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Intro
®
:

AN EXERCISE

Given x = (2.4, —42,0, —m,100) € R®.

What is the closest vector with at most two non-zero entries?
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Intro
®
:

AN EXERCISE

Given x = (2.4, —42,0, —m,100) € R®.

What is the closest vector with at most two non-zero entries?

Itis ( 0,—42,0, 0,100).

Drop all but the largest coefficients.
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OUR PUBLICATION

B T.J. and T. Ullrich
On the optimal constants in the two-sided Stechkin
inequalities,
J. Approx. Theory 269:105607, 2021.

Tino Ullrich
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Intro
®
:

BEST n-TERM APPROXIMATION
H a Hilbert space, separable and infinite-dimensional

= x =) s (x]e) e for all x € H with S a countable ONB
N~

=Xk
X, = {x € H|at most n summands # 0}
E(x,Zn)n = infyes, ||x —yllg

Given x, what is the rate of decay of E(x, X, )y in n?
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Intro
®
:

FINITE-DIMENSIONAL EXAMPLE

Given x = (2.4, —42,0, —7,100) € R®.

Xn = {x €eR® ‘ x has at most # nonzero entries}

E(x,%5) = |x—( 0,—42,0, 0,100)],.

Approximation error is computed from small entries.
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Intro
®
:

APPROXIMATION SPACES

Pietsch 1981: approximation spaces

el g e d R EE D)) <o
AHHE) supne]Nn“E(x,):n 1)H, r =00

Largest coefficients are best.

Through H = (5, =2x +1,and r = (a + 3) !, we arrive at
1
expressions like Y07 1 (2 Y2 (x7)7) 7.
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Intro
°

STRONG DISCRETE STECHKIN INEQUALITY

Let c1(g) and C1(g) > 0 be infimal such that

1 1
1 o) 1 <) q o0 <) 1 [} q
) <n2’12> SZanscmq)Z(nZaZ) :
k=n n=1 n=1

» Copson 1928: C1(gq) < q%
» Creukun 1951: C1(2) < 2
» Creuxun 1955: ¢1(2)
» Pietsch 1981: ¢1(2) <

%\

<2 (no proof), c1(2) < T (conjecture)
2

(2+Vv2)and Gi(2) <6
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Intro
°

PROBLEM STATEMENT

What are the infimal constants ¢, C > 0 such that

' @-M:-@®

1
Yo An, Y1 (% Y EIZ) ! .
SUP,eN Man,  SUP,eN n( Z:k n ak) !
I fmas, [5G f st) T dt

1
suppo tf(t), suppot(f J; f(5)7ds)’

vV vV VvV vy
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Intro Left-hand side Right-hand side
[o]e] le} o]

Weak and discrete
000
!

WEAK AND CONTINUOUS STECHKIN INEQUALITIES

nelN nelN

511&7) /ooo G twf(s)qu);dt = /wa(f)df gt /Ooo G /toof(s)qu)th

1 1
1 1 & q 1 1 & q
supn| — a <supna;, <Cie supn| — a
C1,00(q) ne]ll:\)l <" k;, k) R 1o(0) SUp <” k;, k>
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Intro

STRONG DISCRETE STECHKIN INEQUALITY:
GEOMETRIC VIEWPOINT

Consider
1
Ly (ive) cTacaon(iy
€1 (2) n=1 n k=n n=1 n=1 n

for finite sequences (ay,...,an,0,0,...):

1 N 1 N ) % N N 1

— a < a, < C1(2,N) —

01(2'N);1Z::1 nk;% k n;l " ngl n
Take N =

https:/ /sites.google.com/view/tjah/ Stechkin inequalities
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Intro Left-hand side Right-hand side Weak and discrete
000@ [} 00 000

OPTIMAL CONTAINMENT OF STARSHAPED SETS

%Bl C By C CB;
«— Vx e R?%:

<ol <o (RxR, ()?)

N|—

1
2

2 (3, ()?)
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Intro Left-hand side Right-hand side Weak and discrete
000@ [} 00 000

OPTIMAL CONTAINMENT OF CONVEX BODIES

%Bl C By C CB;
«— Vx e R?%:

1
1v2 1 2 2)? 2 2 1v2 2
Zln—1 (ﬁ Yi—n X ) < Yot [xn] < CYomy (E Li=n Xy )

N|—
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Left-hand side
°

WHAT ARE THE OPTIMAL CONSTANTS?

Consider
1 1
1 i lia% 2<ian<C1(2)i lia% 2
€1 (2) n=1 n k=n B n=1 B n=1 n k=n
For ¢1(2):

» sequence of finite-dimensional approximations

» maximize convex function over simplex

Ny
>

» control function values at vertices ci(q
» arriveatc;(2) = 5
» Bennett 1988: ¢1(q) = —F5

q sin( %)

= W Ul

05 1 1/q
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Right-hand side
o

UPPER BOUNDS ON C;(2)

Theorem (J., Ullrich 2021)

Let (by)neN, be a strictly monotonically increasing sequence with
bo=0and ), 4 b% < oo. Then for all (a,)peN € {2, we have

1
[e) (o) (e 2
Z%é@Z(iZai)
n=1 n

=1 k=n
ne ]N}.

with C, = sup {\/n(bn - bnfl)z Zlio:n bl?

Proof: Cauchy-Schwarz inequality
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Right-hand side
o

C1(2) < 1.1086983

In

2
k=n bk

Cp = sup {\/n(bn —by_1)? i 1

nelN},

take b, = (n(n+1))°.

» Copson 1928: C;(2) < V2 ~ 1.414

» Jlesun, Creuxkun 1948: C1(2) < % ~ 11547 p =1

. 1 " : 4
» J., Ullrich 2021: C;(2) < i\/(;) ~ 1.1542 “optimal” p
» J., Ullrich 2021: 1.10516 < C;(2) < 1.1086983

» De Bruijn 1958: C1(2) ~ 1.1064957714
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Intro Left-hand side Right-hand side Weak and discrete
0000 [¢] o0 000

C1(2) < 1.1086983

Cb:sup{\/ (by — by—1) 2—2
= k

Choose b, = (n(n+1))? with p € (3,1].
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Right-hand side
o

C1(2) < 1.1086983

2
k=n bk

Cp = sup {\/n(bn —by_1)? i 1

nEIN}

Choose b, = (n(n+1))? with p € (1,1]. Then

Ay ::n(bn_bn_l)Zil<((n+1)P_(n_1)p>2 1

np-1 4p—1

and the rhs is monotonically decreasing in 7.
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Right-hand side
o

C1(2) < 1.1086983

2
k=n bk

Cp = sup {\/n(bn —by_1)? i 1

nEIN}

Choose b, = (n(n+1))? with p € (1,1]. Then

Ay ::n(bn_bn_l)Zil<((n+1)P_(n_1)p>2 1

np-1 4p—1

and the rhs is monotonically decreasing in n. So

_ P _ — 1)
Cp < max {rﬁai A,, (N+1) (N—1) ! }

n=1 Np-1 Vap —1

...N =100 and p = 0.88 give C;(2) < 1.1086983
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Right-hand side
®

1.10516 < Cy(2)

Numerically compute the optimal bound on sequences of fixed
finite length:

1
o0 o 2
Minimize Z (111 Z a%)

n=1 k=n

[ee]
s.t. a, >0, a,10, any1=0, Zunzl
n=1
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Right-hand side
®

1.10516 < Cy(2)

Numerically compute the optimal bound on sequences of fixed
finite length:
s.t.

Stechkin inequalities 17 /27

https:/ /sites.google.com/view/tjah/



Right-hand side
®

1.10516 < Cy(2)

Numerically compute the optimal bound on sequences of fixed

finite length:
17 /27

Stechkin inequalities
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Right-hand side
®

1.10516 < Cy(2)

s.t. a, >0, Z a, =
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Intro Left-hand side Right-hand side Weak and discrete
0000 o] 0e 000
! !

1.10516 < C1(2)
[Bot, Hendrich 2013] After initialization,

Pin = pAg\, (xn - % 21m:1 Ui,n)
# project to feasible set
Wi = 2pl,n — Xn
Fork=1,...,N
P2ikn = PB,‘:’N (Uk,n + %wl,n)
# splitting of summands
Wo kn = 2p2,k,n — Ukn
Z1n = Win — %ZIT:l W2 kn
Xpt1 = Xn + An (210 — P1u)
Fork=1,...,N
\‘ 22k — W2 kn + %(221,11 - wl,n)
Okn+1 = Okn + An (ZZ,k,n - pZ,k,n)-
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Right-hand side
®

1.10516 < Cy(2)

https:/ /sites.google.com/view/tjah/

Stechkin inequalities

N | #iter. | C1(2) > N | #iter. | C1(2) >
2 35 | 1.03527 293 | 25822 | 1.10513
3 61 | 1.05291 294 | 25678 | 1.10513
4 98 | 1.06342 295 | 25956 | 1.10514
5 166 | 1.07037 296 | 26239 | 1.10514
6 249 | 1.07531 297 | 26095 | 1.10514
7 346 | 1.07900 298 | 26375 | 1.10515
8 454 | 1.08186 299 | 26659 | 1.10515
9 571 | 1.08415 300 | 26515 | 1.10516
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Right-hand side
®

UPPER BOUNDS ON C1(q)

1

) ) 1 & q
Eo<aw (3
n=1 n=1 k=n
Cl(q))\
2
1 .
0.5 1 1/q
Copson 1928
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Intro Left-hand side Right-hand side Weak and discrete
0000 o] 0e 000
:

UPPER BOUNDS ON C1(q)

1

k=n

S| =

iansqw)i(

n=1

0.5 1 1/q

Jlepun, Creuknn 1948
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Intro Left-hand side Right-hand side Weak and discrete
0000 o] 0e 000
:

UPPER BOUNDS ON C1(q)

1

k=n

S| =

iansqw)i(

n=1

0.5 1 1/q

Creukun 1951
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Intro Left-hand side Right-hand side Weak and discrete
0000 o] 0e 000
: :

UPPER BOUNDS ON C1(q)

1

k=n

S| =

iansqw)i(

n=1

0.5 1 1/q

De Bruijn 1958
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Intro Left-hand side Right-hand side Weak and discrete
0000 o] 0e 000
: :

UPPER BOUNDS ON C1(q)

1

k=n

S| =

iansqw)i(

n=1

0.5 1 1/q

Gao 2011
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Intro Left-hand side Right-hand side Weak and discrete
0000 o] 0e 000
:

UPPER BOUNDS ON C1(q)

1
oo (o] 1 o0 q
Eo<aw (3
n=1 n=1 k=n
C1<q>)\
2
1 L]
0.5 1 1/q
J., Ullrich 2021
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Intro Left-hand side Right-hand side Weak and discrete
0000 o <
:

WEAK STECHKIN INEQUALITY

1
YO, Yo (L, al)
SUp,eN dn,  SUP,cN T (l Yk ’ZZ) !
fo f(BHdt, G f ‘ids)q dt

1
supp f(£), supot(f J; f(5)7ds)”

vV vV y Vv
=

https:/ /sites.google.com/view/tjah/ Stechkin inequalities 22 /27



Intro Left-hand side Right-hand side Weak and discrete
0000 o] [o]e] 000
!

WEAK STECHKIN INEQUALITY

1 1
1 1 & ] q 1 & q

- < < —
@ supn(n E ak) < supna, < Ci(q)supn (n Z k)

nelN nelN

» Pietsch 1981: There exist constants ¢1,,(7) and C1, (7).
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Weak and discrete
°

WEAK STECHKIN INEQUALITY

1

1 1
1 [eS) q 1 0 q
sup n (n ) aZ) < supna, < Cy(q)supn (n ) aZ)

1,00(9) neiN k=n neN neN

» Pietsch 1981: There exist constants ¢1,,(7) and C1, (7).

1
» Temlyakov 1986: n (2 Y2, al)71 < ¥ ay,
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Weak and discrete
°

WEAK STECHKIN INEQUALITY

1 1
1 1 o0 q 1 =]
, supn(n ) aZ) < supna, < Cy(q)supn (n ) Z)

nelN nelN

» Pietsch 1981: There exist constants ¢1,,(7) and C1, (7).
1
» Temlyakov 1986: n (2 Y2, al)71 < ¥ ay,
» Foucart, Rauhut 2013:
1
n (G Tn a))" < (9= 1)V sup, g nay
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Intro

Left-hand side Right-hand side Weak and discrete
0000 5

o] le}
!

EULER-MASCHERONI CONSTANT

X x 1

blue area = {(q) — 17 "3 0.57721...

G(q) > 057721...+ &
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Intro Left-hand side Right-hand side Weak and discrete
00 o 00e

0000
!

WEAK STECHKIN INEQUALITY

1 1
00 q o q
1 supn (1 ) aZ) < supna, < Cyi(q)supn (711 ) aZ)

Cleo(d) pen \ 1 k=n neN neN

Theorem (J., Ullrich 2021)

e =1V, Ca@ = (1) (1-1)"
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Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

1

-1 v g ! _
sup ¢ supn 1 Z”k ap>ay > ...>0,supna, =1
nelN k=n nelN

is attained at (1),en.
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Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

1

-1 v g ! _
sup ¢ supn 1 Z”k ap>ay > ...>0,supna, =1
nelN k=n nelN

is attained at ( JneN-

:ﬂ»—-
==

(Zk n kLI)

» So it evaluates to sup, . n'-

https:/ /sites.google.com/view/tjah/ Stechkin inequalities 26 / 27



Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

1

-1 v g ! _
sup ¢ supn 1 Z”k ap>ay > ...>0,supna, =1
nelN k=n nelN

is attained at ( JneN-

:ﬂ»—-
==
=

(Zk nkLI) :C(q) :

» So it evaluates to sup, . n'-
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Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

1

-1 v g ! _
sup ¢ supn 1 Z”k ap>ay > ...>0,supna, =1
nelN k=n nelN

is attained at ( JneN-

:ﬂ»—-
==
=

(Zk nkLI) :C(q) :

» So it evaluates to sup, . n'-
>

Zk”/—aner‘?

=n k=n+1
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Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

1

-1 v g ! _
sup ¢ supn 1 Z”k ap>ay > ...>0,supna, =1
nelN k=n nelN

is attained at ( JneN-

:ﬂ»—-
==
=

(Zk nkLI) :C(q) :

» So it evaluates to sup, . n'-
>

n—i+1

g—1

Zk T=n"9+ Z k=1 <n~ q—i—/ x ldx =n"9+
=n k=n+1 n
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Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

1

-1 v g ! _
sup ¢ supn 1 Zak ap>ay > ...>0,supna, =1
nelN k=n nelN

is attained at ( JneN-

:ﬂ»—-
==
=

(Zk nkfI) :g(Q) :

» So it evaluates to sup, . n'-
>

n—i+1

g—1

Zk T=n"9+ Z k=1 <n~ q—i—/ x ldx =n"9+
=n k=n+1 n

— 3():k q) §<n‘1+qil);
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Weak and discrete
Ld

PROOF OF ¢1,65(g) = {(g)/1
» The supremum

-1 v g ! _
sup ¢ supn 1 Zak ap>ay > ...>0,supna, =1
nelN nelN

is attained at (1),en.

» So it evaluates to sup, . n'-

> 3+ 54 < {(g) and

==
==
=

(ZZO:H k177) = C(Q) .

() (o] [} n—q—‘rl
Y kT=nT4 Y kT<n —I—/ x Idx =n"7+
k=n k=n+1 n q— 1
11 & % 1 % 1
= n 1 Ek_q S(n_l‘f‘(“) <(q)7.
k=n o
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Intro
Q000

Left-hand side Right-hand side Weak and discrete
°) 00 00@

B G. Bennett: Some elementary inequalities II,
Quart ] Math Oxford (2) 39(156):385-400, 1988.

BRI Bot and C. Hendrich: A Douglas-Rachford type primal-dual method for solving inclusions with mixtures
of composite and parallel-sum type monotone operators,
SIAM ] Optim 4:2541-2565, 2013.

@ N.G. de Bruijn: Asymptotic Methods in Analysis,

North-Holland Publishing Co., Amsterdam, 1958. Thank you for your

[@ E.T. Copson: Note on series of positive terms, :
T London Math Soc 31165, 1038 attention.
@ S. Foucart and H. Rauhut: A Mathematical Introduction to Compressive Sensing,
Birkhauser/Springer, New York, N, 2013.
[ P. Gao: On a result of Levin and Ste&kin,
Int ] Math Sci 2011 (2011) 1-15.
@ I'X. Xapau, Jx.U. JIutasyx, . Ioita: Hepasencrsa,
Tocynapcrs usgar naocrp aut, Moscow, 1948, appendix by B. 1. Jlesun and C.B. Creukus.
B A. Pietsch: Approximation spaces,
] Approx Theory 32(2):115-134, 1981.
B C.B. Creuxun: O6 abcomrorHoi CXOAMMOCTH OPTOTOHAJBHBIX PAJOB. I,
Marem ¢6 29(1):225-232, 1951.
B C.B. Creukun: O6 abcoMOTHOH CXOIUMOCTH OPTOrOHAJIbBHBIX PsJOB,
Joxs AH CCCP 102(1):37-40, 1955.

B B.H. Temusxos: ITpubaurkenne OYHKIUIA C OrPAHUYEHHON CMEIMIaHHON NPOU3BOSHOM,
Tp MMIAH CCCP 178:3-113, 1986.
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