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A knot is an equivalence class of embeddings v : R/Z — R3, i.e.
topological homeomorphisms onto their images.

Two emdbeddings, called knotted curves, are identified if there
exists an ambiant isotopy of R3 transforming one into the other.
Broadly speaking, no cutting, self-intersecting, or pull-tight
phenomena of the curves are allowed.

Questions in knot theory

» How to classify of all knots?

> How to easily assign an arbitrary knotted curve to the knot
class it represents?
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Knot Energies

introduced by Shinji Fukuhara [Fuk88] as an analytical tool used to
deform a given knotted curve into a standard form
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Classification problem: only Compare standard forms instead
finitely many knots below energy of arbitrary curves

threshold?
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|—Introduction
LKnot Energies

Jun O'Hara [O'H91] introduces the Mébius energy
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Jun O'Hara [O'H91] introduces the Mébius energy
and in [O'H92a] the two-parameter family of knot energies, called
O’Hara energies
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Oscar Gonzalez and John Maddocks [GM99] introduce the integral
Menger curvature
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Oscar Gonzalez and John Maddocks [GM99] introduce the integral

Menger curvature
Simon Blatt and Philipp Reiter [BR15b] extend this to the

generalised integral Menger curvature
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Pawet Strzelecki and Heiko von der Mosel [SvdM12] introduce
tangent-point energies

V() =y ()*
dist? (v(x) + Ry'(x),7(y))
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Pawet Strzelecki and Heiko von der Mosel [SvdM12] introduce

tangent-point energies
Simon Blatt and Philipp Reiter [BR15a] extend this to the

generalised tangent-point energies
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Knot Energy [O'HO03, Definition 1.1]

functional & on a topological space of knotted curves satisfying
» £>0
» If v, — v and 7 has double points, then &(v,) — oo.



Banach gradient flows for various families of knot energies
LIntl'ctducticnn
L Knot Energies

Knot Energy [O'HO3, Definition 1.1]

functional & on a topological space of knotted curves satisfying
> £>0
» If v, — v and 7 has double points, then &(v,) — oo.

All energies presented above are knot energies.
> E¥P o€ (0,00), p € [L,00) with 2 < ap <2p+1[0'HI2b]
> intMP9, g € (1,00), p€ (39 +1,q+ 3) [BR15b]
» TPPY9, qe (1,00), p€(q+2,29+1) [BR15a]
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Knot Energy [O'HO3, Definition 1.1]

functional & on a topological space of knotted curves satisfying
> £>0
» If v, — v and 7 has double points, then &(v,) — oo.

All energies presented above are knot energies.
> E¥P o€ (0,00), p € [L,00) with 2 < ap <2p+1[0'HI2b]
> intMP9, g € (1,00), p€ (39 +1,q+ 3) [BR15b]
» TPPY9, qe (1,00), p€(q+2,29+1) [BR15a]

All these results rely on bi-Lipschitz estimates for injective and
arclength parametrised curves.
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The "right” topological spaces for these knot energies have been
characterised as
1+22=1 2p
> W, i (R/Z,R"™) for E*P [Blal2a]

1r
3p—2

P27
> W, 7 (R/Z,R") for intMP9 [BR15b]

> W o (R/Z,R") for TPP9 [BR15a]
where W;Jrs’p (R/Z,R") is the subspace of W1 (R/Z,R") with

, P
// I’y —7' ()l dedy
(R/Z)2 y‘R/Z |X_Y|R/Z

and v injectiv and regular, i.e. |y/| > 0.
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Gradient Flows of Knot Energies
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Gradient Flows of Knot Energies

d
LT(0) = V(0]

L2-gradient flows of knot energies
» Zheng-Xu He [He00] shows short-time existence of an
L2-gradient flow of the Mdbius energy E.

» Simon Blatt [Blal2b] shows long-time existence of an
L?-gradient flow of E if starting sufficiently close to a local
minimiser of E. Convergence to a critical point.

» Simon Blatt [Blal8] shows long-time existence of an
L2-gradient flow of E*! + L (functional regularised with the
length of ). Convergence to a critical point.
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Gradient Flows of Knot Energies

Hilbert space gradient flow in energy space
» Philipp Reiter and Henrik Schumacher [RS21] show short-time
existence of a gradient flow of E2! with respect to a metric
related to the one of W32,
» Jan Knappmann, Henrik Schumacher, Daniel Steenebriigge,
and Heiko von der Mosel [KSSvdM22] prove long-time

3
existence of the gradient flow of intMP? in W2P~22,

» Daniel Steenebriigge [Ste22] proves long-time existence of the
—1
gradient flow of TPP2 in W "2 2.
» Gradient flows in respective energy spaces can lead to
numerical procedures that are substantially more efficient and

robust in comparision to the methods for the L2-gradient
flow. [RS21]



Banach gradient flows for various families of knot energies

LGradient Flows in Banach Spaces and Main Theorem

Gradient flows in Banach spaces

H Hilbert space, ¢ € CY(H,R), u € C((a, b), H).
A gradient flow is given by

u'(t) = =Velu(t)]
V=3,0oD

where 5, : H — H* is the Riesz isomorphism, and
D: CY{(H,R) — CO(H,H*) is the derivative operator.
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LGradient Flows in Banach Spaces and Main Theorem

Gradient flows in Banach spaces

B Banach space, duality mapping with weights % + al* =1

J(B,H) B — 26*
* 0 o*
x = {8 € B" | (£, x)B-x8 = |xllgll¢llz-, IxlI5 = [1€]l5+ }
Examples:

> If B=H, then ‘j (B2) = Ju.
> If B = LP, then J(ip ) (F) = |F|P~2F € L.
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I—Gradient Flows in Banach Spaces and Main Theorem

Gradient flows in Banach spaces

B Banach space, duality mapping with weights % + al* =1

J(B,H) B — 26*
x> {€ € B (€, x)p x5 = XI5 1€l 5+ IIXII% = [1€]1%.}

Can formulate differential inclusion

J(B.o)(U'(t)) 2 —Dolu(t)]
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Gradient flows in Banach spaces

B Banach space, duality mapping with weights % =+ al* =1

J(B,()) B — 26*

x e {€ € B | (&,)px5 = |5 €]l x5 = €15}

If the geometry of B is “nice”, then Jpg): B — B is a
homeomorphism, and the inclusion becomes an equation:

o (1) =~ (Dolu()]).
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LGl'adient Flows in Banach Spaces and Main Theorem

Total Energy ¢
total energy

1<k,0 0<e &e{TPP9 intMP9 E*P} s p=s5,p(&)

S EDHIEDysn s v E WTTT
o(v) =
~+00, else.

where
logarithmic strain

Y Witse (R/Z,R") — WS# (R/Z)

Y (7)(u) = log |7/ (u)]

used in [KSSvdM22] to control the parametrisation of the curves.
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[MSvdM, Theorem 1.1]
1<k, 0<e &e{TPP9 intMP9 E*P} s p=s5,p(&)

Vyo € Wit 30 e C1([0,00), WItst)  such that

d _
al"(t) = _—3(V]|-/1+5+5,p70) Dd)[r(t)]

I'(0) =1
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LGl'adient Flows in Banach Spaces and Main Theorem

[MSvdM, Theorem 1.1]
1<k,0 0<e &e{TPP9 intMP9 E*P} s p=s,p(&)

Va0 € Wit 31 € €1 ([0, 00), WISte#)  such that
1“(t) (V1V1+s+ap g)DoIL(1)]

P(O) =70

is not Lipschitz-continuous, hence Picard-Lindelof
theory is not applicable.
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Metric gradient flows

Instead: metric theory of minimising movements and curves of
maximal slope as described in [AGS08]



Banach gradient flows for various families of knot energies
|—Proof of the Main Theorem

|—From Gradient Flows to Curves of Maximal Slope

Metric gradient flows
In Hilbert space: u, E € C*.

U (t) = —VE[u(t)]
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LFrom Gradient Flows to Curves of Maximal Slope

Metric gradient flows
In Hilbert space: u, E € C*.
u'(t) = =VE[u(t)]
Cauchy-Schwarz inequality

[ ()] = IVE[u(2)]]

T {u(2), VE[u(t)) = — |/ (8) [ I VELu(2)]|
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LFrom Gradient Flows to Curves of Maximal Slope

Metric gradient flows
In Hilbert space: u, E € C*.

u'(t) = =VE[u(t)]
Cauchy-Schwarz inequality

[ ()] = IVE[u(2)]]
(/' (8), VE[u(t))# = = [/ (D) [IVE[u(t)]]

Young's inequality

-

& (u/(8), VER(On < — [(0)]]* ~ 5 IVET(o)] P
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LFrom Gradient Flows to Curves of Maximal Slope

Metric gradient flows
In Hilbert space: u, E € C*.

u'(t) = =VE[u(t)]
Cauchy-Schwarz inequality

[ ()] = IVE[u(2)]]
(/' (8), VE[u(t))# = = [/ (D) [IVE[u(t)]]

Young's inequality

-

& (u/(8), VER(On < — [(0)]]* ~ 5 IVET(o)] P
Chain rule

o LE(u(D) < — W) - 5 IVEL(D]
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LEnelrgy Dissipation Inequality

metric derivative

d (u(t), u(s))

Hu'(t)” AAAAAAAAAAAAAS |u'|(t) = _llnt |5 - t|
local slope
(B - E(wv)"
VE[ull|| ~~mmmnns |OE|(u) := limsu
IVEL| PE| () = tm s =)

upper gradient

%E(u(t)) — (VE[u(E)], U/ (£)) ~onmes ’%E(u(t))

< [0E|(u(t))|u'|(2)

Energy Dissipation Inequality: gradient flow

CE@() < WO - 5 IVEL(]
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LEnelrgy Dissipation Inequality

metric derivative

6/ ()] = [uI(2) 2= lim, d(”&’ ';fs))
local slope
o (E(u) - E(v))"
|V E[u]|| ~rnmnnnr [OE| (u) = I|mdsup d(v.4)

v—ru
upper gradient

SEE(U(0) = (VEL), ()~ | L E(ule)| < 0] (u(0) (0

Energy Dissipation Inequality: curve of maximal slope

%E(u(t)) < —%IU’\Z(t) - %!35!2(“(1‘))
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metric derivative

Hu leu‘() :slint |s — t]
local slope
+
|V E[u]|| vy |OE | (u) = limsup u) — E(v))
vi>u d(v’ U)

upper gradient

SHE(U(0) = (VEL), ()~ | L E(ule)| < 0] (u(0) (0

Energy Dissipation Inequality: integral

E(u(t)) /|u| r)dr + /|aEy r))dr < E(u(s))
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LEnergy Dissipation Inequality

In order to solve
1“(1-“) = W1+s+e 0.0 DOIL(1)]
') =

find a solution of

o) +3 [ IR+ 3 [ 106 (T()ar < 6(7(6)
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Existence of Curves of Maximal Slope

via minimising movements [AGS08, Chapter 2 and 3 |
step 1: fix step size T > 0; solve iterative minimisation scheme

s O s

'r T(T

1 2
¢”7T(7) = ¢(’7) + E ||7 - 7n—1|ywl+s+s,p
Vn € argmin®, -

obtain I'; piecewise constant: I';(t) :=vp, t € ((n— 1)7, n7]
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L Minimising Movement

Minimising Movement

step 2: limit 7 — 0.
piecewise constant I';- satisfy discrete EDI

1 [f 112 1/t 2
AT )+ 5 [ IPPar+ 5 [C0.0Par < o(r,(0)
=70

Using dEDI and Arzela-Ascoli: passing to the limit 7 — 0
(subsequence)
there exists a minimising movement T' € AC ([0, c0), W1 tsT¢)

kIme L, (t)=T(¢)
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L Minimising Movement

Curve of Maximal Slope

step 3: show that I satisfies EDI.
1 i /12 1 ! 2
¢(F‘r(t)) + 5 |FT| dr + 5 |©T¢| dr < ¢(70)
0 0
passing to the limit 74, — 0 in dEDI:
1 [t o 1 [t 5
o)+ [ PR+ [Co70R @) < o)

(07 0|(y) = inf{lim inf [0](7&) | vk = 7:sup d(k) < o0}
—00 keN

Almost EDI
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LMinimising Movement
& € {TPP9, intMP9, E*P} satisfies

> (E1) & is continuously Fréchet-differentiable on W, ="
> (E2) & is weakly lower semicontinuous on W.t*”
>

(E3) & satisfies uniform bi-Lipschitz estimates:

1
—<hl<a & £M<a = Bilip(y) = C(a,e.8)
1

v () =~(x)|
[x=ylr/z

where BiLip(y) := inf, yer/z
XFEy

[BR15b], [BR15a], [O'H92b], [MSvdM, Theorem 5.1]
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L Minimising Movement

[MSvdM, Theorem 3.2]
1<k,0 0<e & satisfies (E1)-(E3) &>0 s,p=s5,p(&)

Vyo € Wit 3r e C1([0,00), WItst5P)  such that

d ~1
ar(t) = _J(W1+s+e,p79) D¢[F(t)]

I'(0) =1
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L Minimising Movement

1 2
Cnr(7) = 6(0) + 5 17 = Vn-1llwaeses
Solve minimisation scheme using direct method of calculus of
variation:
> & is coercive
» sublevel-sets of ® are weakly relatively compact

> & is weakly lower semicontinuous
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LMinimising Movement

® is weakly lower semicontinuous

1
on VVir+S+‘€,p

1
®nr(7) = o(7) + Zdz (7, Y1)
P 1
= éa(’-}/) + ”2(7)” Ws:p + Z ||’Y - ’7n—1||%/v1+s+s,p

this is weakly lower semicontinuous.
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LMinimising Movement

® is weakly lower semicontinuous

However, if v ¢ Wii+s+€’p, then ®, - (7) = <.

It remains to show that if
sup q’)(f?k) =M<oo and Hr—#%
keN

then
§e W
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L Minimising Movement

® is weakly lower semicontinuous

Since ¢(9x) < M
> 5k € WK by definition of ¢
> hence [[Z(5k)lws., < M

by embedding WS* — C°

sup sup |log |5 (x)|| < oo
keNxeR/Z

thus (k) ken is uniformly regular:

1 .
— < < a
C1

In particular, since W1t < C! embeds compactly, 7 is regular.
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L Minimising Movement

® is weakly lower semicontinuous

Furthermore, ¢(%x) < M implies that

sup & (k) < o0
keN

Recall

(E3) & satisfies uniform bi-Lipschitz estimates:

l<ll<a & fh)<e = Bilik) > C(a,e 8)
1

Therefore,
Ang BiLip(54) > 0

Thus # is injective.
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The local slope of ¢ is

100](7) = [IDON | (r+s+<.0)s

Recall

¢(7) =€) + IZM)lws.r
Since ¢ is Cl in Wits# and Wltster <y WItsP embeds
compactly, ||D[V]||(py1+s+<)« is weakly sequentially continuous.

Therefore, [0~ ¢| = |0¢|. By [AGS08, Theorem 2.3.3], T is a curve
of maximal slope.
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|—Proof of the Main Theorem
|—Curve of Maximal Slope

Thank you for your attention.
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