three-dimensional topological manifold M can be triangulated and hence
has a structure of a A-complex. If additionally M is compact, it has the structure of a
finite A-complex.

2There are several different notions of simplicial complexes. The A-complexes considered here were introduced
in 1950 by Eilenberg and Zilber as semisimplicial complexes.
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5. The traditional notion of simplicial complex imposes the additional condition that all
vertices of an n-simplex o; : A — X, i. e. 0-simplexes obtained from o; : A™ — X by
applying (S2), are different and that the sets of vertices of any two n-simplexes o;,0; :
A" — X with ¢ # j are different.

It can be shown that every A-complex structure on X can be transformed into a simpli-
cial complex structure in this sense via subdivisions. However, the additional requirements
make the stricter notion of simplicial complex impractical for computations, since it re-
quires a much larger number of vertices than a A-complex structure.

The boundary operator for a simplicial complex is defined in the same way as in singular
homology and has the same properties. The second axiom ensures that the set of simplexes
{0 }ier is closed under the action of the boundary operator and one obtains a chain complex.

Lemma 4.1.12: Let R be a commutative unital ring and (X, {o;}ics) a simplicial complex.
Denote for n € Ny by S2(X) the free R-module generated by the set of n-simplexes {o;}icy, .
Then the restriction of the boundary operator to S2(X) C S, (X) defines a module morphism
05+ SA(X) — 82 (X)) with 92 | 0 92 = 0. This yields a chain complex S2(X) in R-Mod

87?—&-2 A aﬁﬂ A 87? A 85—1 8A A 82A A 81A A
— S (X)) —— S (X) = S (X)) — .. L= SR (X) 2 Sp(X) — SE(X) — 0.

n

Elements of S2(X) are called simplicial n-chains, elements of Z5(X) := ker(95) simplicial
n-cycles, elements of BS(X) := Im (95,,) simplicial n-boundaries, and the associated
homologies H~(X) = Z2(X)/B%(X) simplicial homologies.

Example 4.1.13:

[y

1. The circle S* has the structure of a simplicial complex with a 1-simplex oy : [0,1] — S
with 01(0) = 01(1) = 1 and a O-simplex oy : {0} — S}, 0(0) = 1. They satisfy 8A(J ) =
and 9fa1(0) = o1 0 FY(0) — oy o F1(0) = 01(1) — 01(0) = 0. This implies Z5*(S?)
ZA(SY) = R. As SA(X) = 0 for m # 0,1, we have B2(S') = {0} and HA(Sl)
ZA(SY) = R. As BS(SY) = Im (02) = 0, it follows that HS(S') = Z&(SY) 2 R. T
simplicial homologies are given by

I~ JRB me{0,1}
H’%(s)_{o m ¢ {0,1}.

2. The torus T = S x S has the structure of a simplicial complex with two 2-simplexes, three
1-simplexes and one 0-simplex. They are obtained by composing the canonical surjection
7 :[0,1] x [0,1] = [0,1] x [0, 1]/ ~ with the affine simplexes

[Pt

h

¢}

o1 : [eo, e1,ea] = [ep, e1,e1 + €2, oy [eg, e1,ea] = [ep, €2, e1 + ea],
a:leg,e1] = [eo,ea], b:leo,e1] = [eo,e1], ¢ e, e1] = [eo, €1 + €3]
p: [eo] — [eo]-
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b !
b

We have S2(T) = (m o0y, T o 09)g, SMT) = (roa,mob moc)r, SHT) = (mrop)r. As
there are no 3-simplexes, we have B2 (T) = 0. The 2-simplexes satisfy

O (mooy) =05 (moo))=moat+mob—moc,

which implies Z2(T) = (rooy —7moo))g 2 Rand Bf(T) = (roa+mob—Tmoc)gr = R.
As moa,mob and 7o ¢ are closed paths, we obtain

92 (w0 a)(0) = 92 (w0 b)(0) = I (w0 )(0) = mop—ToOp=0

and therefore Z&(T) = (roa,mob,moc)r. As Z&(T) = (r o p)r = R, this implies

R®R m=1
HA(T)={ R m € {0,2}
0 m ¢ {0,1,2}.

. Real projectice space RP? can be realised as a quotient [0,1] x [0,1]/ ~ where (z,1) ~
(1 —2,0) and (0,y) ~ (1,1 —y) for all z,y € [0,1]. It has a CW-structure with two
2-simplexes, three 1-simplexes and two 0 -simplexes which are obtained by composing the
canonical surjection 7 : [0,1] x [0, 1] — RP? with the affine simplexes

o1 : [eo, e1,ea] = [ep, e1,e1 + €2, o9 [eg, e1,ea] = [ep, €2, e1 + ea],
a:[eg,e1] = [ea,e0]l, b:leo,e1] — [er,e0], c¢:[eo,e1] = [eo, e1 + €3]
p:leo] = len], ¢ :eo] = leo

We have S£(RP?) = (7 o0y, m o0 09)r, SP(RP?) = (roa,mob,moc)g S&HRP?) =
(mop,moq)r. The action of the boundary operators is gven by

o (moo))=—moc—mob+moa, 05 (mooy) = —moc+mob—moa

O}(moa) =00 (mob)=mog—Tmop 0P (roc)=moqg—moq=0.

As B2 (RP?) = 0 and Oy(r1mo0y +1romo0y) = —(ry +ry)moc+(ry —ry)(mroa—mob) = 0 if
and only if | = ry, 2r; = 0, we have H5(RP?) = Z2(RP?) = {r € R : 2r = 0}. Similarly,

Z2(RP?) = (roc,mob—moa)g, B (RP?) = (roct+mob—moa,moc—mob+moa)g
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and therefore

HARP?) = (toc,mob—moa)g

(toc+mob—moa,moc—mob+moa)g
(toc,mob—moa)g/(Toc—mob+moa)g

~

(toc+mob—moa,moc—mob+moa)g/(Toc—mob+moa)r
mob—Tmoa)g

= (2(rob—moa))r = R/2R.

As BS(RP?) = (r o q — 7o p)p, it follows that

(Top moq)
(tog—mop

Hg(RP?) = ;%R ~ R

Remark 4.1.14: We will show later that for any topological space X that has the structure
of a simplicial complex, the simplicial and the singular homology agree: H,(X) = H2(X) for
all n € Ny. This implies in particular that the simplicial homologies cannot depend on the
choice of the simplicial complex structure.

It is obvious from the preceding definitions that the singular and simplicial homologies H,(X),
H2(X) of a topological space X are obtained by applying the functors H, : Chgypeqa —
R-Mod from Proposition to the associated chain complexes S,(X) and S2(X) in R-
Mod. In view of Remark [2.3.2] Definition [2.3.5 Remarks [2.3.6] and [2.3.7] this suggests that the
correspondence between topological spaces and chain complexes should also include continuous
maps and homotopies between them. More precisely, one expects an assignment of a chain
map Se(f) @ Se(X) — Se(Y) to each continuous map f : X — Y and of a chain homotopy
Se(h) : Se(f) = Se(f’) to a homotopy h:[0,1] x X =Y from f: X - Y to f/: X = Y.

Theorem 4.1.15: Let R be a commutative unital ring and X, Y, Z topological spaces.

1. A continuous map f : X — Y induces a chain map S¢(f) : Se(X) — So(Y) given
by S,(f)(0) = f oo for singular n-simplexes o : A" — X. These chain maps satisfy
Se(idx) = idg,(x) and Se(g o f) = Se(g) o Se(f) for all continuous maps f : X — Y,
g Y — Z. This defines a functor S, : Top — Chpgq that assigns to a topological
space X the chain complex S,(X) and to a continuous map f : X — Y the chain map
Se(f) : Xoe = Ya.

2. A homotopy h : [0,1] x X — Y from f: X — Y to f' : X — Y induces a chain
homotopy Se(h) : Se(f) = Se(f’). The functor S, : Top — Chppq induces a functor
hTop — hChpgyq from the homotopy category of topological spaces into the homotopy
category of chain complexes.

Proof:
1. We define for n € Ny an R-module morphisms S,,(f) : S,(X) — Sp(Y) by S.(f)(0) = foo
for all n-simplexes o : A™ — X and R-linear continuation. Then for all singular n-simplexes o

n n

0,0 5,(f)(0) = 0u(fo0) =D (=1)i(foo)o Fi=> (=1)'fo(ooF)) =Su1(f)odu(0),

=0 1=0
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which shows that Se(f) = (S,(f))nen, is @ a chain map. By definition, we have for all n € Ny

Su(go f)(a) =go foo=>5.(9)(Sn(f)(0)) = 5ulg) 0 Su(f)(o)  Su(idx)(0) =idx oo =o0.

As the composite of the chain maps Se(g) : Se(Y) = Se(Z), Se(f) : Se(X) — Se(Y) is given
by the module morphisms S,,(g) © S,.(f) : Sp(X) — Sn(Z), Se : Top — Chr_wmoq is a functor.

2. As a chain homotopy Se(h) : Se(f) = S.(f’) is a collection of R-module morphisms
Sn(h) + Sp(X) — Sp1(Y), we need to associate to each m-simplex ¢ : A" — X an
(n + 1)-simplex o’ : A""' — Y. The homotopy h : [0,1] x X — Y yields a continuous
map ho (id x o) : [0,1] x A" — Y. By composing this map with suitable affine linear maps
A" —[0,1] x A™ we obtain the desired (n + 1)-simplex o’ : A" — Y.

These affine linear maps are obtained from geometrical considerations, namely a decomposition
of the prism [0, 1] x A" into affine (n + 1)-simplexes A™"!. This decomposition is given by the
prism maps 77 : A" — [0,1] x A", 0 < j < n, which are the unique affine linear maps with
Ti(er) = (0,ex) for k < j and T?(e;,) = (1,e_1) for k > j. It is is easy to see that every point
in [0,1] x A" is contained in an image 77 (A") and that T7(A™) N TF(A™) for k # j is a
lower-dimensional face in both simplexes.

L ‘

Xo
X2

L

X1

The prism maps 77 : A" — [0,1] x A" for n =1, 2.

A direct computation shows that the the prism maps satisfy the following relations

TioF!, = (idpyx F)oT"} Vji>i TioF. , = (idoyxF)oTl , Vj<i—1

n

TioF =T 'oF, Vie{l,..n} TroF, ., =iy, T'oF" =i, (28)

n n

where i, : A" — [0,1] x A" 2+ (¢, ) is the inclusion map and F7,, : A" — A" the face
maps from Definition [£.1.1] This yields for n € Ny R-module morphisms

Bt Sn(X) = S (Y), o X o(=1)ho (idpy x o) o TY. (29)
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As h(0,x) = f(z) and h(1,z) = f'(x) we have for all singular n-simplexes o : A" — X

ho (idpi x 0)oig =ho ({0} x o) = foo = 5,(f)(o) (30)
ho (idpy x o) oiy =ho ({1} x o) = ffoa = S,(f')(0),

and by applying the boundary operator ), : S,11(Y) — S,(Y), we obtain

O 1 hn(0) =SS0 (=1) P ho (idjpy x o) 0 T 0 F ;.

Splitting this sum into terms with j <i—1, 7 =4 —1, 7 =14, j > ¢+ 1 and the identities
and yield

Oy 1ha(0) =i S22 (=1) " ho (idjpyy x 0) o TS 0 Fiy — S ho (idjy X o) o T o FL

+31 gho (idjpyy x o) o Ty o Fu oy + X080, (=1)"ho (idpy x 0) o T o F

B smiisiz2 (1) o (idjy x 00 ) o T, — ho (idgy x o) o ig
+ho (idpy x 0) 0iy + S S0, (—1)"ho (idpy x 00 Fl) o T2,
O 31 (—1) 1 (idp gy x 00 F) 0TI,
+EP I (1) (idpy X 0 0 FY) o Ty = Su(f)(0) + Su(f')(0)
=31 0255 (1) (o, x 0 0 Fy) 0 Ty = Su(f)(0) + Su(f')(0)
= — h1 (95 0) = Su(f) (@) + Su(f')(0)-
This proves that Se(h) : Se(f) = Se(f’) is a chain homotopy. O

By composing the functor S, : Top — Chg.moa With the homology functors H,, : Chgaea —
R-Mod, we obtain a family of functors H, o .S, : Top — R-Mod that assign to a topological
space X the R-module H,(X) and to a continuous map f : X — Y an R-module morphism
H,.(f): H,(X) — H,(Y). As homotopies h: [0,1] x X - Y from f: X - Y to f': X - Y
induce chain homotopies Se(h) : Se(f) = Se(f’), we obtain from Proposition that the R-
module morphisms H,,(f), H,(f') : X — Y agree if f, f': X — Y are homotopic. The functors
H, : Top — R-Mod are constant on the homotopy classes of morphisms in Top and induce
functors H,, : hTop — R-Mod. In particular, a homotopy equivalence f : X — Y induces
a chain homotopy equivalence S¢(f) : Se(X) — Se(Y) and hence an R-module isomorphism
between the homologies H,,(X) and H,(Y).

Corollary 4.1.16: Let R be a commutative unital ring and X, Y topological spaces. Then:

1. Homotopic maps f, f' : X — Y induce the same R-module morphisms on the homologies:
H,(f)=H,(f") : H,(X) — H,(Y) for all n € Ny.

2. If f: X =Y is a homotopy equivalence, then H,(f) : H,(X) — H,(Y) is an R-module
isomorphism for all n € Nj.

3. If X and Y are of the same homotopy type, then they have isomorphic homologies:
H,(X)= H,(Y) for all n € Ny.

The functors H, o S, : Top — R-Mod are constant on the homotopy classes of continuous
maps f: X — Y and induce a family of functors hTop — R-Mod that assign to a topological
space X the nth homology H,(X) and to a homotopy class of continuous maps f : X — Y the
R-module morphism H,(f) : H,(X) — H,(Y).
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To develop an intuition for homologies, it is helpful to investigate the relation between the
fundamental group and the first homology group of a topological space X. Clearly, closed
paths v : [0,1] — X in a topological space coincide with singular 1-simplexes o : [0,1] — X.
This makes it plausible that there is a relation between the fundamental group m(z, X) and
the first homology group H;(X). As modules are abelian groups, this relation should be given
by a group homomorphism and involve the abelianisation of the fundamental group 7 (z, X).

Theorem 4.1.17: Let (z,X) be a pointed topological space and R a commutative unital
ring. Then the map
Hu;ﬂl(an)_)Hl<X)7 [’ﬂm = [7]H17

is a group homomorphism. If X is path-connected and R = 7Z, it induces a group isomorphism
Ab(Hu) : Ab(m(z, X)) — H;(X) between the abelianisation Ab(m;(z, X)) of the fundamental
group and H;(X), the Huréwicz isomorphism.

Proof:

1. Hu : m(z, X) = Hi(X), [V]mx) = [V]m(x) is well-defined: The canonical surjection 7 :
[0,1] — S & [0,1]/ ~ can be viewed as a 1-cycle in Z;(S'). For every closed path ~ : [0,1] — X
there is a unique map Yo 0 ST — X with v o7 = 7. This implies [y]p,(x) = [~ © 7@ (x) =
Hi(v~)([7 a1y smy). I+ [0,1] = X is homotopic to 7 relative to {0,1}, then y.,~, : S' = X
are homotopic and induce the same R-module morphisms on the homologies. This implies
M) = Hi(v)([7lmsny) = Hi(L)([7lmis) = [Vl (x) and shows that the map Hu :
(2, X) = Hi(X), [V]rx) = [V (x) is well-defined.

2. To show that Hu : m(2z,X) — Hi(X), [Y]lmx) = a(x) is a group homomorphism,
consider composable paths 3,7 : [0,1] — X with 5(0) = ~( ) and the map g : A? — [0,1],
32 gtie; — 3ty + to. Then for all ¢ € [0,1], we have

Q((Bx7)og)(t) =
=(Bxvy)og((1—t)ey +teg) — (B*7y)og((1 —t)eg+tex) + (Bx7)og((1—t)eg + teq)
= (B4 (5 +5) = (Bx7)(t) + (Br7)(5) = B(t) = Br(t) +(t).

This implies [5]x, (x) + [Y]mx) — [B* Y m(x) = 0, and consequently Hu : 7y (z, X) — Hy(X) is
a group homomorphism. By applying the abelianisation functor, we obtain a group homomor-

phism Ab(Hu) : Ab(m(z, X)) — Hi(X).

3. Let now X be path-connected and R = Z. We show that Ab(Hu) : Ab(m(z, X)) — Hi(X)
is a group isomorphism by constructing its inverse. For this, choose for every point y € X a
path 7Y : [0,1] — X with 7#(0) = y, 7¥(1) = = and define a morphism of abelian group’|

K :51(X) — Ab(m(z, X)), o h(”(el)) * O *7(0(60))]%(”1)'
For any 2-simplex w : A2 — X we obtain
K (aw) =[7) % (w 0 F§) % 7] ap(my) — [ x (w 0 Fy) % 7] pp
1 % (w0 F3) %3 | apmy) = [V ab(m):

where 7 : [0,1] — X is a loop with base point z that circles the boundary w(9A?) C X

counterclockwise. As v is null homotopic, we have K(0yw) = 0. This implies B;(X) C ker(K),
and K induces a group homomorphism K : H;(X) — Ab(m(z, X)).

3In this step we need the assumption R = Z. Like any abelian group, the abelianisation of 7 (z, X) has a
canonical Z-module structure, and the Z-module homomorphism K can be defined by Z-linear continuation.
For other commutative unital rings R, there is no R-linear continuation of K to an R-module morphism.
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w(e,)

For any loop 6 : [0,1] — X based at x, we have

K o Hu([0]an(my)) = [V * 0 x 7] abm) = [Y ]abm) — [Y]abem) + [0]abim) = [0]ab(m),

and hence K o Hu = idap(r, (z,x))- Conversely, for any 1-cycle o : A' - X € Z;(X) one obtains

Huo K([o]m,x)) =" % 0 %771, = 77N 00 + 57 im0 + [0]m ) = [0]m00),s
because 010(eg) = o(e1) — o(eg) = 0 implies [V, x) = = [V x) = =[O, (x). This
shows that K = Hu ' and Hu : Ab(7,(z, X)) — H;(X) is a group isomorphism. O

Remark 4.1.18: There are generalisations of the Huréwicz isomorphism for higher homotopy
and homology groups. Under the same assumptions as in Theorem [4.1.17], one obtains a group
homomorphism Hu™ : 7, (z, X) — H,(X) foralln € N. If R = Z and X is (n—1)-connected,
i. e. path-connected and m;(X) =0 for all 1 < k <n — 1, then Hu" : 7, (z, X) — H,(X) is
an isomorphism.

4.2 Subspaces and relative homology

In this section, we relate the homologies of a subspace A C X to the homologies of X. This will
not only give rise to R-module morphisms between H,(X), H,(A) and the quotient module
H,(X)/H,(A) for fixed n € N but also relate these homologies for different values of n € N.

The appropriate categorical setting is the category Top(2) whose objects are pairs (X, A) of
a topological space X and a subspace A C X and whose morphisms f : (X, A) — (Y, B) are
continuous maps f : X — Y with f(A) C B. Just as the category Top, this category can
be equipped with notions of homotopy, which is a homotopy in the usual sense that satisfies a
compatibility condition with respect to subspaces.

Definition 4.2.1: Consider the category Top(2) of pairs of topological spaces.

1. Two morphisms f, f": (X, A) — (Y, B) in Top(2) are called homotopic, f ~(x ) f’, if
there is a homotopy h : [0,1] x X — Y from f to f" with h([0,1] x A) C B.
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2. This is an equivalence relation on each set Hommopo)((X, A), (Y, B)) which is compatible
with the composition of morphisms. The associated category hTop(2) with pairs of
topological spaces as objects and homotopy classes of morphisms in Top(2) as morphisms
is called the homotopy category of pairs of topological spaces.

3. A morphism f : (X,A) — (Y,B) is called a homotopy equivalence if there is a
morphism ¢ : (Y, B) — (X, A) with go f ~(x 4y idx and f o g ~(yp) idy. In this case,
the pairs (X, A) and (Y, B) are called homotopy equivalent.

With these definitions, we can generalise the notions of n-chains, n-cycles and n-boundaries to
the category Top(2). The basic idea is to identify n-chains in X that differ by an n-chain in A,
i. e. to to consider the quotients S, (X)/S,(A) with respect to the submodule S,,(A) C S, (X).
Similarly, we weaken the conditions on n-cycles and n-boundaries. Instead of requiring that
an n-cycle (n-boundary) lies in the kernel (image) of the boundary operator 9, : S,(X) —
Sn—1(X), one only imposes these conditions up to n-chains in A. That this is consistent is
guaranteed by the following lemma.

Lemma 4.2.2: Let R be a commutative unital ring and (X, A) a pair of topological spaces.
Denote for n € Ny by S,,(X,A) = S,(X)/Sn(A) the quotient module of relative n-chains
and by 7, : S,(X) — S,(X,A) the canonical surjection. Then the boundary operator 9, :

Sp(X) — Sp-1(X) induces an R-module morphism o Sn(X,A) — S,-1(X, A) with

a,SX’A> o, = m,_1 © 0,, the relative boundary operator, and one obtains a chain complex

HA) (xX.4) HXA) (xX.4)
SuX,A) = T 5,0 (X A) T 5, (X A) B S, (X A) T

Elements of Z,(X,A) := ker(5°") ¢ S,(X,A) and B,(X,A) = Im (0'5") c Z.(X, A)

n+1
are called relative n-cycles and relative n-boundaries. The nth relative homology of

Se(X, A) is the quotient module H,(X, A) = Z,(X, A)/B.(X, A).

Proof:
The definition of the boundary operator implies 9,(S,(A)) C S,_1(A) and hence S,(A) C
ker(m,_100,). By the universal property of the quotient, there is a unique R-module morphism

oA . Sp(X,A) = S,_1(X, A) with o o) oM, = T,_100,. Using again the universal property
of the quotient, we obtain

@(L)E’lA) 0dX M om, = 87(55’1‘4) OMp_100, =Mp200,100, =0 = 37(5’114) 00X =0Vn €N,

O

Remark 4.2.3:

1. For A = 0, relative n-chains, n-cycles, n-boundaries and homologies reduce to singular
n-chains, n-cycles, n-boundaries and homologies:

Su(X,0) 2 So(X)  Zn(X,0) = Zo(X) Ba(Z,0) = Bu(X) Hu(X,0) = Hy(X).

2. For A= X, one has S,(X,X) = Z,(X,X) =2 B,(X,X) = H,(X, X) =0 for all n € N,.
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3. For a A-complex (X, {0;}icr) and a sub complex (A, {0;}ics) with J C I we define analo-
gously the R-modules of relative simplicial n-chains and the relative simplicial boundary
operator as well as relative simplicial n-cycles, n-boundaries and homologies:

S (X, A) = Sp(X)/Sp(A), Y SP(X,A) = S (X, A), (8] = [026)
Z3 (X, A) =ker (@), BR(X,A)=1m (9,51"),  H}X,A) = Z}(X, 4)/BR (X, A).

n

Just as in singular homology, one finds that morphisms in Top(2) give rise to chain maps
between the relative chain complexes and relative homotopies induce chain homotopies between
them. Both of these statements follow directly from the corresponding statements for singular
homology, because all relevant structures in Top(2) are compatible with subspaces.

Lemma 4.2.4: Let R be a commutative unital ring.

1. Relative n-chains define a functor S{¥ : Top(2) — Chpg.noq that assigns to a pair of
topological spaces (X, A) the chain complex 58 (X,A) = S¢(X,A) and to a morphism
f (X, A) — (Y, B) the chain map Sﬁz)(f) 1 Se(X, A) = S.(Y, B). The nth relative ho-
mology is obtained by composing this functor with the functor H, : Chr_noq — R-Mod.

2. If f,f: (X, A) — (Y, B) are homotopic, then they induce chain homotopic chain maps
S@(f), SSQ)(f’) 0 Se(X,A) = S.(Y, B) and the same module morphisms on the relative
homologies H,(f,) = H,(f.) : H,(X,A) — H,(Y, B). In particular, if (X, A) and (Y, B)
are homotopy equivalent, then H, (X, A) = H,(Y, B) for all n € Nj.

3. The relative homologies induce a functor H,, : h'Top(2) — R-Mod.

Proof:

1. Denote by 7, : Sp(X) = S, (X, A) and 7, : S, (Y) — S,(Y, B) the cnonical surjections. As
f(A) C B for any morphism f : (X, A) — (Y, B), we have S,(f)(5.(A4)) C S,(B) and hence
Sn(A) € ker(n!, 0S,(f)). By the universal property of the quotient, there is a unique R-module
morphism S (f) : Su(X, A) = S, (Y, B) with S (f) o 7, = 7, 0 S, (f). Compatibility with
identities and composition follows from the corresponding properties of singular chain maps.
We have S,(?)(idx) o, =M, 0S,(idx) = m, and for any morphism g : (Y, B) — (Z,C)

SP(gof)om, =m0 Su(gof) =m0Su(9)0Sa(f) = SP(g)om,0S,(f) = SP(9)0SP (f)om,

where 7 : S,(Z) — S,(Z,C) is the canonical surjection. By the universal property of the
quotient, this implies ST(LQ)(idX) = idg@ ), 52 (gof) = S (g)oSff)(f).

2. The proof is analogous to the one of Theorem [4.1.15] We construct a relative counterpart of
the chain homotopy h,, : S5,(X) — Sp41(Y) from for any relative homotopy A : [0,1] x X —
Y between morphisms f, f': (X, A) — (Y, B). As any relative homotopy satisfies h([0,1]x A) C
B, it follows from that h,(Sn(A)) C Sp41(B) and hence S, (A) C ker(m, ., o hy). By the
universal property of the quotient, there is a unique R-module morphism th’ : Su(X,A) —
Spi1(Y, B) with P o T, = T, © hn. That the morphisms h? for n € Ny define a chain
homotopy follows from the universal property of the quotient, since

O o h® + 22 00N o, =0 om0 hy+ b, 0, 00,

=00 (Fy1 0 b+ hu1 0 0n) =m0 (Su(f) = Sulf) = (SPf) = SP(f)) o .
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We will now clarify the relation between the homologies of a topological space X, of a subspace
A C X and the associated relative homologies. For this, we need chain maps that relate the
associated chain complexes

SuX): L2 s 2 5 (x) Dy 5, (X)) 2
SuA): L 2mne Ay Py g4y By g Ay 2o

6()12A) 6()11‘4) 94 1
So(X,A): ... 25 S (X, A) s S(X,A) s S (X, A) 2

and that arise from morphisms in Top(2). The relevant morphisms in Top(2) are the morphism
t: (A 0) = (X,0) induced by the inclusion i4 : A — X and the morphism 7 : (X, 0) — (X, A).
The associated chain maps are the inclusion map and the canonical surjection

SPD(1): 8, (A) = S (X), 00 SA(r) =m, : Sp(X) = Sp(X, A),0 — [0],
Clearly, Sr(f)(b) is injective, 57(12)(7r) is surjective and by definition of the relative n-chains, we
have ker(Sﬁf) (m)) = Sp(A) =Im (Sr(f)(b)). In other words,

s S8 ()
— —_

0— Se(A) Se(X) Se(X,A) — 0
is a short exact sequence of chain complexes in R-Mod. By applying Theorem [2.3.11{and Lemma

2.3.12] we obtain the following theorem.

Theorem 4.2.5: Let R be a commutative unital ring.
1. For every pair (X, A) of topological spaces, there is a long exact sequence of homologies

S H,(X)

H,, s Hy, (e

Hyoor (X, A) 2255 H,(A) Ho(X, A) 255
2. For any morphism f: (X, A) — (Y, B) in Top(2), the associated long exact sequences of
homologies form a commutative diagram

Hpt1() Hpta(m Hy (1)

8'n.
s Hyy (X)) 55 H, (X, A s H (A) =25 H (X)) >
Hn+1(f)l Hn+1(f)l Hn(foiA)L Hn(f)l Hn(f)t
Hy1(Y) == Hua (Vs B) =—= H(B) 7= Ha(Y)

R - H,(Y.
Hn+1(L) Hn+1(7r 8n+1 Hn(L) Hn(7r) On

In the following, we will use this theorem systematically to compute the homologies of topolog-
ical spaces. In particular, we can apply it to subspaces A C X that are retracts or deformation
retracts of X.

Example 4.2.6: Let R be a commutative unital ring, X a topological space and A C X a
retract of X. Then for all n € Ny the R-module morphism H,,(¢) : H,(A) — H,(X) is injective.
If A is a deformation retract of X, then H,(r) : H,(X) — H,(A) and H,(¢) : H,(A) = H,(X)
are isomorphisms.
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This follows because the retraction induces a morphism r : (X, A) — (A, A) in Top(2) with
rois =1ida. As H,(A, A) =0 for all n € Ny, Theorem yields the following commutative

diagram with exact rows

T H (X0 P H o (X, AV H(4) 2 (X) 2 (X, A)
Hn+1(r)l Hn+1(r)t Hn(”A)l_id lHn(r) an(T)
= Hyp1(A) 05— Hy(A) —;= Hy(4) 0——

This implies ker(H,(¢)) = Im (9p41) = Im (041 © Hypa(r)) = 0. If A C X is a deformation
retract, then r : X — A is a homotopy equivalence, and by Corollary all R-module
morphisms H,(r) : H,(X) — H,(A) and H,(¢) : H,(A) — H,(X) are isomorphisms.

4.3 Excision

In this section, we develop a homology counterpart for the theorem of Seifert and van Kampen.
The idea is to consider a covering of a topological space X by open subsets U; C X, ¢ € I, and
to relate the (relative) homologies of X (with respect to a subspace A C X) to the homologies
of U; (and U; N A). In particular, we will show that the homologies H, (X, A) do not change if
one imposes the condition that all singular simplexes take values in one of the subsets U; C X.

As in the proof of the theorem of Seifert and van Kampen, this will be achieved by subdividing
the relevant structures - the singular n-simples A™ — X - into singular simplexes A" — Us.
This requires a systematic subdivision procedure for singular n-simplexes that yield simplexes
of arbitrarily small diameter. As we can view a singular n-simplex o : A" — X as the image of
the affine n-simplex ida» under the chain map S, (o) : S,(A") — S, (X), this problem can be
reduced to a subdivision procedure for affine linear simplexes A™ — AJ.

A minimum requirement for such a subdivision procedure is that it is compatible with affine
maps - it should not matter if an affine simplex is first subdivided and then mapped to another
affine simplex or first mapped to an affine simplex and subdivided afterwards. This means that
all vertices in the subdivided simplex must be affine linear functions of the original vertices.
Natural candidates for the vertices in a subdivision of an affine n-simplex are its barycentre and
the barycentres of its (n —1)-, (n —2)—,..., 1-faces. This leads to the concept of the barycentric
subdivision, in which an affine n-simplex is divided into (n+1)! sub simplexes that each contain
its barycentre, the barycentre of one (n — 1)-face, the barycentre of an adjacent (n — 2)-face, a
barycentre of an adjacent (n — 3)-face,..., and one vertex of the simplex, as shown below.

As we want to apply this construction to singular n-simplexes, i. e. continuous maps o : A™ —
X, we need a description of the barycentric subdivision in terms of affine maps A" — AJ
between the standard simplexes. This is simlar to the description of the faces and the boundary
of a singular simplex in terms of the face maps A"™! — A" We thus require an R-module
morphism U, : S(A") — S2T(A") that maps the submodule S*T(A") C S, (A") of affine
n-simplexes o : A™ — A" to itself and assigns to each affine n-simplex an R-linear combination
of affine n-simplexes in its barycentric subdivision.
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Barycentric subdivision for the standard simplexes A3, A2 Al

Definition 4.3.1: Let R be a unital ring. For j,n € Ny the barycentric map is the R-module
morphism CJ : S2H(A7) — S (A7) given by

Ci(g): A" AT, Y _

for all affine n-simplexes o : A®™ — AJ. The barycentric subdivision operator is the R-
module morphism U, : S,(X) — S,(X) defined inductively by Uy = idg,(x) and
Un(o) = Sp(0) o Upy(idan) = Sp(0) o C' 0 Up—y 0 Oy (idan)

for all singular simplexes o : A” — X.

Remark 4.3.2:
1. The barycentric subdivision operator is well-defined because Up(SaT(A%)) c S2(A%) and
Un-1(SpE, (A™1)) € SRT (A1) imply Un(Sif(A")) € SRT(A™).
2. The image of the face map F? : A"' — A" under the barycentric map C"_; :
Saft (AM) — Sa(A") is given by

Cr 1 (F7)(er) =  ex—1 1<k<j (31)
ek j<k<n
It maps the standard n-simplex [eo, ..., e,] to the simplex [b,,, €q, ..., €j_1, €j41, ..., €], i
which the vertex e; is replaced by the barycentre b, of A".

3. The barycentric maps satisfy the identities
0(Co(0) =0 =bi,  0ui1(Ci(0)) = 0 = C121(a(0)). (32)

for all singular n-simplexes o : A" — AJ,
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It remains to show that the barycentric subdivision operator indeed implements the geometrical
notion of barycentric subdivision. For this, we need to show that it maps an affine n-simplex
o : A" — R™ to an R-linear combination of affine simplexes, which involves precisely the
simplexes in its barycentric subdivision and with coefficients +1, depending on the orientation
of these simplexes.

Lemma 4.3.3: The barycentric subdivision operator is given by

Un(0)([€0; - €n]) = Bres, 580 (m)[v5, ..o vp] - with o] = —L=57 v

for all affine n-simplexes o : A" — R™, ¢; — v;.

Proof:
For n = 0 the claim is trivial. Suppose it holds for all n < k — 1 and let o : A¥ = R™, ¢; — v;
be an affine k-simplex. Then we obtain

Uk(U)([eo, ceey ek]) = Sk(d) o C]]j_l o Uk,l(@kidM)([eo, ceey 6]6})
=3 (~1)'Sk(0) 0 CF_, 0 Sy (F}) 0 Up—1(idas—1) ([eo, --., ex])

k—1 j j T T * T T
= Eﬂgsk2?20(—1)Jsgn(71')5k(0') o 015—1(52)([607 CEEE) ek—l]) = ZTGSkHSgn(T) [UO’ D) Uk]’
where x follows from (31]) and the fact that for any = € S the permutation 7 € Sy

j i=0
7(i) = ¢ 7(i — 1) ie{l,.,k}and7(i—1) <j
ri—1)+1 ie{l,. . k}and7(i—1) >

satisfies sgn(7) = (—1)’sgn(o). O

Lemma [£.3.3) shows that the barycentric subdivision operator U, : S,(X) — S,(X) from
Definition indeed has the desired geometrical interpretation. It maps an affine n-simplex
o: A" - R™ e; — v; to an R-linear combination of (n 4 1)! affine n-simplexes whose images
[v], ..., v]] have as vertices the barycentre vf of [v, ..., v,], the barycentre v] of the (n — 1)-face
[Ur(1)s ---s Ur(ny], the barycentre v3 of the adjacent (n — 2)-face [vr(2), ..., Ur(n)],-.., the barycentre

v, of the 1-face [Vr(—1), Vr(n)] and the vertex vy ().

To determine how the barycentric subdivision operator affects the homologies H, (X ), we have
to clarify its algebraic properties and give an interpretation in terms of chain complexes and
chain maps.

Proposition 4.3.4: Let R be a commutative unital ring and X a topological space.

1. The barycentric subdivision operators U,(X) : S,(X) — S,(X) define a natural
transformation from the functor S, : Top — Chpg.oq to itself.

2. The chain map Us(X) : Se(X) — Se(X) is naturally chain homotopic to the identity map
idg, (x) : Se(X) = Se(X), i. e. there are natural transformations 75, : S, — S,41 between
the functors S,,, S,41 : Top — R-Mod such that T}, x : S,,(X) — S,11(X) form a chain
homotopy T, x : Use(X) = idg,(x)-
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Proof:

1. A natural transformation from S, : Top — Chpg.pq to itself is an assignment of a chain map
Ue(X) : Se(X) — Se(X) to each topological space X such that Se(f) o Us(X) = Us(Y) 0 So(f)
for all continuous maps f : X — Y. We thus have to show that for all n € Ny, the barycentric
subdivision operator satisfies

Op o Uy(0) = Up—1 00,(0) Su(f) o Un(o) = Un o Su(f)(0)

for all singular n-simplexes o : A" — X and all continuous maps f : X — Y. The second
identity follows directly from the definition

Sn(f) 0 Un(0) =5n(f) © Sn(0) 0 Un(idan) = Sn(Sn(f)(0)) 0 Un(idan) = Un(Sn(f)(9)).

As Se(0) 1 Se(A™) — Se(X) is a chain map and the second identity holds, it is sufficient to

prove the first identity for o = ida» : A" — A", For n = 0, it is obvious, and if it holds for Uy

with £ < n — 1, we obtain

By 0 Up(idan) =80(C™_, 0 Up_1 0 0u(idan)) € Uy 0 8, (idan) — C771 0 81 0 Un_y1 0 O(idan)
n;l n—109 an(ldA"> - 02:21 © Un—2 o 8n—l O an(ldA”) = Un—l © an(ldA”)

2. We define the R-module morphisms 7T}, x : S,,(X) — S,41(X) inductively by

Tox =0 (33)
Tn,X(U) = Sn+1(0') o Tn,A" (ldAn) = Sn+1(0'> o) Cg(ldAn — Un(ldAn) - Tn,LM(anidM))
for all singular n-simplexes o : A™ — X. For any continuous map f : X — Y, we obtain
Ty © Sn(f)(0) =Sn41(Sn(f)(0)) © Ty an(idan) = Snia(f 0 ) 0 T, an(idar)
=Sn+1([f) 0 Snt1(0) 0 Ty an(idan) = Spr1(f) 0 T x (o).

This proves that the R-module morphisms T;, x : S,(X) — Sp41(X) define a natural trans-
formation 7, : S,, — S,11. To show that T, x = (T}, x)nen, is a chain homotopy between
Ue(X) : So(X) = Se(X) and idg,(x) : Se(X) = Se(X), we show that

8n+1 o Tn,X + Tnfl,X 9 an = ldSn(X) — Un(X) Vn € N.

Due to the naturality of 7,, and because S,,(0) : S,,(A") — S, (X) is a chain map, it is sufficient
to prove this for T;, a». For n = 0, it is obvious. If it holds for T} Aonwith £k < n — 1, we obtain

an+1Tn7An (ldAn) = 8n+1 (0] CZ(IdAn — Un(ldAn) — Tn,LAn (anldAn))
idan — Up(ida,) — Tpor.an(Onidan) — C"=1 0 Oy (idan — Upn(ida, ) — Taor an (Bnidan))

"idan — Un(ida,) — Tt an (pidan)
— O (Onidan — U1 (0pida, ) —0pidan +Up 1 (Onidan ) + Ty 9. an 00,100, (idan))

As the chain maps Us(X) : Se(X) — Se(X) defined by the barycentric subdivision operator
are chain homotopic to the identity map idg,(x) : Se(X) — Se.(X), applying the barycentric
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subdivision operator to an n-cycle yields an n-cycle in the same homology class. Moreover,
Proposition [1.3.4states that the chain maps U, : S¢ — S, commute with the chain maps S,(f)
Se(X) — S¢(Y) in the sense of a natural transformation. It is clear that analogous statements
hold if one applies the barycentric subdivision operators repeatedly, since the composite of
natural transformations is a natural transformation, the composite of chain maps is a chain
map and chain homotopies are compatible with the composition of chain maps. It is also clear
that such composites again map affine simplexes to affine simplexes.

Remark 4.3.5:

1. The r-fold composites U] = Uy o ...0 Uy : S¢ — S, are natural transformations from
Se : Top — Chpgoa to itself and the associated chain maps U] (X) : Se(X) — Se(X)
are naturally chain homotopic to idg,(x). The chain homotopy Tr(f))( :UN(X) = idg, (x) is
given by the R-module morphisms Tflr))( = (Ui +U + .o+ U +ids, () © Thx.
This follows because one has for all singular n-simplexes o : A™ — X

o—U (o) = (ds,x) + Up + ... + U;‘l)(a —U,(0))
= (ids,(x) + Un + - + Uy ) (0ns1Tox(0) + Ty x(000)) = 0u(T% (0)) + T3, 1 (000).

2. For all 7 € N and any affine n-simplex o : A™ — A7 all n-simplexes in U’ (o) and all

r)

(n + 1)-simplexes in Tfljm

(o) are again affine.

We will now consider a covering of a topological space by open sets U;, ¢ € I and subdivide each
singular n-simplex o : A" — X by applying the barycentric subdivision operator repeatedly
until the image o(A™) is contained in one of the sets U;. To determine the effect of this procedure
on the homologies, we have to consider the submodule of S,,(X) that is generated by the affine
n-simplexes whose image is contained in one of the sets U; and to show that these submodules
form a chain complex.

Definition 4.3.6: Let R be a commutative unital ring, X a topological space, A C X a
subspace and U = {U, };c; an open cover of X.

1. An n-chain 0 = Y 7'% rjo; € S,,(X) is called U-small if for every j € {1,...,m} there is
an i € I with 0;(A") C U;. We denote by S¥(X) C S,(X) the submodule of U-small
n-chains.

2. As 9,(SY4(X)) c SY [(X), U-small n-chains define a chain complex (SY(X),dH).
Elements of Z¥(X) = ker(d¥) C Z,(X) and B¥(X) = Im (8%,,) C B,(X) are called
U-small n-cycles and U-small n-boundaries. The nth U-small homology is the
quotient HY(X) = Z4(X)/BY(X).

3. Analogously, we define the R-module SY(X,A) = SY(X)/SY(A) of U-small relative
n-chains, the submodules Z¥ (X, A) and BY(X, A) of U-small relative n-cycles and

U-small relative n-boundaries and the /-small relative homologies HY (X, A) =
Z/(X, A)/B(X, A).

We can now prove that any singular n-simplex o : A™ — X can be mapped to a U-small
n-chain by applying the barycentric subdivision operator repeatedly. In this, we use that A"
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is compact and apply Lebesgue’s lemma to obtain an € > 0 such that the image of any subset
A C A" of diameter < € is contained in one if the sets U;. It is then sufficient to prove that by
applying the barycentric subdivision operator repeatedly to a standard n-simplex, one obtains
a set of diameter < e.

Lemma 4.3.7: Let U = {U,;}ic; be an open covering of a topological space X and consider
a singular n-simplex ¢ : A™ — X. Then there is an r € N, such that for m > r all simplexes
in U™(c) € S,(X) are contained in one of the sets U;. In particular, U™ (c) € SY(X) for all
m>r.

Proof:
1. We show that for any affine n-simplex o : A" — A", all affine simplexes 7 in U] (o) satisfy
diam(7(A")) < (n%l)r diam(o(A™)).
This follows inductively from the statement for » = 1. To prove the latter, we use induction
over n. For n = 0, the claim holds trivially. Suppose now the claim is proven for » = 1 and
E<n-—1,and let 7 : A" — A" be an affine n-simplex in U, (o). Then there are vertices
p,q € T(A™) with ||p — ¢|| = diam(7(A™)). If p, ¢ are contained in o(JA™), then the induction
hypothesis implies
d(p,q) < 2=tdiam(c(A")) < Lzdiam(o(A")).

n+1
Otherwise, one of the two vertices p, ¢ must be the barycenter of o(A™) = [vy, ..., v,]. If ¢ is the
barycenter of o(A"), then
d(p,q) = Hp - %HE?:OWH = %H 1X70(p — v < n+r1 iollp —vil| < nLHdiam(a(A”)).

2. Consider now a singular n-simplex o : A"™ — X. Then the sets 0~ (U;), i € I form an open
cover of the compact metric space A™. By Lebesgue’s lemma there exists an € > 0 such that
for all p € A", the set U.(p) = {¢ € A™ : ||p — q|| < €} is contained in one of the sets o~ (U;).
If r is sufficiently large, then by 1. diam(7(A™)) < € for all affine simplexes 7 in U] (ida») and
hence 7(A") is contained in one of the sets o~ !(U;). It follows that for all simplexes in 7 in
Ul (o) the image 7(A™) is contained in one of the sets U;, i € 1. O

Lemma m allows us to construct U-small n-simplexes for any covering U = (U;);e; of X
by applying the barycentric subdivision operator repeatedly. Proposition suggests that
applying the barycentric subdivision operator should not change the equivalence class of a
given element = € Z,,(X) in H, (X). This leads one to expect that for all n € N, the R-modules
H,(X) should should be isomorphic to the U-small R-modules H%(X).

Theorem 4.3.8: Let X be a topological space with a subspace A C X and U = {U,}ic; an
open cover of X. Then the inclusion maps j, : SY(X, A) — S.(X, A), 0 — o induce R-module
isomorphisms H,(j,) : HY(X, A) = H,(X, A).

Proof:
1. We prove the claim for A = 0: Let x € ZY(X) a U-small n-cycle with H,(j,)([z],) = [z] = 0.
Then there is an n-chain y € S,,11(X) with = 0,41(y), and for all » € N, one has

10U (y) = Ul 0Bnir(y) = Up(w) = & —Opir 0T % (2) = T2, 4 08,(2) = &= 81 o T x ().
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This implies = 0p4+1(U}, 1 (y) —i—T?E:)LX (z)). By Lemmal4.3.7, we have Uy, (y) € S%.,(X) for r
sufficiently large. Together with Lemma (4.3.7] the definitions of T’ ér))( and T}, x in Remark |4.3.5

and in also imply that Tff))((a:) € SY ,(X) for all z € SY(X). Hence, we have x € BY(X)
and [z]y = 0. This shows that H,(j,) is injective.

Similarly, for any = € Z,(X), we have U’ (x) € SY(X) for r sufficiently large and
Hy(5u)([U(@)]) = [U3(@)] = [2 = O 0 Tk (2) = T, x 0 0u(@)] = [a].

This shows that H,(j.) : H4(X) — H,(X) is surjective.

2. For n € N and a subspace A C X, we obtain a commutative diagram with exact rows

»
m(A) 2 gu ) D gy x o a) 2 g (a) = e (x)

|t e e

Hn(A) n(L) Hn—l(L)

1R

2, (x) 2D (X A) 2 1 (A) 22, (X,

and the 5-Lemma implies that H,(j.) : HY (X, A) — H,(X, A) is an isomorphism. 0

In particular, we can apply Theorem to compute the (relative) homologies of a topological
space obtained by removing an open set U C X with U C A from a pair of topological spaces
(X, A). It turns out that removing such an open set U C X does not affect the homologies,
and we obtain the excision theorem.

Theorem 4.3.9: (Excision theorem)

Let (X, A) be a pair of topological spaces and U C Aa subspace with U C A. Then the inclusion
map iy : (X \U, A\U) — (X, A) induces isomorphisms H,, (ir) : H,(X\U, A\U) = H,(X, A).

Proof:
The sets Uy := A and U, := X \ U form an open covering of X, and by definition we have
_SH(X) _ Su(A) @ Su(X\T) _ Su(X\ D)

S (X, A)

SU(A)  S.(A) @S, (A\T)  Su(A\T)’
CSH(X\U) S (A @S, (X\U) S, (X\D)
- SHANT) S (A) @ S, (A\T)  Sa(A\U)

Theorem then implies H, (X, A) & HY (X, A) 2 HY(X \U,A\U) 2 H,(X \U,A\U). O

SYX\UA\U)

Theorem also provides a very effective method to compute the (relative) homologies for
a pair of topological spaces (X, A) - the Mayer-Vietoris sequence which can be viewed as a
homological counterpart of the theorem of Seifert and van Kampen. The basic idea is to cover
the topological space X by a pair of open subsets Uy, Us such that the homologies of Uy, U; and
U1 N U, are as simple as possible. The Mayer-Vietoris sequence then combines these homologies
in a long exact sequence with the homologies of (X, A) and allows one to compute the latter.
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Theorem 4.3.10: Let (X, A) be a pair of topological spaces, Uy,Uy; C X open subsets
with Uy UUs; = X and A; = U; N A. Denote by ¢; : (U NUy, Ay N As) — (Ui, A;) and
Ji » (Ui, A;) — (X, A) the associated inclusion morphisms in Top(2). Then there is a natural
R-module homomorphism oMV : H, (X, A) — H,_1(U; N Uy, A; N Ay) such that the diagram

Ho (U, Ay @ Hyy(Uy, A" g e 4y 22 g (U0, AUy, Ay N Ay) (34)

. (jm lH G i

H,(X,A)

commutes and an exact and natural sequence, the Mayer-Vietoris sequence

BIVIV

O HL (U N Uy, Ay N Ay) 2D

Hn(U17 Al) ©® Hn(U27 A2>
lHn(ﬁHHn(J'Q)

Hy o (Uy N Uy Ay N Ay) Ho(X, A)

(Hn-1(t1),—Hn—1(t2)) v

Proof:
The sets Uy, Uy form an open covering U = {Uy, Us} of X and the sets A, Ay an open covering
A ={A;, Ao} of A. This yields a sequence of chain complexes

(So(t1),—Se(2)) o (j1)+Se(j2)
T,

0—>S.(U10U2,A10A2) S.(Ul,A )EBS (UQ,AQ) SM(X A) — 0.

As every U-small relative n-chain in (X, A) is a linear combination of relative n-chains in
(Uy, Ay), (Ua, Az), the module morphisms S, (j1) + S, (j2) : Sn(Ur, A1) @S, (Us, Ag) — SY(X, A)
are surjective. The morphisms (S, (¢1), =S, (t2)) = Sp(U1NUs, A1NAy) — S, (U, A1) DS, (Us, As)
are injective and ker(S,(j1) + Sn(j2)) = Im ((S,(¢1), —Sn(t2))). This shows that the sequence
is exact. From Theorem we obtain a long exact sequence of homologies

O HA(UL N Uy, A 0 Ay) T g A @ H (Us, Ag)
lHn(h)-ﬁ-Hn(h)
-~ Z
(Hp—1(t1),—Hpn—1(12)) Hn—l(Ul n U2’ Al A A2) 5n Hn (X7 A)

Theorem [4.3.] implies that H,,( j.) HY(X,A) — H,(X, A) is an isomorphism. The R-module
morphism OMV = 9, o H,(j,)7" : HY(X,A) — H,_(U, N Uy, A; N Ay) makes the diagram
(34) commute and has the same naturahty properties as the connection homomorphism (see
Lemma , Corollary and Corollary . The claim follows by inserting diagram
into the long exact sequence of homologies. O

Corollary 4.3.11: Let X be a topological space Uy, Us C X open and path-connected with
X = UUU; and U; NU, path-connected. Then Hy(Uy) = Ho(Us) = Ho(U1NUs) = Ho(X) = R,
and the Mayer-Vietoris sequence for (X, () and U = {U;, Us} is the long exact sequence

81\4V ) Hl (L2

L m (U Ny YR YHyw) @ =y (Uy) TR x)

8{”‘/
0 H0<X) M H (Ul) D Ho(UQ) (Ho(i);~ Hoka)) Ho(Ul N UQ)
—— ————
=R ’:REBR >R
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As (Hy(t1), —Hp(t2)) is injective, this implies Im (9M") = ker(Hy(t1), —Ho(t2)) = 0 and hence
OMV =0 and H,(j;) + Hi(j2) surjective. We obtain

 H(U)@ Hi(Uz)  Hi(Uy) @ Hi(Uy)
M) = (G0 & () T (Fa(on), (1))

which can be viewed as the abelian version of the Theorem of Seifert and van Kampen.

Example 4.3.12: We compute the singular homologies of the n-Spheres S™ with the Mayer-
Vietoris sequence. As S = {1, —1} is the topological sum of two one-point spaces, we have

0 k>0

0 ~
Hi(S7) = He({1}) © He({-1}) = {R@ R OE—0
To compute the homologies of the spheres S™ with n > 1, we consider for an € € (0, 1) the open
subspaces Uy = {x € S"| F 2,11 < €}. Then we have S" = U, UU_, Uy ~ D" ~ {p} and
U,NU_={z€S"| —e <y <e}=8""'. This implies H,(Uy) =0 for k > 1, Hy(Us) = R
and H, (U NU_) = Hg(S™ ). As S™ is path-connected for n > 1, we have Hy(S™) = R for
n > 1. From Corollary we obtain the Mayer-Vietoris sequence

a]VIV

~
=0

MV

Hy,_o(S™1) — Hk71(5")<—\Hk71(Dn)@Hkq(Dn)/

H1<Sn—1) — ...

ai\/lv — n n
Hy(S™) Hy(S"") —"=  Hy(D") & Ho(D")

~

H,(D") & Hy(D")

=0 =R®R
Yi(ry,re)ry Jrsz

0 Hy(S™)
——

=R

The exactness of the sequence implies that 9V : Hy(S™) — Hj_1(S™') is an isomorphism
for all n > 1, k > 2. Similarly, we find that oMY : H,(S™) — Hy(S™!) is injective, and this
implies H;(S™) = Im (0MY) = ker(¢).

If n > 1, we have Hy(S" 1) = R, and the map ¢ : Hy(S" 1) — Hy(D") @ Hy(D") is given by
¢:R— R®R, r+— (r,—r). As this map is injective, we obtain H;(S™) = 0. If n = 1, we have
Ho(S"™ ') 2 R® R and H,(S') & ker(¢) =2 R® R/Im (¢) = R & R/ker(v)) = R. Hence, we
have for the homologies of te n-spheres S™ with n > 1

Hk,n(SO) =0 k>n

n\ ~v n—1y ~v =~ ! _
Hk(S ): Hk—l(s ): - Hl(Snkarl) =0 0O0<k<n
R 0=k <n.

148



Example 4.3.13:  Let (z, X), (y,Y) be pointed topological spaces with open neighbourhoods
U C X and V C Y such that {z} is a deformation retract of U and {y} a deformation
retract of V. Consider the wedge sum X VY obtained by identifying x € X and y € Y. Then
H,(XVY) 2 H,(X)® H,(Y) for all n € N.

Proof: Choose U; = tx(X) U wy(V), Uy = 1y (Y) U tx(U), where tx : X — X VY and
ty 'Y — X VY are the canonical inclusions. Then U, Uy are open with X VY = U; U Us,
and Uy NUs = 1x(U) Uy (V) is homotopy equivalent to a point. This implies H,,(U; N Us) = 0
for all n € N. As {z} and {y} are deformation retracts of U C X and V' C Y, respectively, we
have Uy ~ X and Uy ~ Y and therefore H,,(U;) = H,(X), H,(Us) = H,(Y) for all n € N,.
The Mayer-Vietoris sequence takes the form

8MV n\ll),—IAn(lL n j n j
" (U N Uy) ) g gy e B (U)o
%/_/ N -~ vl
=0 & H, (X)@Ha (V)
871LVIV
oMV n—1(0J n—1(J n—1{1),—tin—-1{t
(X vY) T o) @ B () T g (0 )
N ~~ 7 N —— —
%/anl(X)@anl(Y) =0

For n € N, this implies that H,,(j1)+H,(j2) : H,(U1)® H,,(Us) = H,(X)®H,(Y) - H,(XVY)
is an isomorphism.
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4.4 Exercises for Chapter

Exercise 1: Let R be a commutative unital ring.
(a) Compute the simplicial homologies H5(S?) over R by making use of the fact that S? is
homeomorphic to the surface of a tetrahedron.

(b) Compute the simplicial homologies H5 (T#9) over R for an oriented surface of genus g > 2
by realising it as a quotient of a 4g-gon and choosing a suitable triangulation.

Exercise 2: Compute the simplicial homologies H2 (S, )r for an oriented surface Sy, :=
T#9\ {By, ..., By} of genus g with n points removed.

Exercise 3: The Klein bottle K is the quotient of the unit square with respect to the
equivalence relation that identifies its boundary as shown below.

pQ - Qp
b 4

a A _________ .y
b |

p' - )

Compute the simplicial homologies H2(K) over R by choosing a suitable triangulation.
Consider the cases:

(a) R is a commutative unital ring of characteristic char(R) = 2
(b) R=Z
(¢) R=F is a field of characteristic char(FF) = 0.

Exercise 4: Let R be a unital commutative ring and X a path-connected graph with V'
vertices and F edges. Show that X has a A-complex structure and that its first homology
group over R is

HAX)=2RF-Y"M =ROR...OR.

(E-V+1)x
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Hint: Prove that X is a tree if and only if £ — V 4+ 1 = 0. Then construct the graph X by
adding edges to a maximal tree in X.

Exercise 5: Consider real projective space RP?. Show that RP? has the structure of a A-
complex and compute its simplicial homologies H2 (RP?) over:

(a) a commutative unital ring R of characteristic char(R) = 2.
(b) R="7Z.
(c) afield R =F of characteristic char(F) = 0.

Hint: Realise RP?as a quotient of the disc D?/ ~.

Exercise 6: (lens spaces) Let p,g € N with p > ¢ > 1 relatively prime. Consider the
polyhedron obtained as the convex hull P, = [t,b, 51, ...,5,] C R? of a convex p-gon and two
points t and b above and below its center r, as shown below.

The lens space L(p,q) is the quotient of P, with respect to the equivalence relation that
identifies for ¢+ € {1,...,m} the face F; of the upper pyramid with the (i + ¢) mod(p)th face
Flitq) mod(p) of the lower pyramid, as indicated below. Choose a A-complex structure and com-
pute the simplicial homologies H2(L(p, q)) over Z.

Exercise 7: Let X be a topological space with n path components and R a commutative
unital ring. Show that the Oth singular homology over R is given by Ho(X) = R® R...® R.
—_—

nx

Exercise 8: Consider the canonical A-complex structure on the standard n-Simplex A" =
[€0, ..., €n]. Determine the associated chain complex S2(A™) explicitly and determine its ho-
mologies H (A™) for 0 < k < n.

Exercise 9: Let X = II;c;X; be a topological space with path-components X; and A C X a
subspace. Prove the following statements

(a) Ho(X,A)=01if and only if AN X; # () for all i € I.
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(b) Hi(X,A) =0 if and only if the map Hy(¢) : Hi(A) — H;(X) is surjective and every path
component of X contains at most one path-component of A.

Exercise 10: Equip the cylinder X = S x [0,1] with the structure of a A-complex such
that the circle A = S x {0} is realised as a subcomplex and compute the relative homologies

HA(X, A).

Exercise 11: Compute the relative homologies H2 (X, A) of the A-complex X = A% and the
subcomplex A = A? C A3,

Exercise 12: Let X be a topological space A, B C X subspaces such that B is a deformation
retract of A. Prove that H, (X, A) = H,(X, B) for all n € Ny.

Exercise 13: We denote by [vg, ..., vg] the affine k-simplex o : A¥ — R" with o(e;) = v; for
j € {0,...,k}. For (s + 1) points v, ...,v; € R" we denote by b(vg, ..., vs) = o7 > 7_ov; the
barycentre. Show that for all £ € N the barycentric subdivision operator is given by

Ui([vo, ..., vx]) = Z sgn(m)[vg, ..., V],

TI'ESIH,l
where [vg, ..., ve|™ = [vF, ..., vF] and v = b(Vr(r), -, Un(iy)-

Exercise 14: Let R be a commutative unital ring. Use the Mayer-Vietoris sequence to prove
the identity H(S™) = Hy,_1(S"!) for all n,k € N.

Hint: Consider for 0 < € < 1 the sets S} = {z € S": Fr,41 < €}.

Exercise 15: Compute for R = Z the homologies of the Klein bottle by covering it with two
overlapping Mobius strips and using the Mayer-Vietoris sequence.

Exercise 16: Let X be a topological space and A C X a retract of X. Show that the short

exact sequence 0 — Se(A) 50, Se(X) Selm, Se(X,A) — 0 splits and therefore one has

H,(X)= H,(A)® H,(X,A) for all n € N,.

Exercise 17: Compute the homologies of the n-punctured sphere 5%\ {py, ..., p,} and of the
n-punctured plane R? \ {qi, .., ¢n }-
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5 Homology theories and their applications

5.1 The axiomatic formulation

Historically, there were many different homology theories such as simplicial homologies, homolo-
gies of A-complexes and singular homologies. In 1945 Samuel Eilenberg and Norman Steenrod
gave an abstract formulation in terms of axioms that unified and related these approaches.
By using the language of categories, functors and natural transformations, they developed a
formulation that was independent of details such as the choice of simplexes under consideration
and showed that the homologies of a topological space can be largely computed from these
axioms.

Definition 5.1.1: Let R be a commutative unital ring. A homology theory with coefficients
in R consists of a family (H,),ez of functors H,, : Top(2) — R-Mod together with a family
(On)nez of natural transformations 8, : HX' — HS™, H, (X, A) — H,_1(A), that satisfies the
Eilenberg-Steenrod axioms:

(H1) homotopy axiom: if f,g : (X,A) — (Y, B) are homotopic, then H,(f) = H,(g) :
H,(X,A) — H,(Y,B) for all n € Z.

(H2) exact sequence axiom: for a pair of topological spaces (X, A) with inclusion morphisms
t: (A 0) = (X, A) and 7: (X,0) — (X, A), the following sequence is exact

H, ()

—= H,(X) (@)

@ g (x, A) 2 |, (A)

Hy,_q(m)
e

2 HL(A) Hy 1 (X)
(H3) excision axiom: for any pair (X, A) and any subset U C A with U C A the inclusion
morphism j : (X \ U, A\ U) — (X, A) induces isomorphisms

Ho(j) : Ho(X \ U, A\ U) = Hy(X, A).

(H4) additivity axiom: If X = IT;c;X; is a decomposition of X into its path-components X,
then H, (X) =, Hu(X).

(H5) dimension axiom: for the one point space H,({p}) = 0 for all n # 0, Ho({p}) = R.

The functors H,, : Top(2) — R-Mod are called homologies and the natural transformations
On: Hy(X,A) — H,_1(A) boundary operators.

Note that the homotopy axiom implies that homotopy equivalent topological spaces have the
same homologies. The dimension axiom is sometimes omitted. In that case, the zeroth homolo-
gies of the one point space play the role of coefficients in the homology theory. To ensure that
the homology theory contains non-trivial information about the topological spaces, one must
require that the homologies of the one-point space should not all be zero.

Clearly, singular homology is a homology theory,. The homotopy axiom is contained in Corol-
lary and Lemma [4.2.4] the dimension axiom in Example [£.1.7, The additivity axiom
corresponds to Example [£.1.8] the exact sequence axiom to Theorem and the excision
axiom to Theorem However, we will now show in an example that the homologies of a
topological space can be computed directly from the axioms, without making use of the concrete
definition of singular homology. For this, we consider the homologies of the n-spheres 5™, the
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n-discs D™ and the relative homologies of the pairs (S™, D") and (D", S"~1). These are not only
important in their own right but will later result in a simple procedure for the computation of
homologies of CW-complexes.

Theorem 5.1.2: Let R be a commutative unital ring. Then for any homology theory and
any n € Ny, the homologies of the n-sphere S™ and the relative homologies of the n-disc D™ are

R m=0,n#0orm=n#0
n\ ~v n n—1 R m=n
H,p(57) =40 m ¢ {0,n} Hy, (D", 5"7) = (35)
0 m#n.
R&ER m=n=0
Proof:
We consider for n € Ny the pairs (5™, S7) where ST = {z € S"|z,41 > 0} and the subspace
U={x eS| xpp >1/2} C SY. Forn > 1, the spaces S and S™\ U are homotopy equivalent
to D™ and hence to a one-point space {p}, the space S7 \ U is homotopy equivalent to Sn-t

For all n € N we have U C Sﬁ, and by the excision axiom (H3) j: (S™\ U, ST\ U) — (5™, S%)
induces an isomorphism Hy(j) : Hi(S" \ U, ST \ U) — H(S",S}) for all k € N.

We consider the exact sequences for the pairs (S",S%) ~ (S, D") with the inclusion and
projection morphisms ¢ : (D", ) — (S™,0) and 7 : (S™,0) — (S™, D") and for the pairs
(S"\ U, S\ U) ~ (D", S* ') with inclusion and projection morphisms ¢’ : (S*~*,0) — (D", 0)
and 7' : (D™, () — (D", S™1). This yields the following commuting diagram with exact rows

=0 =0

T E) — . P ———
o Hoa (572 i sm oy 22 o) 2R g sm) 229 g sm pry — 2 T (D) —
Hy1(0) Hiy1(5) | = Hy (V) Hp (1) Hk(j)|N Hy_1()
H, 7! o) (J i ’
e = Hopa (DM D, (D, 51y 2 (s 1) 22 ooy 2R o sty 2 (51 o
=0 =0

where k£ > 2 and we used the fact that D™ is homotopy equivalent to the one point space,

which implies Hy(D") =0 for all £ > 1 and Hy(D") = R by the homotopy and the dimension
axiom. The exactness of the first row then implies that (a) Hy(m) : Hi(S™) — Hi(S™, D) is an
isomorphism for all k& > 2. The exactness of the second row implies that (b) d;, : H,(D", S" ') —
Hy,_1(S™1) is an isomorphism for all k£ > 2. Hence, we obtain inductively for k > 2

Hl(Snkarl) n > k

Hk_n(SO) =0 n<k. (36)

Hy(S™) = Hy(S™, D) = Hp(D",S" 1) = Hy,_1(S™) = {

It remains to compute the homologies Hy(S™), Hy(D",S"™ 1), H,(S", D") for k < 1. For this, we
consider the last terms on the right of the diagram, which are given by the following comuting
diagram with exact rows

=0 =R

— L s L

—N— -
Hl(Sn) é_Hl(Sn’Dn) LHO(DH) L Ho ()

H()(Sn) e H()(Sn, Dn) —0

1R

Hl(l,/) Hl(L) HO(L) HO(])

H, <j>|~ Ho(/)

= (5" )2 (0 2 gy (D, sy B () YL (D7) 2 (D7, 571 - 0
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By exactness of the first row, H;(m) is injective and Hy(7) surjective. By exactness of the
second row, 0] is injective and Hy(7’) surjective. By the exactness of the second row we have
ker(Hy(¢')) = Im (9]), and because of the commutativity, this implies 010 Hy(j) = Ho(t')o0; = 0.
As Hy(j) is an isomorphism, it follows that 9; = 0. Hence Hy(¢) is injective, Hy () is surjective
and hence an isomorphism. This shows that (¢) H;(S™) = H{(S™, D") = H,(D",S™1).

The exactness of the first row also implies ker(Hy (7)) = Im (Ho(¢)), and with the commutativity
of the diagram 0 = Hy(m) o Hy(¢) = Ho(j) o Ho(7'). As Hy(j) is an isomorphism, it follows that
Ho(m') = 0. As Hy(n') is surjective, this implies (d) Ho(D™, S" ') = Hy(S™, D™) = 0 for all
n € N. From this, it follows that that Hy(¢/) and Hy(¢) are surjective, and hence Hy(¢) is an
isomorphism, which implies (e) Ho(S™) = R for all n € N.

For n = 0 the additivity axiom and the dimension axiom imply H;(S%) =0, Hy(S") = R® R
and Ho(/): R® R — R, (r1,r2) — 11 + 9. With the injectivity of 9], this implies (f)

H,(SY = H\(S', D" = H(D',S°) =2 1Im (8)) = ker(Hy()) = {(r,—7)|r € R} 2 R.

For n > 2, we have Hy(S™"™ ') = R by (e). As Ho(!)) : Ho(S™™') =2 R — R is surjective, it follows
that it is an isomorphism and hence (g) ker(Hy(:)) = Im (9)) = Hy(S") = Hy(S™,D") =
Hy(D", S"1) = 0 for n > 2. Combining the identities (d)-(g) with then proves the claim. O

As in the case of the fundamental group m(S') in Section [3.3] this result on the homologies
of the spheres S™ has many geometrical applications. Some of them are higher-dimensional
analogues of the results in Section and their proofs are quite similar to the ones in in
Section . The only difference is that they make use of the homology groups Hy(S™) instead
of the fundamental group m;(S').

Corollary 5.1.3: For n,m € N, n # m, R" and R™ are not homeomorphic.

Proof:

A homeomorphism f : R"™ — R"” induces a homeomorphism f : R™\ {0} — R™\ {f(0)}. As
R™\ {0} ~ 8" ! and R™\ {f(0)} ~ S™! this yields an isomorphism H(S"™') = H(S™ 1)
for all & € N, but for n # m this is a contradiction to Theorem [5.1.2] O

Corollary 5.1.4: (Brouwer’s fix point theorem)
For n > 1, every continuous map f : D" — D™ has a fix point.

Proof:

For n = 1, the claim follows from the midpoint theorem, since the continuous map g : D! =
[1,-1] - R, z — f(x) — x satisfies g(—1) > 0 and ¢(1) < 0, which implies that there is an
x € [—1,1] with g(x) =0, i. e. a fix point of f. Suppose n > 2 and f: D" — D™ is continuous
without a fix point. Then for all z € D™ there is a unique straight line g, through x and
f(z). By assigning to x € D™ the intersection point of g, with 9D™ = S™~! that is closer to x
than to f(x), we obtain a continuous map ¢ : D" — S" ! with g|gn-1 = idgn-1. This yields a
commutative diagram with a contradiction

H,_1(D") =0
Hn—l(L) Hn—l(g)

H,_1(id)=id

H, (S~ R H,_(S"') =~ R.
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The fact that the homologies of many topological spaces can be computed directly from the
Eilenberg-Steenrod axioms without making use of concrete simplexes A" — X suggests that
different homology theories should give rise to isomorphic homologies, at least for well-behaved
topological spaces. This was one of the central motivations for introducing these axioms, and
we can use them to show that simplicial and singular homology agree.

Theorem 5.1.5: Let XA = (X, {0;}ics) be a A-complex. Then for all n € Ny the inclusion
maps i% 1 S2(X) — S,(X) induce isomorphisms H,(i%) : HA(X) = H,(X).

Proof:
1. We prove that H2(X* X*-1) =~ H, (X* X*1) for all k,n € Ny:

(a) Denote by I, C I the index set for the k-simplexes in Xa. Then the k-skeleta of X are
given by X% = U"_; (Uie,0:(A7)) have an induced A-complex structure (X*,{o;}icru..u,)-
For n > k, the set {o; }icr,u...01, does not contain n-simplexes and S5 (X*) = S2(X*, X*1) = 0.
For n < k all n-simplexes in {0; }ier,u..u1, are also contained in {o;}ier,u..ur,_,, which implies
SAXF) = SA(XF 1) and SA(X*, X*1) = 0. This yields H> (X}, Xj._1) = 0 for n # k. For
n = k, we have

Hi (X%, XM = ker(8;) /Tm (9 ) =2 S (Xi, Xi-1)/0 = S (XF) /SR (X)) = @ier, R
since Oy (0;) € Sp_1(X*71) for all i € I;,. This implies

B (x4, Xy = Send MO
0 n # k.

(b) To compute H, (X* X*~1), we consider the thickened (k—1)-skeleton of U*, that is obtained
by removing all barycentres of k-simplexes

U = XE\ | ou(lw).

i€},

The (k — 1)-skeleton X*~! is a deformation retract of U*. A retraction rj, : U¥ — X*~1 and the
associated homotopy hy, : [0, 1] x U¥ — U* from iys-1 o7y to idys are obtained as follows. Let
r: AR\ {b} — OA* be a retraction and h : [0,1] x A*\ {by} — A*\ {b,} a homotopy from
igar o T t0 idam (1, relative to OA*. Define

T re Xk
o {oi oo (ol )7 @) # € (A ()
et ) = {m ) T e X’“*:
o; o h(t,o(o; Aok) Yx)) x e ai(AF\ {b}).

Then rp, : UF — X*71 is a retraction and hy : [0,1] x U* — U* a homotopy from i1 o7y to
idy, relative to X*~1. This implies H,(X*, X*=1) & H,(X* ,U*) (see Exercise [12] Section [4.4).
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(c) By the excision axiom the inclusion (X*\ X*~1 U*\ X* 1) — (X* U*) induces an iso-
morphism H, (X*\ X*1 UF\ X* 1) = H,(X* U*). As excising the (k — 1)-skeleton yields
a topological sum (X*\ X*k=1 UF\ Xk-1) = Higk(ai(ﬁk), cri(&k \ b)), the add1t1v1ty axiom
implies H,(X*\ X*1 U*\ X*~1) @ielan(ai(ﬁk), ai(&k \ b)). As o; K AR O'Z(Ak) is a
homeomorphism for all i € I, we have

(0:(AF), 0 (AR \ b)) = (AF, A\ {b}) = (DBy, Dy \ {0}) = (D*, S¥1) Vi € I,

and by combining these results, we obtain
b oyke1y 9 k 77k B\ ywhe1 ik ko1 O Rk Rk
H, (X" X" ") = H, (X", U) H, (XP\ X" U\ X)) = @ier, Ho(0:(AY), 05 (A% \ b))
_ @ie[ R n = k
& @ep Hy(DF, SF1) = F
en =30 n+# k.

2. We prove that H, (X*) = H2(X*) by induction over n, k € N. Clearly, H5*(X*) = Hy(X*) for
all k € N. Suppose we have H,,(X*) = H2(X¥) for all k € Nand m < n—1. As X is discrete,
we have H,(X%) = H2(X°) . Suppose now that H,(X') = H2(X") for all 0 <1 < k —1. Then
we obtain the following commuting diagram with exact rows

(X, x k1) 2 ok ty O gy D pa e ey O ga (et

T T

Hyor (XF, B0y 250 g (xkty O g xewy M) ) H, (XF, XE1) 2 g, (XY

A
Hn+1

The R-module morphisms on the first and fourth vertical arrow are isomorphisms by 1., the
ones on the second and fifth vertical arrow are isomorphisms by induction hypothesis. The
5-lemma then implies that H,(i%) : H2(X) — H,(X) is an isomorphism. O

5.2 The mapping degree

Another important application of the (relative) homologies of spheres is the notion of mapping
degree, which generalises the mapping degree of a function f : S' — S! from Section to
higher dimensions. For this, one considers the homologies S™ and of the pairs (D", S"!) with
coefficients in R = Z. By Theorem [5.1.2] one has H,(S") & H,(D",S"!) & Z, and any
morphism f : (D", S"1) — (D", S™ Y or f : (S",0) — (S",0) in Top(2) induces a group
homomorphism H,(f) : Z — Z. As every group homomorphism ¢ : Z — Z is of the form
¢ : z — mz with m = ¢(1) € Z, we obtain a generalisation of the mapping degree to the
n-spheres.

Definition 5.2.1: Consider the ring R = Z. Then a morphism f : (D", S""!) — (D", S"1)
or f: (8™ 0) — (S, 0) in Top(2) induces a group homomorphism H,(f) : Z — Z, z + mz for
an m € Z. The number m = H,(f)(1) = deg(f) € Z is called the mapping degree of f.

Remark 5.2.2:
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1. As the homologies define a functor H,, : Top(2) — Z, one has deg(idg») = deg(idp») = 1
and deg(g o f) = deg(g) - deg(f)-

2. The degree deg(f) depends only on the homotopy clas{] of f. In particular, if f is a
homotopy equivalence, then deg(f) € {£1}.

3. The naturality of the connecting homomorphism for the pair (D", S"') implies that
for all morphisms f : (D", S™ ') — (D", S"!) one has deg(f) = deg(f|sn—1) since the
following diagram commutes

Hn(Dn, Snfl) L n—l(Snil)

lHn(f) anl(flsnl)
H, (D", S7 1) -2 F,_((SPL).

4. If f: 8™ — S™ is constant, then deg(f) = 0 since f = fy o f; with f; : S™ — {p},
fa: {p} = S™ and H({p}) =0 for all k£ € N. This implies Hx(f) = Hi(f2) o Hp(f1) =0
for all k£ € N.

5. It follows from the Huréwicz isomorphism (Theorem [4.1.17)) that for n = 1 the mapping
degree from Definition [5.2.1] agrees with the one from Definition [3.3.2]

Note that the first, second and fourth claim in Remark are direct generalisations of Lemma
for the mapping degree of a map f : S* — S! and reduce to them for n = 1. However the
mapping degree of maps f, g : S — S! also satisfies the identity deg(f - g) = deg(f) + deg(g)
(see Lemma m 2.), and it is natural to ask if this also has a higher-dimensional counterpart.

While the pointwise product f - ¢ of continuous maps f, g : S* — S! has no analogue in higher
dimensions, we can nevertheless generalise this identity to continuous maps f : S™ — S™.
For this, recall that the pointwise product f - ¢ of continuous maps f,g : S* — S! and the
concatenation of the associated paths closed paths in S! induce the same group homomorphism
71(S) — 71(S1). The latter has an analogue for S™ which is obtained from a decomposition of
S™ into half-spheres S = {x € S" : £x,41 > 0}.

As 87 /S &~ S™ and S"/S" & 8™V S™, the associated canonical surjections induce contin-
uous maps ¢q4 : ST — S™, a continuous map P : S™ — S™ V S§", the pinch map such that the
following diagram commutes

Sn T . gn (37)

| [

Sn L gny gn

where jy : ST — S™ are the canonical inclusions and ¢y : 8™ — S™ V S™ the inclusion into the
first and second component in S™ V S™.

‘Hopf’s theorem states that the converse of this statement is also true. If f, f’ : S® — 8™ are two
continuous maps of the same degree, then f and f’ are homotopic.
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The pinch map P : S" — S™ Vv S"

If we identify (0, —1) = —e, 1 on the first copy of S™ with (0, —1) = —e,, 41 on the second copy,
then the pinch map P :S™ — S™V S™ is given by

P(zsin ¢, cos ¢) = {

Ly (xsin(2¢),cos(20)) ¢ € [0,7) e
t_(zsin(2¢), cos(2¢)) ¢ € [Z,m Ve e S

The pinch map P : 5" — S"V S™ in coordinates

For a pair of morphisms fi : (S™, {—en11}) — (X, {z}) in Top(2), the universal property of the
wedge sum yields a continuous map f,V f_ : S"VS" — X with (f,Vf_)orr = f1 : S" — X. By
composing it with the pinch map, we obtain a continuous map f,+f_ := (fyVf_)oP : 8" — X

f+(zsin(29),cos(2¢)) ¢ €[0,3)

(f+ + f-)(zsing,cosp) = {f_(:r sin(2¢),cos(2¢)) ¢ €[5, 7).

The map fi+ f_ : S™ — S™ can be viewed as a higher-dimensional analogue of the composition
of paths in S'. Moreover, it has the same properties with respect to homology, as it adds the
mapping degrees of f, and f_.

Lemma 5.2.3: For morphisms f, f- : (S",{—€n11}) — (X, ) in Top(2) and all n, k > 1, the
continuous map fi+ f_ : S™ — X satisfies Hi(f++f-) = Hi(f+)+Hi(f-) : H(S™") — Hp(X).

Proof:
By Example 4.3.13, the canonical inclusions ¢4 : S™ — S" V S™ that map S™ to the first and
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second component induce an isomorphism Hy (¢4 )+ Hg(e—) : Hp(S™) ® Hp(S™) — Hi(S™V S™).
By combining it with diagram (37]), we obtain the diagram

H(S™)

Hk(P)l ij)

(Hy(id), Hk (id)) H(S™ v S") HlF v ) Hi(X)

Hk<b+>+Hk<L—>T% %Hw—)

Hy(S™) @ H(S™)

in which the two triangles on the right commute. It is therefore sufficient to show that the
triangle on the left commutes. This follows from the fact that the pinch map P : S™ — S"V .S"
is homotopic to the canonical inclusions ¢4 : S™ — S™ V S™. In the parametrisation above, a
homotopy from ¢, : S — S"V §" to P: S" — S™V S™ is given by

L (zsin(¢ +t¢), cos(¢ +td)) ¢ € [0, )
L (zsin(¢ +tg),cos(d +1¢)) ¢ € [{, 7.

O

h:[0,1] x S™ — S™V .S"  h(t,zsin¢,cosp) = {

S
£
(1 A

homotopy from the the inclusion map ¢, : 5" — S" V S™ to the pinch map
pP.S"— S*v .St

= ™

o Y oGP

& a8t
DN ] DN
a8

We can now use the mapping degree of continuous maps f : S™ — S™ to derive the higher-
dimensional counterparts of the geometrical statements in Section [3.3] which made use of the
reflection and the antipodal map of the circle. For this, we consider the reflections s : S™ — S™,
x — = — 2(x,v)v on a hyperplane through the origin with normal vector v € S™ and the
antipodal map a : S™ — S™, x — —x. The first step is to compute their degrees.

Lemma 5.2.4: For n > 1, the reflection s : S — S™ on a hyperplane through the origin in
R"™™! has deg(s) = —1, and the antipodal map a : S™ — S™ has deg(a) = (—1)"*.
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Proof:

The second claim follows from the first, since the antipodal map is obtained by composing
(n + 1) reflections. To prove the first, we can restrict attention to the reflection s : S — S™
on the hyperplane orthogonal to ey, since every other hyperplane can be obtained from this by
applying a rotation in SO(n + 1), which is a homeomorphism. In the parametrisation above,
the map idgn + s : S™ — S™ is given by

(71 5in(2¢), x; sin(2¢),cos(2¢)) ¢ €10, 7)
(—x18in(2¢), v sin(2¢) cos(2¢)) ¢ € [§, 7,

where (z1,7,) € S" ! and ¢ € [0,7]. It is homotopic to the constant map f : S™ — S™
x +— (0,0, 1) via the homotopy h : [0,1] x S™ — S™

(idgn + s)(x1 sin ¢,z sin(¢), cos ¢p) = {

(151n(26), 2.1 5in(2), cos(29)) 6 € [0, 71)
h(t,z1sin ¢,z sin g, cos @) = ¢ (a(t, ¢, xq)xy sin(wt), B(t, §)xy sin(nt), — cos(nt)) ¢ € [W( -0 : ”(12“))
(—x1 sin(29), z 1 sin(2¢), cos(2¢)) Q€ [ﬂu;t 7]
with a(tgay) = YO Z T 2WPAZT) gy ) T2
t’$1| t
This implies 0 = deg(f) = deg(s + idgn) = deg(s) + deg(ids») = 1 + deg(s). O

By making use of this lemma, we can prove a well-known statement that is known under
the name of combing a hedgehog. It states that combing a hedgehog always leads to the
appearance of a bald spot. The hedgehog is modelled by a sphere S? and its quills correspond
to a (continuous) vector field on S?. The bald spot represents a zero of the vector field, and
the claim is that every continuous vector field on S? has a zero. More generally, one considers
vector fields on S C R"*! for n > 1, i. e. continuous maps v : ™ — R"* with (v(z),z) =0
for all z € S™, where (, ) denotes the euclidean scalar product on R"**.

Corollary 5.2.5: For n > 1, S™ admits a vector field without zeros if and only if n is odd.

Proof:
For n odd, a vector field without zeros on S™ is given by

v:S"— Rn+1, 'U(.Tl, ...,$n+1) = (—SCQ, L1, L4, X3y eeeey — L1, I'n)
Conversely, if v : S™ — R"*! is a vector field with v(z) # 0 for all x € S™, then

v(x)
o)l

|
is a homotopy from idg» to the antipodal map, which implies H,(id) = H,(a) = (—1)"™ = —1
and hence n odd. O

h:[0,1] x S™ — S™,  h(z,t) = x cos(nt) + sin(7rt).

By a similar argument, namely the construction of homotopies from a given map f: S" — S"
to the identity map or the antipodal map via convex combinations, we can draw conclusions
about the degree of maps without fix points or antipodal points.
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Corollary 5.2.6:
1. If f:S™ — S™ is a continuous map without a fix point, then deg(f) = (—1)""!.

2. If f: 8™ — S™is a continuous map without an antipodal point, then deg(f) = 1.

3. If n is even, every continuous map f : S™ — S™ has a fix point or an antipodal point.

Proof:
If f:5™— S™ has no fix point (antipodal point), then A : [0,1] x S™ — S™

(1=0)f(z) oyt
(1 =) f (@) tel]
is a homotopy from f to the antipodal map a : S™ — S™ (the identity map idg» : S™ — S™),

and deg(f) = deg(a) = (=1)""! (deg(f) = deg(ids») = 1). If f has neither fix nor antipodal
points, then deg(f) = deg(a) = (—1)""' = deg(idgn») = 1 and hence n odd. O

h(t,x) =

5.3 Homologies of CW-complexes

In this section, we develop a procedure to compute the homologies of CW-complexes. This is
important because it is often much simpler than a computation of homologies via A-complexes
or the homology axioms. As every topological manifold is homotopy equivalent to a CW-complex
and every topological space is weakly homotopy equivalent to a CW-complex, this procedure
is quite general and can be applied to many examples. On the other hand, it is conceptually
important because it shows that homology theories do not need to be based on simplexes and
can be just as well be formulated in terms of spheres and discs.

The central observation is that for a CW-complex (X, U,>0X™) the characteristic maps of the
n-cells relate the relative homologies Hy(X™, X" 1) to the relative homologies Hy(D", S"1). If
fi 8"t — X"~ for j € J, are the attaching maps for the n-cells, then X™ is obtained from
X1 by attaching the topological sum I;c;, D™ to X" ! with ey, f; : ey, D™ — X1 The
characteristic maps ¢ : Ijc;, D" — X™ and ¢; = to¢; : D™ — X" then induce an isomorphism
H, (1) : ®jeq, H(D™, S™ 1) — H;(X™, X" 1). As the homologies H;(D™, S"!) were determined
in Theorem m this reduces the computation of the relative homologies Hy(X™, X" ') to the
question how many n-cells are attached to X"~! to obtain X™.

Lemma 5.3.1: Let R be a unital ring and (X, U,>0X") a CW-complex. Then

R =
H(X™, XY = @, Hy(D", 5 1) = { Tentt P2 g e Ny e N
0 1 F# n.
Proof: ‘
The idea is to consider the punctured n-skeleta X" = X"\ {¢;(0) : j € J,} and to prove

[a¥)

that H;(X™, X™) = H;(X™, X" 1) by constructing a homotopy equivalence. From the excision
axiom, we obtain H;(X™, X"~ D 2 Hy(X™\ X1, X"\ X" 1). We then use the fact that

X\ X" 2 ey, LJ(D )and X"\ X" ~ T, LJ(D \ {0}) to show that the latter are given
by HZ(Xn\Xn 1 Xn\Xn 1) EB]EJn (Dn Sn 1)

1. Recall that S"~! is a deformation retract of the punctured disc D" = D"\ {0}. The inclusion
D™ — S"! induces a homotopy equivalence ¢;(S"') — +;(D") for all j € J,, and a homotopy
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equivalence X" ' — X™. This shows that H;(X™) = H;(X" ') for all i € Ny. By applying the
5-Lemma to the long exact homology sequences for the pairs (X", X"~ !) and (X", X™)

Hy(xn )L g oo g oen, xny 2 g xS g (x|

= idl )| | | idl

Hi(X™) H;(X™) Hy(X", X") —— H;_1(X") —— H;_1(X")

—_— —_—
H;(7,) H;(77,) ; H;_1(3,)

we obtain H,;(X", X" 1) = H,(X" X™).

2. The excision axiom implies H;(X", X") = H;(X"\ X" ', X"\ X" 1) for all i € Ny. As
XM\X" = ey, 15 (D"), XP\X" = ey, (D™\{0}) and ¢; 5 : D™ — X" are embeddings,
we obtain a homotopy equivalence (X™\ X", X"\ X" 1) = (ILey, D", 15, D™) and hence
Hy( X", X" 1) ~ H;(I;e;, D™ Wjc;, D").

3. We abbreviate Y := ILc;, D*, Y" := ILic;, D" and Y ! := IL;c;, S" . To show that
Hy (Y™, Y™) 2 H;(Y™, Y1), note that by the universal property of topological sums the inclu-
sion S"~! — D" induces a homotopy equivalence Y~' — Y™, This implies H;(Y"~) = H;(Y™).
To pass to the relative homologies, we consider the long exact homology sequences for the pairs
(Y™, Y™ 1) and (Y™, Y"). This yields a commutative diagram with exact rows

Hi(ynfl)m Hz(yn)Hﬂ H; (Y™ Y1) O i_l(ynflgl"‘l_(”;)]{i_l(}/”) ,

N R

Hi(zn)

where ¢, @ (Y™ L0) — (Y™0), 7, : (Y™ 0) — (Y™ Y™, @, : (Y"0) — (Y0,
Tn o (Y™ ) — (Y™, Y") the canonical morphisms for the pairs (Y”, Y1), (Y,Y™) and
gn o (Y™, Y™ 1) = (Y™, Y™) the inclusion morphisms in Top(2). The 5-Lemma then implies
that H;(j,) : Hy(Y"™, Y™ ') — H;(Y™ Y") is an isomorphism, and with the additivity axiom
we obtain Hy(X™, X" 1) = H;(Y", Y™ ') = Hy (Y™, Y"™) = @®c;, Hy(D", 5" 1). With Theorem
it follows that H, (X", X" 1) 2 ®,c; R and H;(X", X"1) =0 for i # n. O

To compute the homologies of CW-complexes, we will now organise the relative homologies
H,(X™ X" 1) into a chain complex, the cellular compler. This is motivated by the fact that
the relative homologies Hy(X™ X" 1) are trivial for k # n and hence all information is con-
tained in the relative homologies H, (X™, X"~ 1). To define a boundary operator between these
homologies, consider the connection homomorphisms 95" : H, (X", X"1) = H,_1(X"!) and
the module morphisms on the homologies induced by the morphisms m,, : (X", 0) — (X", X"1),
Ly o (X1 0) — (X™,0) in Top(2). By composing them appropriately, we obtain natural module
morphisms H, (X", X" 1) — H, (X', X"7?) which organise the homologies H, (X", X" 1)
into a chain complex.

Lemma 5.3.2: Let R be a unital ring and (X, U,>0X™) a CW-complex. Then the R-modules

and R-module morphisms
Co(X) = Hy(X™, XY dy = Hy_y(mn_1) 0™ - C(X) = Cror (X)),

n

form a chain complex, the cellular complex Co(X).
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Proof:
By combining the long exact sequences of homologies for all pairs (X", X"!), we obtain the
commutative diagram with exact rows

LT;Q) Hpt1(tn+2)
S Hyq (X —
-
\Cinf* lHnH(WnH) )
e gy (X0, Xy =2 g () ) g gy )
fmﬁ”l - e LHnorn)
aten) g eny ) e ety O ey Hcala)
aﬁ;”L T leml) 1
T g ey ey B e o
affn”l o
e Haa (X2

As all rows in the diagram are exact, we have 87(;1:11) oH, 1(m,—1) =0 and

dn—l © dn = Hn—2(7rn—1) © 37(31_11) © n—l(ﬂ—n—l) © a(n) =0 Vn € N.

n

The aim is now to relate the homologies of the cellular complex Co(X) to the homologies of
the underlying topological space X. This requires a computation of the relative homologies
H,(X,X") and the homologies H, (X*) for the k-skeleta of the CW-complex. As both, n-
simplexes and n-cells are n-dimensional structures, it is natural to expect that the information
about n-simplexes in X is mostly contained in the n-skeleton X™. This leads one to expect
that the homologies H,(X*) should be trivial for k < n, since X* does not contain any n-
cells. Similarly, the relative homologies H, (X, X*) should vanish for k > n, since S, (X, X*) =
S,(X)/S,(X*) and all relevant information about n-simplexes is already contained in X*. By
the same line of reasoning, one expects H,(X) = H,(X*) and H,(X,X9) = H,(X*, X9) for
k > n, since the k-cells with £ > n should not contain any additional information about
n-simplexes in X. This is made precise in the following lemma.

Lemma 5.3.3: Let R be a unital ring and (X, U,>0X") a CW-complex. Then:

H,(XP, X)) =0 for all n,p,q € Ny withp>g>norqg<p<n,

H,(X?) =0 for all n > p,

H,(X,X?) =0 for all ¢ > n,

For 7 > n the inclusion i : X" — X induces an isomorphism H, (i) : H,(X") = H,(X),

For r > n and r > ¢ the morphism ¢ : (X", X9) — (X, X?) in Top(2) induces an
isomorphism H,(¢) : H,(X", X9) = H,(X, X9).

A
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Proof:

1. Induction over p — ¢: For p — ¢ = 0 it is obvious. Now assume it holds for p —q < k. Then for
p—q=k+1, the morphisms ¢ : (X9 X9) — (X? X9, 7 : (XP, X9) — (XP, X7™) in Top(2)
induce a short exact sequence of chain complexes

S S ()
— —

0 — Se(Xt X1) So(XP, X7) S (XP, XY — 0

and an associated long exact sequence of homologies

B3 (m)

o 0B g (xent xay Y g xoy O g ew ety PR

From the latter, we conclude that H,(X?, X9™) = ker(H, (7)) = Im (H,()) = 0.

2. This follows from the exact sequence 0 = H,,(X?) RLION H,(XP) Hntm, H,(X?, X% = 0.

3. As the characteristic maps ¢; : D" — X, j € J,, of the n-cells are embeddings when restricted

to D" and every point in X is contained in an image Lj(lo?”) the sets leo)" form an open covering
of X and hence of the image o(A™) for every n-simplex o : A™ — X. As X(A") is compact,
there is a finite sub-covering and hence o(A™) intersects only the interiors of finitely many cells
in X. It follows that there is a k = k() € Ny with o(A") C X*. As elements of S,,(X) are finite
linear combinations of n-simplexes, it follows that every element of S, (X, X?) is contained in
Sn(XP, X?) for some p > ¢ > n. It follows that every element of H, (X, X9) is contained in
H,(X?, X1) for or some p > g > n, and since by 1. H,(X?, X9) =0 for all p > ¢ > n, we have
H,(X, X7 =0.

4. This follows from 3. and the long exact sequence for the pair (X, X")

Hn(m)

e 02 o XT) 2 mxy Y oo T g xR

5. The morphisms ¢ : (X", X?) — (X, X9), 7 : (X, X?) — (X, X") in Top(2) induce a short
exact sequence of chain complexes

s 583 ()
— —

0 — So(X", X9) Su(X, X Sn(X, X7) = 0,

and an associated long exact sequence of homologies

(m)

s 02 H (X 2 e, xy Y g o xe) T g o xny 2o

which implies that H,(¢) : H,(X", X?) — H,(X, X9) is an isomorphism. O

With this lemma, it is simple to show that the homologies of the cellular complex agree with the
homologies of the underlying topological space X. This implies in particular that the homologies
of the cellular complex cannot depend on the choice of the CW-structure on X.

Theorem 5.3.4: Let R be a unital ring and (X, U,>0X") a CW-complex. Then the homolo-
gies of X and the homologies of C4(X) agree: H,(Co(X)) = H,(X) for all Vn € Ny.
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Proof:
Consider the following commutative diagram with exact rows and columns

o (X741, X7 Ha (X2 B2 0
o \ Hy 1 (i 1)

0B g, (xn) p () oo x) p (en)
Hoins1) \ o1 (1)
H, (X" Hyy (X771, X772
Ho(mai)

H, (X1, xm) BB

Then H,(m,-1) and H,(7,) are injective and H,(¢,1) is surjective. Together with the exactness
of the first column this implies H, (X"™) = H,(X™)/ker(t,41) = H,(X™)/Im (87(3:1)), and the
exactness of the row yields ker(&(@n)) = Im (H,(m,)). By combining these results, we obtain

EZ34.

ker(d,)  ker(dY") _ Im (H,(r,) . H.(X") Hy (X" 52 H,(X),

1%

IO = 1) T T (o) 0 (Gar) T (000)

n+1
O

Corollary 5.3.5:

L If (X, Up>0X™) is a CW-complex without n-cells, then H,(X) = 0.

2. In particular, if (X,U,>0X") is a CW-complex of cellular dimension k, then H,(X) =0
for all k& > n.

This theorem gives a simple way to compute the homologies of a topological space X that has
the structure of a CW-complex. The first step is to determine the associated cellular complex
Co(X). From Theorem we know that each R-module C,(X) = H,(X", X" 1) is of the
form C,(X) = R®YI where |.J,| is the number of n-cells attached to X"~ ' to form X". In
many cases, in particular for CW-complexes that have k-cells only in few dimensions, this
information is sufficient to determine the homologies. In other cases, one has to explicitly
compute the boundary operators d,, : C,(X) — C,,—1(X), but this task can often be reduced
to computations involving spheres and discs. This is illustrated by the following examples.

Example 5.3.6: Consider for n > 1 the n-sphere with the CW-complex structure from

Example[1.3.11] 3.
X0=X'=. . =X"1={1}, X"=5"

where X™ is obtained from X! by attaching an n-cell with the attaching map f : S"~! — {1}.
By definition of the cellular complex and Lemma we have Cy(S™) = Hy (X%, X*k1) = {0}
for k # n,0, Cy(S™) = Ho(X°) = R and C,(S") = H,(S",{1}) & H,(D",S" 1) = R. The

166



cellular complex and the homologies are given by
0 HL(S" {1 =R 0-50... 0% Hy({1}) =R —0,

H,(S") 2 H,(Cu(S™)) = {OR ji{{% Z}} .

Example 5.3.7: Consider complex projective space CP" with the CW-complex structure

from Example|1.3.11] 6.
X'=X'={1}, X*=Xx*=cCP',..., X"?=Xx""'=CP"', X =CP"

where X% is obtained from X?~! by attaching a 2k-cell with the map f, : S?*~! — CP*F1,
[(z1, .oy o) > (21 + img, ..., Top_1 + imgy)]. This implies Cop,(CP™) = Hyy (X2, X271
Hop(D?* S%71) =2 R and Cp(CP") = Hp(X* X* 1) =0for k > 2nor 0 < k < 2n, k
odd. The cellular complex and the homologies are given by

0 Z2 0y, (CP™) = R 22 0 20l 0y o(CPY) 2 R 2220 ... 5 0% Oy(CP") 2 R — 0,

ny ~v n ker(d,; R 7€{0,2,4,...,2n
H(CP) & H(CL(CP") = i) = {O et J
j .

Example 5.3.8: We compute the homologies of RP" = S"/ ~ for R = Z. For this, equip
RP"™ with the the CW-complex structure from Example (1.3.11], 5.

X'={1}, X'=RP! X?=RP?..., X"=RP"

where X7* is obtained by attaching a k-cell to X*~! with the canonical surjection fj,_; : S*~! —
RP*~1. Then we have Cy(RP") = H,(X* X*1) = H,(D* S* 1) 2 Z for all 0 < k < n and
Cr(RP™) = 0 for k > n. The cellular complex takes the form

dn—l
—_— ..

0— C,(RP") 27 & ¢, |(RP?) 2 7 2 CLRP™) 2 Z L Cy(RP™) 2 Z — 0.

To compute the homologies, we determine the boundary operators d,, : Z — Z, which are given
by multiplication with an integer. For this, note that the quotient RP* /RP*~! is homeomorphic
to S* and the quotient S*/S*~! is homeomorphic to S*V S*. We obtain a commutative diagram

Sk Tk gk gk

B TN

RP* —> S* = RP*/RP+,
T

where S¥ = {z € S*! : 41}, > 0} are the upper- and lower half-sphere, P, : S* — S* v S* is
the pinch map and a : S* — S* the antipodal map. By Lemma [5.2.3 7} o f; = id + a satisfies
H;(m, o fr) = H;(id) + H;(a) for all j € N. Inserting these identities into the definition of the
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cellular complex yields the commuting diagram

Hy(RP*, RPF1) Gda)  Hy(S*, SF1)
>~ Hp(SF) = 7Z ~ H(SFVv S >2Z e Z
o l id a® l (ida)

Hk_l(RPk_l) Hy—1(fx—1) Hk_l<sk—1) ~7

deg(id+a
Hkl(ﬂ-;c—l)t V lHk_l(Pk—l)

Hy_1 (RP*=1 RPF-2) Hy 1 (S*1,5%72)
> Hp o (SFY)Y2Z  Gde) X H (SPVSFYXZeZ

This shows that the boundary operator dy : Z — Z acts by multiplication with the degree

deg(m,_, o fy_1) = deg(id + a) = 1 + deg(a) = 1 + (—1)*. The cellular complex is given by
...%OMZingZi...iZgZ—)O n even
o072 %722%72% 2325250 nodd

and the homologies by

ZJ27 kodd, 0<k<n
Hy(RP") = H(Co(RP")) = ————— =< Z k=noddor k=0

0 else.

These examples show that cellular homology is a very efficient way of computing the homologies
of CW-complexes. Moreover, it allows one to compute two important topological invariants,
namely the Betti numbers and the Fuler-Poincaré characteristic. For this, one restricts attention
to finite CW-complexes and to fields R = F. In this case, the R-modules C,(X) are finite-
dimensional vector spaces over F and the boundary operators d,, : C,(X) — C,—1(X) F-linear
maps. This implies that the homologies H, (Co(X)) = H,(X) = ker(d,)/Im (d,+1) can be be
characterised by their dimensiong?]

Definition 5.3.9: Let R =T be a field and (X, U?_,X*) a finite CW-complex. Then

e bi(X) =dimp Hi(X) € Ny is called the kth Betti-number of X.

e \(X) = X2 ,(—1)"dimp C;(X) € Z is called the Euler number or Euler-Poincaré
characteristic of X.

It is clear that the Betti numbers are topological invariants, i. e. constant on the homeomorphism
classes of topological spaces, and do not depend choice of the CW-structure, since this holds
already for the homologies. For the Euler-Poincaré characteristic the latter is not immediately
apparent, but it follows from the fact that it can be computed from the Betti numbers.

®Note that this does not make sense for modules over a general (commutative unital) ring R since modules
over R do not need to be free and in that case there is no sensible notion of dimension.
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Lemma 5.3.10: Let R = F be a field and (X,U;_,X*) a finite CW-complex. Then the
Euler-Poincaré characteristic is given in terms of the Betti numbers by

X(X) = BiLo(=1)"hi(X).

Proof:
As X = UP_ X" is finite, the cellular complex takes the form

dn—l

Co(X) = 0= Co(X) & 01 (X) 25 02 00(X) S Co(X) = 0

where Cy(X) = H;,(X*, X*71) is a finite-dimensional vector space over F. This implies

X(X) =X, (-1
=XiL(—1
=Xi(—1

zlel[F‘ ker(dz) — Zfzo(—l)’lm (dz—l—l) = Z?:()(—l)l dlmp(ker(dz)/lm (dz+1>>
tdimp Hi(Co(X)) = X (—1)  dimg Hy(X) = 2 o(—1)"b(X)

Example 5.3.11:
1. For X = 5™, n > 1, with the CW-complex structure from Example [I.3.11], 3., the Betti
numbers over F are given by by(S™) = 1, b,(S™) = 1 and b;(S™) = 0 for all j # 0,n. The
Euler-Poincaré characteristic is given by

2 neven
S™) =
x(5) {0 n odd.

2. For X = CP" with the CW-complex structure from Example [1.3.11] 6., we obtain from
Example [5.3.11}
1 57€{0,2,4,...2
b;(CP™) — j €10, n}
0 else,
and the Euler-Poincaré characteristic is given by x(CP") =n + 1.

3. For X = RP"™ with the CW-complex structure from Example|1.3.11] 5., we have Ci(X) =
Hy(X*, X1 2T for all k € {0,...,n}. This implies

1 neven
RP™) =
X( ) {O n odd.

The Betti numbers b (RP™) depend on the choice of the field F.

4. If (X, {o:}ier) is a finite A-complex and X hausdorff, then X has the structure of a CW-
complex, where the k-simplexes in X are the characteristic maps of the k-cells and the
skeleta agree. Denoting by I, C I the index-set for the k-simplexes o; : A¥ — X, we
obtain dimg Cy(X) = || and x(X) = X/_o(=1)/|I;|. If (X, {oi}icr) consists only of 2-,
1- and 0-simplexes, this reduces to Euler’s polyhedron formula

X(X) = V(X) - E(X) + F(X),

where V(X), E(X) and F(X) are, respectively, the number of vertices (0-simplexes),
edges (1-simplexes) and faces (2-simplexes) in X.
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5.4 Homology with coefficients

In this section, we will clarify how the homologies of a topological space X depend on the
choice of the underlying ring R. On the one hand, most aspects of homology theories can
be formulated quite generally, for modules over unital rings. On the other hand, the concrete
results obtained when computing the homologies of a topological space X depend on the choice
of the ring - see for instance the homologies of RP? in Example [4.1.13] This raises the question
if the homologies with respect to some rings contain more information about the topological
spaces than the homologies with respect to others, and if there is a unital ring for which the
homologies contain a maximum amount of information.

It seems plausible that if this is the case, this distinguished unital ring should be the ring Z,
since Z is an initial object in URing. As every unital ring R is an abelian group, i. e. a Z-module,
it should be possible to relate the homologies of a topological space with respect to the ring R
to its homologies with coefficients in Z. More precisely, we will show that the homologies of a
topological space with respect to a ring R can be expressed as a function of its homologies in Z
and certain purely algebraic data that depends only on R but not on the underlying topological
space.

The central idea is to interpret the free R-modules S, (X)r = @R of singular n-chains with
values in a ring R = R®y7Z as a tensor product S, (X)r = @i/ (RR2z7Z) = R®yz (DiesZ) and to
investigate how tensoring with R affects the n-cycles, n-boundaries and homologies. To address
this question, we do not restrict attention to unital rings but consider more general structures,
namely singular n-chains, n-cycles and n-boundaries with values in an R-module M.

Definition 5.4.1: Let R be a commutative unital ring, M a module over R and X a topo-
logical space. Denote by C'(A™, X)) the set of singular n-simplexes o : A™ — X. The R-module
of singular n-chains with coefficients in M is the R-module S,,(X; M) = ®can x)M.
Boundary operators 9, : S,(X; M) — S,_1(X; M), the submodules Z,(X; M) = ker(9,),
B, (X; M) = Im (0,41) and the homologies H,,(X; M) = Z,(X; M)/B,(X, M) are defined as
for singular homology with coefficients in R. Analogously, one defines relative and simplicial
n-chains, n-cycles, n-boundaries and homologies with coefficients in M.

Remark 5.4.2: As tensor products of modules are compatible with direct sums, we can
interpret the module of singular n-chains with coefficients in M as a tensor product

Spn(X; M) = Sean x)M = ©oan x) (M@rR) = MRr(So@anx)R) = MRpS,(X).

The singular chain complex with coefficients in M is therefore given by

idp ®0n+1 id]\/[®8n> o id s @02

Su(X; M) = ... M®pSn(X) M®pS1(X) 2% M@ pSe(X) — 0

with Z,(X; M) = ker(idy®0,,) = MRrZ,(X), By(X; M) = Im (idp;®0p41) = MRrB,(X).
It follows that the homologies with coefficients in M take the form

M®rZn(X)
Hy(X; M) & = 2REn 2 )

Remark expresses the homologies H,(X; M) with coefficients in M in terms of n-
cycles and n-boundaries with values in R. To express them in terms of the homologies
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H,(X) = Z,(X)/B,(X), we need to relate quotients of modules of the form (M®@rU)/(M&gV)
to quotients U/V', which is a purely algebraic problem. To address it, it is advantageous to work
with exact sequences instead of quotients. We consider the short exact sequence

0= Bp(X) 2 Z,(X) I Hy(X) — 0,

where i, : B,(X) — Z,(X) is the canonical inclusion and m, : Z,(X) — H,(X) the canonical
surjection. By tensoring this sequence with an R-module M, we obtain a sequence

0 — M®pBn(X) 2% M@pZ,(X) 2™ VM @pH, (X) — 0.
If this sequence was exact, we would obtain

= Ho.(X; M)
However, it is in general not true that for an exact sequence 0 — X = Y 5 Z — 0 the sequence

0 = MepX % NMepy MO VepZ — 0 s exact, since idy®t : MOpX — M@gY
need not be injective. A counterexample is the short exact sequence 0 = Z - Z = Z /27, — 0
with the injective map ¢ : Z — Z, z — 2z, for which the map idz/0z®t : Z/22®47 — 7./ 22.&47
is trivial since Z®22' = 2:®2' = 0®2' = 0 for all z, 2/ € Z. We therefore need to investigate how
the functor M®z— : R-Mod — R-Mod interacts with short exact sequences. This can be done
more generally for right modules over a unital ring R and functors M®r— : R-Mod — Ab.

Lemma 5.4.3: Let R be a unital ring and A an R-right module. Then the functor
A®p — : R-Mod — Ab from Lemma [2.2.20] is

e additive: id ®(f + f') = ida®f +ida®f’ for all module morphisms f, f': B — C,
e right exact: for all exact sequences B Sy ¢ % D = 0in R-Mod the sequence

ARrB Mdas], ARrC dadm, A®rD — 0 is exact.

If R is commutative, this yields an additive right exact functor AQr— : R-Mod — R-Mod.

Proof:

That AQr— : R-Mod — Ab is additive follows directly from its the definition in Lemma[2.2.26]
To see that it is right exact, consider R-linear maps 7 : C' — D and f : B — C with ker(r) =
Im (f) and 7 surjective. The latter implies that the group homomorphism id @7 : AQrC —
A®grD, a®c — a®m(c) is surjective as well and the former implies Im (id4® f) C ker(ids®m).

We show that Im (ida®f) D ker(ida®m). For this, we consider the canonical surjection p :
ARRrC — A®gC/Im (id4®f) and construct an R-linear map ¢’ : AQrD — AQrC/Im (ida®f)
with ¢’ o (ida®m) = p. The last equation then implies Im (id4® f) = ker(p) D ker(ids®m).

As 7 is surjective, we can choose for every element d € D an element i(d) € 7~'(d) and obtain
amapi:C — D with moi =1idp. Themap ¢ : Ax D — A®rC/Im (id®f), (a,d) — p(a®i(d))
satisfies

= p(a®i(d) + d'®i(d)) = p(a®i(d)) + p(a’'®i(d))

= p(a®(i(d) +i(d'))) + p(a®(i(d + d') —i(d) —i(d")))

=q(a,d) +q(a,d') + p(a®(i(d + d') —i(d) —i(d")))

qla<r,d) =p((a<r)®i(d)) = pla®(r > i(d))) = p(a®i(r > d)) + p(a®(r > i(d) — i(r > d)))
=q(a,r > d) + pla®(r >i(d) —i(r > d))).
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The identity 7 o4 = idp implies

m(i(d+d)—i(d) —i(d))=7moi(d+d)—moi(d)—moi(d)=d+d —d—d =0
n(r>i(d)—i(r>d) =r>mnoi(d)=noi(r>d)=r>d—r>d=0,

= i(d+d)—i(d)—i(d), r>i(d) —i(r>d) € ker(r) = Im (f)

= a®(i(d+d) —i(d) —i(d)), a®(r >i(d) —i(r>d)) € Im (idsa®f) = ker(p)

foralla € A, d,d € D and r € R. This shows that the map ¢ is R-bilinear, and by the universal
property of the tensor product, it induces a unique group homomorphism

¢ : A®rD — A®rC/Im (Id®f), a®d — q(a,d) = p(a®i(d)).
This group homomorphism satisfies
¢ o (ida®m)(a®c) = p(a®i(w(c))) = p(a®c) + pla®(i(7(c)) — ¢)) = pla®c) Va € A,c€C,

since we have m(i(7(c)) —¢) =moiom(c) —mw(c) = w(c) — w(c) = 0 for all ¢ € C, which implies
iom(c) —c € ker(r) =Im (f) and a®(moi(c) —¢) € Im (ida®f) = ker(p) for alla € A, c € C.

O

Remark 5.4.4:

1. A right exact functor can be viewed as a functor that preserves cokernels. The
condition in Lemma is equivalent to the claim that Z = Y/Im (¢) implies

2. As shown above, the functor M®gr— : R-Mod — Ab is in general not left exact, i. e. for

an exact sequence 0 — X = Y 5 Z, the sequence 0 — M®zX &, M®RrY M om,

M®grZ does not need to be exact. In other words, M ®r— does not preserve kernels.

To characterise the non-left exactness of the functor M ®z— : R-Mod — Ab more precisely, we
consider exact sequences of R-modules and R-module morphisms which are of a particularly
simple form and contain sufficient information about the exactness properties of F'. As tensor
products are compatible with direct sums and tensor products of free modules are free, it is
advantageous to work with free modules. For a (not necessarily free) module M, we choose an
exact sequencewith M as the last entry from the right in which all modules except M are free.

Definition 5.4.5: Let M be a module over a unital ring R. A free resolution of M is an

d; d; di— d d . :
exact sequence M, = ... SN M S M =S 0SS My 2 M — 0, in which all modules
M; for ©+ > 0 are free.

Lemma 5.4.6: Let R be a unital ring. Then every R-module M has a free resolution. If R is
a principal ideal ring, then M has a free resolution of the form 0 — M; 4, M Do M 0.

Proof:
Choose My = (M) g and for dy : My — M the canonical surjection dy = 7 : My — M, m +— m.
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Then define inductively for i > 0 M, = (ker(d;))r and d;11 = t; 0w : My — M;, m — m,
where ¢; : ker(d;) — M; is the canonical inclusion and m; : M;;; — ker(d;) the canonical
surjection. Then M, is free by definition and since m; is surjective, ker(d;) = Im (d;4,) for all
i > —1. If R is a principal ideal ring, then ker(dy) C (M)g is already free as a submodule of a
free module, and one can choose M; = ker(fy), dy = ¢ : My — My, m — m. O

Generally, the minimal length of free resolution of an R-module M tells one how far the module
M is from a free module or, more precisely, and how many free modules one needs to express
M as an iterated quotient of free modules. A module M is free if and only if it has a free
resolution of length two, namely 0 — M 4 M o0 Similarly, M has a free resolution
of length three 0 — F} 4, Ey Dy M — 0 if and only if it is isomorphic to a quotient
M = Fy/F of a free module Fy by a free submodule Fj. Similarly, M has a free resolution
0— F N F N Iy Dou M 5 0 of length four if and only if M = Im (dy) = Fy/ ker(dy) =
Fo/Im (dy) = Fy/(F1/ ker(dy)) = Fo/(F1/Im (d2)) = Fo/(F1/Fy) with free modules Fy, F, Fy.
Generally, the existence of a free resolution of given length depends on the ring R as well as on
the chosen module M. This is illustrated by the following examples.

Example 5.4.7:

1. If R =F is a field, any R-module M is free and hence has a free resolution of the form
idps
0—+M—M —0.

2. The abelian group Z/nZ with n € N has a free resolution 0 — Z - Z = Z/nZ — 0.

3. For R = Z/p*Z with p € N prime, the R-module Z/pZ has an infinite free resolution of
the form ... 5 2/p*Z % 7/p*Z 5 Z./pZ — 0. There is no finite free resolution.

It remains to clarify the uniqueness properties of free resolutions. As free resolutions are chain
complexes, one expects that different free resolutions of a module should be related by certain
chain maps. As each chain map f, : M, — N, involves a module morphism f_; : M — N
it is natural to ask if any module morphism f : M — N can be extended to a chain map
fo: My — N, with f_1 = f and in how many different ways. The answer to this question is
given by the following lemma.

Lemma 5.4.8: Let R be a unital ring and M, M’ modules over R with free resolutions

d, d!
M, = ... N My Doe M — 0 and M, =...M] — M} = M' — 0. Then every R-module
homomorphism f : M — M’ extends to a chain map f, : M, — M], and any two such
extensions are chain homotopic.

Proof:

1. Existence: We construct the R-module morphisms f,, : M,, — M/ in f, inductively. Set
f-1 = f. Suppose we have constructed R-module morphisms f; : M; — M/ for —1 <i<n—1
such that all squares in the following diagram commute

d1 d—l

dp— dp—
M, —% M, M, T By, M, M 0
jfnl lfn2 Lfl lfo lf
d d d,_ d d
My, —" My == Mj_y ... —> M| —> My —— M’ 0.
-1
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As M, is free, there is a subset B,, C M, with M,, = (B,,)g. For all b € B,,, one has d,,_, o
fno10d, = fn_o0d,_10d, = 0 since the square involving f,_1 and f,,_o commutes. This implies
fa—10dy(b) € ker(d],_,) = Im (d],)) and hence there is a v/ € M/ with d (V') = fn.—1 o d,(b).
By assigning to each b € B,, such a ¥ € M and R-linear continuation to M,,, we obtain an
R-module morphism f,, : M,, — M/ such that the following diagram commutes

dn dn—l dn—2 d2 d1 d—l

My —2 My v, T N M My 0
|

| fn jfn 1 lfn 2 Lfl lfo lf

¥ / a a _, d! d,

YA /Ry /A R N /e N M —0.

2. Uniqueness: Suppose there are chain maps fo, f, : My — M, with f_ 1 = f,=f: M —
M'. We construct a chain homotopy from f, to f, by induction. Set h_1 = 0 and suppose we
constructed R-module morphisms h; : M; — M, , with f/ — f; = d;,, o h; + h;—1 o d; for all
—1 <7< n—1. As by induction hypothesis

d;L © (f'r/z - fn - hn—l Odn) = (fylz—l - fn—l - d;z o hn—l) o dn = hn—2 Odn—l Odn =0,

we have f — f, — hp—10d, € ker(d),) = Im (d;,, ;). Hence for each b € B, there is a b’ € M,

with d, (V') = f1(b) — fn(b) — hn—1 0 dyn(b). By assigning such an element b' € M), to each
b € B, and R-linear continuation, we obtain an R-module morphism h,, : M,, — M), with
fo—fo=d0hy+ hy 1 od,. 0

In particular, Lemma [5.4.8| clarifies the question about the uniqueness of a free resolution.
Given a module M over R and two different free resolutions M,, M| of M, we can extend the
identity map id,; to a chain map f, : My — M| and to a chain map f, : M, — M,. Then
flofe: My — M, and foo f. : M. — M. both extend the identity map and hence are chain
homotopic to, respectively, idy, and idy;;. This means that M, and M, are chain homotopy
equivalent.

Corollary 5.4.9: Let R be a unital ring and M a module over R. Then any two free resolutions
of M are chain homotopy equivalent.

We now use free resolutions to describe additive, right exact functors F' : R-Mod — S-Mod. We
choose for each R-module X a free resolution X, = CBx 1 4, Xo DX 0. Applying the

functor F' to X, yields a chain complex F/(X,) = ... M F(X;) — RGN F(Xo) Fldo), F(X)—0.

F(dy) F(do)
— —

As F is right exact, the sequence F(X;) F(Xo) F(X) — 0 is exact. If F is
also left exact, it follows that the entire chain complex F'(X,) is exact. Hence the homologies
H,(F(X,)) measure the failure of F' to be left exact. As H_;(F(X,)) = 0 due to the exactness

of F(X;) — ), F(Xy) —> Fdo), F(X) — 0, we can omit the entry F(X) from the chain complex
F(X,) without losing information and consider instead the chain complex

F(d3) F(d2)

F(X)s0 = ... 29 prx,) 19 px,) 24

F(Xo) = 0
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By assigning to each R-module X the homology H, (F(Xs)>0) and to a module morphism f :
X — X’ with an extension f, : Xo — X the module morphism H,,(F(fe)>0) : Ho(F(Xe)>0) —
H,(F(X})>0), we obtain a functors from R-Mod to S-Mod.

Lemma 5.4.10: Let R, S be unital rings and F' : R-Mod — S-Mod an additive, right
exact functor. Assign to an R-module X with a free resolution X, the S-module L, F(X) :=
H,(F(X.)>0) and to an R-module morphism f : X — X' between R-modules X, X’ with
free resolutions X,, X, the S-module morphism L,F(f) := H,(F(fe)>0) : Ho(F(Xe)s0) —
H,(F(X})>0), where f, : Xo — X] is a chain map that extends f as in Lemma[5.4.8 Then for
all n € Ny, this defines functors L, F' : R-Mod — 5-Mod, the left derived functors of F'.

Proof:

1. We first show that the assignments depend only on the functor F' and are independent
of the choices made in the definition. First, note that each functor F' : R-Mod — S-Mod
induces a functor F' : Chgraoa — Chgavoq Obtained by applying F' to each R-module and
R-module morphism in a chain complex and a chain map. As F is additive, applying F to
the morphisms h,, : X,, — X] ,; in a chain homotopy he : fo = ge yields a chain homotopy
F(he) : F(fs) = F(gs). Hence F maps chain homotopic chain maps to chain homotopic chain
maps and homotopy equivalences to homotopy equivalences.

As different free resolutions X,, X, of a module X are chain homotopy equivalent by Corollary
[5.4.9] this also holds for the associated chain complexes F/(X,)>o, F/(X])>0, and their homologies
are isomorphic. Hence the homologies H,,(F(X,)) depend only on the module X and not on
the choice of the free resolution X,.

If X, X’ are R-modules with associated free resolutions X, and X, then any module morphism
f X — X’ extends to a chain map f, : X, — X by Lemma [5.4.8] By applying the functor
F, we obtain a chain map F(f,) : F(X.) — F(X]) and an associated S-module morphism
H,(F(f.)) : Hy(F(X,.)) — Hp(F(X])). As different extensions of f : X — X’ are chain
homotopic by Lemma [5.4.8 and the image of a chain homotopy under an additive functor is
a chain homotopy, the S-module morphism H,(F(f,)) : H,(F(X,.)) — H,(F(X])) does not
depend on the choice of the extension of f.

2. It remains to show that the assignments are compatible with the identity morphisms and
the composition of morphisms in R-Mod. This follows because since the identity morphism
idy : X — X extends to the trivial chain map and F'is a functor, which implies idy, : Xo = X,
and F(idx,) = idp(x,). Moreover, for module morphisms f : X — X" and g : X' — X"
with extensions f, : X¢ = X!, go : X'® — X! the composite g, o fo : X¢ — X! extends
gof: X — X"and F(ge o fo) = F(ge) © F(fs) since F' is a functor. O

We can now investigate the left derived functors of the additive right exact functor M®@g— :
R-Mod — Ab for each R-right module M. These functors are known under the name of torsion
functors since for finitely generated modules over a principal ideal ring, they are closely related
to the torsion submodule.

Definition 5.4.11: Let R be a unital ring and M an R-right module. Then the left derived
functors Tor (M, —) := L,(M®p—) : R-Mod — Ab are called the torsion functors and
Lo(M®g—)(N) = Tor®(M, N) is called the torsion product of M and N. If R is commutative
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one obtains functors Tor(M, —) : R-Mod — R-Mod and for each R-module N an R-module
Torf (M, N).

Remark 5.4.12:

1. The torsion functors are compatible with direct sums. If (X!, d.) is a free reso-
lution of X* for i« € I, then (@ZelX.',@,e[d') is a free resolution of @®;c; X’ and
MRp(®ier X)) & @jerM@rXE. This implies Tor (M, ®ier X?) = EBlGITor (M, X7).

2. One can show that for any commutative unital ring R the torsion product is commutative:
Torf (M, N) = Tor?(N, M) for all R-modules M, N.

Example 5.4.13: Let R be a principal ideal ring and M, N modules over R. Then N has a
finite free resolution Ny = 0 — NV; LN Ny LN VN 0, and the sequence 0 — M®rN; %
M®grNy 1dar&do, M®rN — 0 is exact in M@z Ny and M®@grN. By removing the entry M®@rN

we obtain the sequence (M®gFy)>o =0 — M®grF; Mdu&d, M®grFy, — 0, and the torsion is

Tor®(M,N) =H,(M®gFJ)s0) =0 Vn > 2,

Tor (M, N) =H,((M®gF,)>o) = ker(idy®d,),

Torl (M, N) =Ho(M®gFy)s0) = MRgpFy/Im (idp®d;) = M®gFy/ ker(idp,@dy)
>Tm (idp®dy) = M@gN.

We compute Torf (M, N) for different modules M, N:

1. If the module N is free, we can set Ny = N, N7 = 0, dy = idys, di = 0. This implies
Tor® (M, N)—Oforalln;«éo

2. If the module M is free then M = @,c;R for an index set [. This implies
M®gNy = ®ic RO Ny = @;c1 Ny and we obtain Tor’ S(M,N) = @ZgTor (R,N) =0 for
all n # 0.

3. If N = R/qR and M = R/pR with p,q € R, then 0 = R 3 R 5 R/qR — 0 is a free
resolution of N. We have M®@zrN = R/gcd(p, q) R, and the sequence (M ®gN,)>0 is given
by 0 = R/pR®rR = R/pR L R/pR = R/pR®zR — 0. This yields

z»—)q z

Tor® (M, N) = ker(R/pR =% R/pR) = R/gcd(p, )R = Tor(R/pR) @ Tor(R/qR).

4. As every finitely generated R-module N is of the form R/qR® R™ with ¢ € R, n € N and

Tor(N) = R/qR, one can show with Remark 5.4.12|that Torf(M, N') = Tor(M)® Tor(N)
for all finitely generated R-modules M, N. This explains the name torsion.

In the following we will focus on principal ideal rings R. As in that case Tory (M, N) = M®rN
and Tor®(M, N) = 0 for n > 2, all non-trivial information about the chain complex M®gN, is
contamed in the torsion products Torf(M, N). We will now use the torsion products to relate
the homologies H,(X; M) of a topological space X with respect to an R-module M to the
homologies H,,(X). For this, we consider the singular chain complex S,(X) and for each n € N
the short exact sequence 0 — Z,(X) 2 S,(X) Ony B,_1(X) — 0. Tensoring this short exact

sequence with an R-module M yields a sequence 0 — M®gZ,(X) — MmN @ RS (X) du Bdn,
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M®B,(X) — 0, which is exact in the last two entries. By interpreting it as a long exact
sequence of chain complexes (each equipped with the boundary operator id,;®d,), we obtain
a long exact sequence of homologies that relates the homologies H,(X; M) to H,(X).

Theorem 5.4.14: (Universal coefficients)

Let R be a principal ideal ring, M an R-module and X a topological space. Then there is a
natural short exact sequence

0— M®gH,(X) — H,(X; M) — Torf(M, H, (X)) — 0.
This sequence splits, but not naturally, and H, (X; M) =2 (M®gH,(X)) ® Torf (M, H,_,(X)).

Proof:
We show that for every chain complex F, = ... LEN F KN Fy — 0 in R-Mod in which every
R-module F; is free and for every n € N, there is a natural short exact sequence

0 = M®gH,(F.,) = H,(M®gF,) — Tor{(M, H,_1(F,)) = 0,
which splits. The claim then follows by choosing F,, = S,,(X).

Consider for n € N the short exact sequence 0 — Z,(F,) 2 F, ny B, 1(F,) - 0.AsRisa
principal ideal ring, the modules Z,(F,) C F,,, B,_1(F,) C F,_; are free as submodules of free
modules. As d,, : F,, — B,,_1(F,) is surjective, by Lemmathere is an R-module morphism
Y : B,_1(F,) — F, which splits the sequence, and F,, = ker(d,,) ®Im (¢) = Z,,(F,) @ B,_1(F,).
Tensoring the short exact sequence with M yields a short exact sequence

0 = M®RpZn(F)) 242 (M@pZo(F)) & (M&pBo_i1(F)) 22 M @rB,_1(F.,) — 0.

By considering the chain complexes

M®rZy =... MM—i(::B_)M@RZnJrﬂF.) idMiZnH M®RZH(F.) idM:QZdn M@RZn,1<F.) id]wi((l)n71 o
M®RF, =... M M®RFn+1 idM®d”+1; M®RFn idpr®dn M®RFn_1 idp ®dpn—1 o
M@RBy = ... 220 M@ B, (F) 2 M@gBy -1 (Fu) 220 M@ g By g (Fu) 202,

we can interpret this short exact sequence as a short exact sequence of chain complexes

0 — M®grZ, % MRrF, M M®rB, — 0 and obtain the long exact sequence of

homologies

Hn(idM®L.) Hn(ld]\/[®dn)
ki chitd=i 2 Sl chisn S

an 1 n
o 2 M®pZy(F) H,(M®gF,) M®pB,_1(F.) 2 M®pZy_1(F)) — ...

By Theorem the connecting homomorphism 0, : MQgrB, _1(F,) = M®grZ, 1(F,) is
given by 9,(m®f) = m®f’, where f' € Z, 1(F,) C F,_1 satisfies ¢, 1(f’) = d,(f”) for an
f" € F, with d,(f"”) = f. This implies 9,, = idy®i,_1 : MRrB,_1(F,) = M®rZ, 1(F,) is
given by the canonical inclusion i,_1 : B,_1(F,) — Z,_1(F.). We can thus rewrite the long
exact sequence of homologies as

Hn(id1W®do) idM(E@Z"n,fl
MRt

LI e 7 (Fy) TS e F) M®gB,_i(F,)
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Its exactness implies

ker (idy ®in_1) = Im (H, (idy®dy)) = Hy(M®pF,)/ ker(H,(idy©d,))
> [H,(M®gF,)/Im (H,(idy @) = Hy(MORE) /(M@ Zn(F.)/ ker(H, (idy@1)))
= Hy,(M®pE.) [ (M@rZy(F,)/Im (idry®1y))),

and hence we have for all n € N a short exact sequence

By applying Example [5.4.13[ to 0 — B(F.) < Z,(F.) = H,(F.,) — 0, which is a free
resolution of H,(F,), we obtain

ker (id s ®i,_1) = Tort (M, H,,_1(F,))
M®gZ,(F,)/Im (idy®i,) = Tor (M, H,(F,)) = M@z H,(F,),

and this produces the short exact sequence in the claim. Its naturality follows directly from the
naturality of the sequence

R

o M@pBy(F)) i N Z,(F) LS i (V@R F,) M®gBy_1(F) — ...

To show that this sequence splits, we construct a map ¢ : ker(idy®i, 1) — H,(M®gF,)
with H,(idy®d.) © ¢ = idker(idyein_i)- As ker(idy®in—1) C M®grB,_i1(F,) we use the
non-natural splitting ¢ : B, 1(F,) — F, constructed in the first step of the proof.
As (idy®d,) o ([dy@Y)(mef) = mef = (i[dy®i,_1) o (idy®i,_1)(m®f), we have
W (ker(idp®i,—1)) C ker(idy®d,) and hence 1 induces a map ker(idy®i,—1) — H,(M®gF,)
with H,(idy®d,) o ¢ = idker(idy @in_1)- The sequence splits, but the splitting is not natural
since ¢ : B,_1(F,) — F,, is not natural. O

Remark 5.4.15: The proof of Theorem [5.4.14| only requires that there is a free chain complex
F, with homologies H, (F,) = H,(X) and such that M®pzF, is a chain complex with homologies

H,(M®grF,) = H,(X; M). Using the same arguments as in the proof of Theorem [5.4.14] one
can show that there is a short exact sequence

0= MRrHp(X,A) = Hp(X, A; M) — Tor®(M, Hy_1(X, A)) =0
for the relative homologies and a short exact sequence
0= MRrHp(Co(X)) = Hp(Co(X); M) — Torg(M, Hi_1(Ce(X))) — 0.

for the cellular complex C4(X) of a CW-complex X. This allows one to compute the relative
and cellular homologies with coefficients in an R-module M.

Example 5.4.16: If R is a principal ideal ring and M a free module over R, then the short
exact sequence in Theorem reduces to

0> M®pH,(X)— H,(X;M)—0,

and we obtain H,(X; M) = M®rH,(X). In particular, this holds for any module M over a
field R = IF and for M = R as a module over itself.
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Example 5.4.17: We determine Hy(RP™; M) for an abelian group M. By Theorem [5.4.14
there is a short exact sequence

0 = M®zH,(RP") — Hy,(X; M) — Tor’(M, H,_,(RP")) — 0.

which splits and hence Hj(RP™; M) = (M®gzH,(RP"))/Tor”(M, H,_,(RP")). By Example
the homologies for R = Z are given by

Z)2Z kodd, 0 <k <n
Hy(RP") =< Z k=noddork=0

0 else.
For k£ = 0 we obtain the short exact sequence
0— M®zZ =M — Hy(RP"; M) — Tor}(M,0) =0 — 0

which implies Hy(RP™; M) =2 M ®zZ = M. For k odd and 0 < k < n we have H,(RP"™) = Z/27Z,
Hy11(RP") = 0 and Hy_1(RP™) is torsion free. This yields the exact sequence

0 = M ®zZ/27 — Hp(RP™; M) — Tor?(M, H,_(RP™)) = Tor”(M)®@Tor”(H;_,(RP™)) <0 — 0
0 = M®zHpy (RPP) 20 — Hy o (RP™; M) — Tor? (M, 7./27) = Tor”(M)®47/27. — 0

This implies Hy(RP™ M) = M®z(Z/2Z) and Hy1(RP", M) = Tor”(M)®4(Z/27) for 0 <

k < n odd. For k = n odd we obtain a short exact sequence
0 — M®zZ =~ M — H,(RP"; M) — Tor}(M,0)(RP")) =0 — 0

and hence H,(RP"; M) = M. By combining these results, we obtain

M k=0 or k=mn odd
Hy(RP™; M) = M®z(Z/27) 0<k<nodd
’ Tor?(M)®(Z/2Z) 0 < k <n even
0 else.

For M = 7./2pZ with p € N, this yields

M kE=0or k=nodd
Z)27 0 <k <nodd
Z]2Z 0 <k <n even,

0 else

Hy,(RP"; M) =

and for M = Z/(2p + 1)Z with p € N, we obtain

M k=0ork=nodd

0 else.

Hy(RP™; M) = {
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5.5 Exercises for Section [5

Exercise 1: Let f: (X, A) — (Y, B) be a homotopy equivalence between pairs of topological
spaces such that f|4 : A — B is a homotopy equivalence. Show that H,(f) : H,(X,A) —
H, (Y, B) is an isomorphism.

Exercise 2: Show that every continuous map f : RP?™ — RP?*" m € N, has a fix point.

Exercise 3: Show that for any continuous map f : S™ — S™ the map f’: D" — Dnt!

. B 0 z=20
f(m)_{\lw!\-f<%”) 40

is continuous and induces a continuous map f : St ~ D" /gD — Sl &~ Dl /gDt

with deg(f) = deg(f).

Exercise 4: A group action > : G x X — X of a group G on a topological space X is called
free if the map g> — : X — X,  — ¢ > z has no fix points for g € G \ {e}.

(a) Show that a group action of a topological group G on S™, n > 1, induces a group homo-
morphism ¢ : G — Z/27.
(b) Show that for n > 1 even the group Zs is the only non-trivial group that acts freely on S™.

Exercise 5: A continuous map f : S™ — 5" is called even if f(—z) = f(x) for all z € S™.
Prove the following claims:

(a) For n even: if f is even then deg(f) = 0.
(b) For n odd: if f is even then deg(f) even.
(c) For n odd: for any even k € Z there is an even map f : S™ — S™ with deg(f) = k.

Hint: Use that any even map f: S™ — 5™ can be expressed as f = ho f with continuous
maps f : S"™ — RP™ and h : RP" — S". Consider the associated morphism of abelian
groups Hy(f) : Hy(S™) = H,(S™).

Exercise 6: Let f: S" — S™ be a continuous map of degree deg(f) = m and X = D", S"
the topological space obtained by attaching an (n+1)-cell to S™ with f. Compute the homologies
of X.

Exercise 7: Let (X,U,>0X") and (Y,U,>0Y") be CW-complexes and f : X — Y a cellular
map, a continuous map f : X — Y with f(X™) C Y™ for all n € Ny. Show that f induces a
chain map Co(f) : Co(X) — Co(Y') between the cellular complexes Co(X) and Co(Y') such that
the following diagram commutes for all n € Ny

Hn<cl<x>>H"(C‘(f”Hn<c.<Y>>
H,.(X) H,(Y)




Exercise 8: Compute the Euler-Poincaré characteristic of an oriented genus g surface with
n points removed for g,n € Nj.

Exercise 9: Let (X,U,>0X") be a CW-complex and R a principal ideal ring. Show that all
homologies H,(X™) are free modules over R.

181



References

[tD] T. tom Diek, Algebraic Toplogy, EMS Textbooks in Mathematics.
[H] A. Hatcher: Algebraic Topology, Cambridge University Press.

[HS] P. J. Hilton, U. Stammbach: A Course in Homological Algebra, Springer Graduate Texts
in Mathematics, Springer.

[JS] J. Jantzen, J. Schwermer: Algebra, Springer.
[K] C. Kassel: Quantum Groups, Springer Graduate Texts in Mathematics 155, Springer.
[LS] G. Laures, M. Szymik, Grundkurs Topologie, Spektrum Akademischer Verlag.

[M] W. S. Massey: Algebraic Topology: An Introduction, Springer Graduate Texts in Mathe-
matics 56, Springer.

[M2] W. S. Massey, A Basic Course in Algebraic Topology, Springer Graduate Texts in Math-
ematics, Springer.

[W] C. A. Weibel, An introduction to homological algebra, Cambridge studies in advanced
mathematics 38.

182



Index

(n — 1)-connected, bouquet,
G-space, [29] Brouwer’s fix point theorem, [155

R-bilinear,

A-complex, 120 Cartesian product, categories,

U-small Cartesian product, topological spaces,
U-small n-boundaries, Cat, [I10]
U-small n-cycles, [144] category, 3]

cell complex,

U-small homology, [144]
cell decomposition,

U-small relative n-boundaries, 144

U-small relative n-chains, cellular cgmple?(, [163
U-small relative n-cycles, cellular dimension,
U-small relative homologies, [144 Ce“}ﬂar 1naps,
nth homotopy group, chain,
1-connected, chain complex,
1-morphisms, chain homotopic,
2-category, [I0) chain homotopy,
9-functor 71 0 chain homotopy equivalences,
2—gr0upoi’d chain homotopy equivalent,
2-morphisms, chain map,
5-Lemma, characteristic map,
9-Lemma, [64 closed map, [6]

closed topological space,
abelianisation functor, closed, path in topological space,
action groupoid, closure finiteness condition,
additive, closure,topological space,
additivity axiom, [153] coarser topology,
associators, [[14] cofinal object, category,
attaching, collapsing,
attaching n-cells, comb space, [70]
attaching map, combing a hedgehog, [T6]]

commutator subgroup,
compact,
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composition map, [30]
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bas1§, topology, connected sum,
B.ettl—number, 16§ connected topological space,
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fibre product, homotopy equivalent, [67]
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forgetful functor, identification,
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free module, [46] indiscrete topology, [0]
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free resolution, (172 interior, topological space,
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orbit space,
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short exact sequence,
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pinch map, [[58 ’ simplicial complex, [129

pointed sets simplicial homologies, [130
’ simplicial map, [129

ointed topological spaces, [31
P POTog b 2 simply connected,

presentation, group, @
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singular n-chain, [126]

singular chains with coefficients in a module,
11 /0

singular homology, 127

singular simplex, [123],

skeleton filtration,

small category,

snake lemma,

source, morphism,

splitting, module morphism,

stabiliser subgroup,

standard n-simplex, [123]

standard topology, [6]

star shaped,

stereographic projection,

strict 2-functor, [112

subcomplex, simplicial complex, [129]

submodule,

submodule generated by a set,

subspace topology, []

sum mabp, [I2]
surface of genus g,

target, morphism,
terminal object, category,
topological group,
topological manifold, [7]
topological space,
topological sum,

topology,
torsion element,

torsion free,

torsion functor, (175
torsion product,

torus, [7]

transitive, group action, 25]
translation functor, [64]
triangle axiom, [115

trivial path,
trivial topology, [0]

Tychonoff,

unit constraints, [114]

unit functor, [105],
universal coefficients,

universal property, presentation of module, [47]

universal property, quotient map,
universal property, attaching,

universal property, coproduct, [37]

universal property, direct sum of modules,

universal property, embedding, [9]

universal property, free product of groups,
universal property, product,

universal property, product of modules,
universal property, product topology,
universal property, pullback,

universal property, pullback in category, [40]
universal property, pushout,

universal property, pushout in category,
universal property, quotient module,
universal property, quotient spaces,
universal property, subspace, [J]

universal property, tensor product,
universal property, topological sums,

vector field,

vertical composition, [I09)]
vertices, simplex, [123]

weak topology, [21],
wedge sum,
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