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Intro Left-hand side Right-hand side Weak and discrete

AN EXERCISE

Given x = (2.4,−42, 0,−π, 100) ∈ R5.

What is the closest vector with at most two non-zero entries?

It is ( 0,−42, 0, 0, 100).

Drop all but the largest coefficients.
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OUR PUBLICATION

T. J. and T. Ullrich
On the optimal constants in the two-sided Stechkin
inequalities,
J. Approx. Theory 269:105607, 2021.

Tino Ullrich
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BEST n-TERM APPROXIMATION

H a Hilbert space, separable and infinite-dimensional

=⇒ x = ∑e∈S ⟨x|e⟩︸ ︷︷ ︸
=:xk

e for all x ∈ H with S a countable ONB

Σn = {x ∈ H | at most n summands ̸= 0}

E(x, Σn)H = infy∈Σn ∥x − y∥H

Given x, what is the rate of decay of E(x, Σn)H in n?
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FINITE-DIMENSIONAL EXAMPLE

Given x = (2.4,−42, 0,−π, 100) ∈ R5.

Σn =
{

x ∈ R5
∣∣ x has at most n nonzero entries

}

E(x, Σ2) = ∥x − ( 0,−42, 0, 0, 100)∥2.

Approximation error is computed from small entries.
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APPROXIMATION SPACES

Pietsch 1981: approximation spaces

∥x∥Aα
r (H,Σ) :=

{(
∑∞

n=1 nαrE(x, Σn−1)
r
H

1
n

)1/r
, r < ∞,

supn∈N nαE(x, Σn−1)H, r = ∞

Largest coefficients are best.

Through H ∼= ℓ2, q = 2α + 1, and r = (α + 1
2 )

−1, we arrive at

expressions like ∑∞
n=1
( 1

n ∑∞
k=n(x∗k )

q) 1
q .
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STRONG DISCRETE STECHKIN INEQUALITY

Let c1(q) and C1(q) > 0 be infimal such that

1
c1(q)

∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

≤
∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

.

▶ Copson 1928: C1(q) ≤ q
1
q

▶ Стечкин 1951: C1(2) ≤ 2√
3

▶ Стечкин 1955: c1(2) ≤ 2 (no proof), c1(2) ≤ π
2 (conjecture)

▶ Pietsch 1981: c1(2) ≤ 2(2 +
√

2) and C1(2) ≤ 6
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PROBLEM STATEMENT

What are the infimal constants c, C > 0 such that

1
c ≤ ≤ C ?

▶ ∑∞
n=1 an, ∑∞

n=1
( 1

n ∑∞
k=n aq

k

) 1
q

▷ supn∈N nan, supn∈N n
( 1

n ∑∞
k=n aq

k

) 1
q

▷
∫ ∞

0 f (t)dt,
∫ ∞

0

( 1
t

∫ ∞
t f (s)qds

) 1
q dt

▷ supt>0 t f (t), supt>0 t
( 1

t

∫ ∞
t f (s)qds

) 1
q
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WEAK AND CONTINUOUS STECHKIN INEQUALITIES

1
c1,∞(q)

sup
n∈N

n

(
1
n

∞

∑
k=n

aq
k

) 1
q

≤ sup
n∈N

nan ≤ C1,∞(q) sup
n∈N

n

(
1
n

∞

∑
k=n

aq
k

) 1
q

1
c̄1(q)

∫ ∞

0

(
1
t

∫ ∞

t
f (s)qds

) 1
q

dt ≤
∫ ∞

0
f (t)dt

HLP
≤ C̄1(q)

∫ ∞

0

(
1
t

∫ ∞

t
f (s)qds

) 1
q

dt

1
c̄1,∞(q)

sup
t>0

t
(

1
t

∫ ∞

t
f (s)qds

) 1
q

≤ sup
t>0

t f (t) ≤ C̄1,∞(q) sup
t>0

t
(

1
t

∫ ∞

t
f (s)qds

) 1
q

https://sites.google.com/view/tjah/ Stechkin inequalities 9 / 27



Intro Left-hand side Right-hand side Weak and discrete

STRONG DISCRETE STECHKIN INEQUALITY:
GEOMETRIC VIEWPOINT

Consider

1
c1(2)

∞

∑
n=1

(
1
n

∞

∑
k=n

a2
k

) 1
2

≤
∞

∑
n=1

an ≤ C1(2)
∞

∑
n=1

(
1
n

∞

∑
k=n

a2
k

) 1
2

.

for finite sequences (a1, . . . , aN , 0, 0, . . .):

1
c1(2, N)

N

∑
n=1

(
1
n

N

∑
k=n

a2
k

) 1
2

≤
N

∑
n=1

an ≤ C1(2, N)
N

∑
n=1

(
1
n

N

∑
k=n

a2
k

) 1
2

.

Take N = 2.
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OPTIMAL CONTAINMENT OF STARSHAPED SETS

1
c B1 ⊂ B2 ⊂ CB1

⇐⇒ ∀ x ∈ R2 :
1
c ∑2

n=1

(
1
n ∑2

k=n (x∗k )
2
) 1

2 ≤ ∑2
n=1 |xn| ≤ C∑2

n=1

(
1
n ∑2

k=n (x∗k )
2
) 1

2
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OPTIMAL CONTAINMENT OF CONVEX BODIES

1
c B1 ⊂ B2 ⊂ CB1

⇐⇒ ∀ x ∈ R2 :
1
c ∑2

n=1

(
1
n ∑2

k=n xk
2
) 1

2 ≤ ∑2
n=1 |xn| ≤ C∑2

n=1

(
1
n ∑2

k=n xk
2
) 1

2
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WHAT ARE THE OPTIMAL CONSTANTS?

Consider

1
c1(2)

∞

∑
n=1

(
1
n

∞

∑
k=n

a2
k

) 1
2

≤
∞

∑
n=1

an ≤ C1(2)
∞

∑
n=1

(
1
n

∞

∑
k=n

a2
k

) 1
2

.

For c1(2):
▶ sequence of finite-dimensional approximations
▶ maximize convex function over simplex
▶ control function values at vertices
▶ arrive at c1(2) = π

2
▶ Bennett 1988: c1(q) = π

q sin
(

π
q

)
c1(q)

1/q
1

3

5

10.5
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UPPER BOUNDS ON C1(2)

Theorem (J., Ullrich 2021)

Let (bn)n∈N0 be a strictly monotonically increasing sequence with
b0 = 0 and ∑∞

n=1
1
b2

n
< ∞. Then for all (an)n∈N ∈ ℓ2, we have

∞

∑
n=1

an ≤ Cb

∞

∑
n=1

(
1
n

∞

∑
k=n

a2
k

) 1
2

with Cb = sup
{√

n(bn − bn−1)2 ∑∞
k=n

1
b2

k

∣∣∣∣ n ∈ N

}
.

Proof: Cauchy–Schwarz inequality
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C1(2) ≤ 1.1086983

In

Cb = sup

{√
n(bn − bn−1)2

∞

∑
k=n

1
b2

k

∣∣∣∣∣ n ∈ N

}
,

take bn = (n(n + 1))p.

▶ Copson 1928: C1(2) ≤
√

2 ≈ 1.414
▶ Левин, Стечкин 1948: C1(2) ≤ 2√

3
≈ 1.1547 p = 1

▶ J., Ullrich 2021: C1(2) ≤
√

e ln(2)√
2

≈ 1.1542 “optimal” p

▶ J., Ullrich 2021: 1.10516 ≤ C1(2) ≤ 1.1086983
▶ De Bruijn 1958: C1(2) ≈ 1.1064957714
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C1(2) ≤ 1.1086983

Cb = sup

{√
n(bn − bn−1)2

∞

∑
k=n

1
b2

k

∣∣∣∣∣ n ∈ N

}
Choose bn = (n(n + 1))p with p ∈ ( 1

4 , 1].

Then

An := n(bn − bn−1)
2

∞

∑
k=n

1
b2

k
≤
(
(n + 1)p − (n − 1)p

np−1

)2 1
4p − 1

and the rhs is monotonically decreasing in n. So

Cb ≤ max

{
N−1
max
n=1

√
An,

(N + 1)p − (N − 1)p

Np−1
1√

4p − 1

}

. . . N = 100 and p = 0.88 give C1(2) ≤ 1.1086983

https://sites.google.com/view/tjah/ Stechkin inequalities 16 / 27



Intro Left-hand side Right-hand side Weak and discrete

C1(2) ≤ 1.1086983

Cb = sup

{√
n(bn − bn−1)2

∞

∑
k=n

1
b2

k

∣∣∣∣∣ n ∈ N

}
Choose bn = (n(n + 1))p with p ∈ ( 1

4 , 1]. Then

An := n(bn − bn−1)
2

∞

∑
k=n

1
b2

k
≤
(
(n + 1)p − (n − 1)p

np−1

)2 1
4p − 1

and the rhs is monotonically decreasing in n.

So

Cb ≤ max

{
N−1
max
n=1

√
An,

(N + 1)p − (N − 1)p

Np−1
1√

4p − 1

}

. . . N = 100 and p = 0.88 give C1(2) ≤ 1.1086983

https://sites.google.com/view/tjah/ Stechkin inequalities 16 / 27



Intro Left-hand side Right-hand side Weak and discrete
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1.10516 ≤ C1(2)

Numerically compute the optimal bound on sequences of fixed
finite length:

Minimize
∞

∑
n=1

(
1
n

∞

∑
k=n

a2
k

) 1
2

s.t. an ≥ 0, an ↓ 0, aN+1 = 0,
∞

∑
n=1

an = 1

N N

N
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1.10516 ≤ C1(2)

Minimize
N

∑
n=1

(
1
n

N

∑
k=n

a2
k

) 1
2

s.t. an ≥ 0,
N

∑
n=1

an = 1

∆′
N :=

{
(a1, . . . , aN)

∣∣∣∣∣ an ≥ 0,
N

∑
n=1

an = 1

}

Bn,N :=

(a1, . . . , aN)

∣∣∣∣∣∣
(

1
n

N

∑
k=n

a2
k

) 1
2

≤ 1


https://sites.google.com/view/tjah/ Stechkin inequalities 18 / 27



Intro Left-hand side Right-hand side Weak and discrete

1.10516 ≤ C1(2)
[Bot, , Hendrich 2013] After initialization,

(∀n ≥ 0)



p1,n = P∆′
N

(
xn − τ

2 ∑m
i=1 vi,n

)
# project to feasible set

w1,n = 2p1,n − xn
For k = 1, . . . , N p2,k,n = PB◦

k,N

(
vk,n +

σk
2 w1,n

)
# splitting of summands

w2,k,n = 2p2,k,n − vk,n
z1,n = w1,n − τ

2 ∑m
k=1 w2,k,n

xn+1 = xn + λn(z1,n − p1,n)
For k = 1, . . . , N⌊

z2,k,n = w2,k,n +
σk
2 (2z1,n − w1,n)

vk,n+1 = vk,n + λn(z2,k,n − p2,k,n).
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1.10516 ≤ C1(2)

N # iter. C1(2) ≥
2 35 1.03527
3 61 1.05291
4 98 1.06342
5 166 1.07037
6 249 1.07531
7 346 1.07900
8 454 1.08186
9 571 1.08415

N # iter. C1(2) ≥
293 25822 1.10513
294 25678 1.10513
295 25956 1.10514
296 26239 1.10514
297 26095 1.10514
298 26375 1.10515
299 26659 1.10515
300 26515 1.10516
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UPPER BOUNDS ON C1(q)

∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

1/q

C1(q)

1

2

10.5

Copson 1928
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UPPER BOUNDS ON C1(q)

∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

1/q

C1(q)

1

2

10.5

Левин, Стечкин 1948
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UPPER BOUNDS ON C1(q)

∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

1/q

C1(q)

1

2

10.5

Стечкин 1951
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UPPER BOUNDS ON C1(q)

∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

1/q

C1(q)

1

2

10.5

De Bruijn 1958
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UPPER BOUNDS ON C1(q)

∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

1/q

C1(q)

1

2

10.5

Gao 2011
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UPPER BOUNDS ON C1(q)

∞

∑
n=1

an ≤ C1(q)
∞

∑
n=1

(
1
n

∞

∑
k=n

aq
k

) 1
q

1/q

C1(q)

1

2

10.5

J., Ullrich 2021
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WEAK STECHKIN INEQUALITY

▷ ∑∞
n=1 an, ∑∞

n=1
( 1

n ∑∞
k=n aq

k

) 1
q

▶ supn∈N nan, supn∈N n
( 1

n ∑∞
k=n aq

k

) 1
q

▷
∫ ∞

0 f (t)dt,
∫ ∞

0

( 1
t

∫ ∞
t f (s)qds

) 1
q dt

▷ supt>0 t f (t), supt>0 t
( 1

t

∫ ∞
t f (s)qds

) 1
q
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WEAK STECHKIN INEQUALITY

1
c1,∞(q)

sup
n∈N

n

(
1
n

∞

∑
k=n

aq
k

) 1
q

≤ sup
n∈N

nan ≤ C1,∞(q) sup
n∈N

n

(
1
n

∞

∑
k=n

aq
k

) 1
q

▶ Pietsch 1981: There exist constants c1,∞(q) and C1,∞(q).

▶ Temlyakov 1986: n
( 1

n ∑∞
k=n aq

k

) 1
q ≤ ∑∞

n=1 an

▶ Foucart, Rauhut 2013:

n
( 1

n ∑∞
k=n+1 aq

k

) 1
q ≤ (q − 1)−1/q supn∈N nan
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WEAK STECHKIN INEQUALITY
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sup
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n

(
1
n

∞
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aq
k
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n∈N
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1
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∞
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WEAK STECHKIN INEQUALITY

1
c1,∞(q)

sup
n∈N

n

(
1
n

∞

∑
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aq
k
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∞
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aq
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EULER–MASCHERONI CONSTANT

1 2 3 4 5 6 x

x 7→ x−q

blue area = ζ(q)− 1
q−1

q→1−→ 0.57721 . . .

ζ(q) ≥ 0.57721 . . . + 1
q−1
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WEAK STECHKIN INEQUALITY

1
c1,∞(q)

sup
n∈N

n

(
1
n

∞

∑
k=n

aq
k

) 1
q

≤ sup
n∈N

nan ≤ C1,∞(q) sup
n∈N

n

(
1
n

∞

∑
k=n

aq
k

) 1
q

Theorem (J., Ullrich 2021)

c1,∞(2) = ζ(q)1/q, C1,∞(2) =
(

1
q

) 1
q
(

1 − 1
q

)1− 1
q
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PROOF OF c1,∞(q) = ζ(q)1/q

▶ The supremum

sup

sup
n∈N

n1− 1
q

(
∞

∑
k=n

aq
k

) 1
q
∣∣∣∣∣∣ a1 ≥ a2 ≥ . . . ≥ 0, sup

n∈N

nan = 1

 .

is attained at ( 1
n )n∈N.

▶ So it evaluates to supn∈N n1− 1
q
(
∑∞

k=n
1
kq

) 1
q = ζ(q)

1
q .

▶ 1
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