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0 Introduction

Homological algebra is a method that plays an important role in many areas of mathematics.
It associates to a mathematical object X (such as a topological space, an algebra or a group)
a family (X,,)nez of abelian groups (possibly with additional structure) and a family of group
homomorphisms d,, : X,, — X,,_; that satisfy d,,od, 1 = 0 for all n € Z. This condition ensures
that im(d,41) C ker(d,,) is a subgroup. The factor groups H, (X ) = ker(d,)/im(d+1) for n € Z
are called the homologies of X. There is also a dual concept, cohomology, where one has a family
(X™) ez of abelian groups and a family (d"),cz of group homomorphisms d" : X" — X"*!
with d" o d"~! = 0 for all n € Z. The factor groups H"(X) = ker(d")/im(d"~!) are called the
cohomologies of X.

(Co)homologies arise in algebraic topology, including (co)homologies of simplicial complexes,
of CW-complexes and singular (co)homologies of topological spaces. They also arise in algebra,
where one considers (co)homologies of algebras, groups, bimodules, group representations and
representations of Lie algebras, and in geometry, where one considers (co)homologies associated
with differential forms on smooth manifolds, with symplectic manifolds and with more specific
questions such as intersections of smooth curves on surfaces.

(Co)homologies encode relevant information about the object X, such as the number of con-
nected components of a topological space, the centre of an algebra or the invariants of a group
representation. They are often used to establish that two mathematical objects are not iso-
morphic. Non-trivial (co)homology groups also appear as obstructions to certain constructions
or to attempts to decompose structures into simpler building blocks. For instance, group co-
homologies tell us if a group G can be written as a semidirect product of a normal subgroup
N C G and the factor group G/N, and (co)homologies of algebras can answer the question if
the algebra or a given module is semisimple.

Some of the reasons why homological methods are so common and useful are the following:

1. (Co)homologies are based on linear structures, namely modules over rings and certain
generalisations thereof. This makes them much more computable and accessible than
non-linear structures. Modules over rings include vector spaces, abelian groups and
representations of groups and algebras and are a very versatile and general structure.

2. There are infinitely many (co)homologies associated with a mathematical object. This
allows them to contain enough information, and this information is organised in an
efficient way. (Co)homologies for different values of n can be computed independently
from each other. In many cases, all (co)homologies H,(X) for n < 0 vanish, and their
complexity grows with increasing n. If one requires only little information, it is often
sufficient to compute the first few homologies. In some cases, there are algorithms that
compute homologies directly from the data that describes the mathematical structure.

3. Homology theories are general and flexible. They can be formulated abstractly in terms of
categories, functors and natural transformations. This allows one to apply them in many
situations. There is a good understanding of what data is needed to define a (co)homology
theory, and this data can often be characterised by standard constructions. This allows one
to easily find new applications and to treat them systematically. One can easily transfer
them between different parts of mathematics and adapt methods and insights to other
contexts. The wish to have a unified framework for different versions of (co)homology
theories was an important motivation in the development of category theory.



1 Algebraic background

1.1 Modules over rings

Modules over unital rings are one of the essential ingredients of (co)homology theories. They
are useful because they unify different algebraic structures such as abelian groups, commutative
rings, vector spaces over fields and representations of groups and algebras, which are all used to
define different versions of (co)homology theories. By working with modules, we can relate these
different notions of (co)homologies and treat them in a common framework. It also becomes
apparent which properties are general and which depend on the choice of the underlying ring.

In this section we summarise the basic constructions and results for modules over rings. Unless
stated otherwise all rings are assumed to be unital in the following, and all ring homomorphisms
are assumed to be unital as well, i. e. send multiplicative units to multiplicative units.

Definition 1.1.1: Let R be a ring.

1. A (left) module over R or an R-(left) module is an abelian group (M,+) together
with a map > : R x M — M, (r,m) — r > m, the structure map that satisfies for all
m,m' € M and r,7’" € R

re>(m4+m)=r>m+r>m (r+ry>pm=rem+r' >m

(r-rYem=rr (r>m) 1>m=m.

2. A morphism of R-modules or an R-linear map from an R-module (M, +,;,>,/) to an
R-module (N, +y,>y) is a group homomorphism ¢ : (M, +,7) — (N, +y) that satisfies

p(r>pym)=r>ye(m)  VmeMreR.

A bijective R-module morphism f : M — N is called a R-module isomorphism, and one
writes M = N. The set of R-module morphisms ¢ : M — N is denoted Hompg (M, N).

Remark 1.1.2: Let R, S be rings.
1. A right module over R is a left module over the ring R°? with the opposite multipli-
cation r-,,s = s-7 and a morphism of R-right modules is a morphism of R°’-left modules.

Equivalently, we can define a right module over R as an abelian group (M, +) together
with a map <: M x R — M, (m,r) — m <r, such that for all m,m’ € M and r,r’ € R:

(m+m)<r=m<ar+m'<ar m<(r+r)=m<r+m<r
m<(r-r)y=m<r)<r m<1l=m.

If R is commutative, left and right modules over R coincide.

2. An (R, S)-bimodule is an abelian group (M,+) with an R-left module structure
> : Rx M — M and an S-right module structure < : M x S — M such that
r>(m<s)=(r>m)<dsforallr e R, se€ S andme M.



Example 1.1.3: Let R, S be rings.

1.

Z-modules are abelian groups and Z-linear maps are group homomorphisms.

Every abelian group (M, +) has a unique Z-module structure determined by 0 > m = 0
and 1>m = m for all m € M. The additivity of the structure map in the first argument
determines the Z-module structure uniquely since for all m € M and n € N one has

0>m=0+0>m=0>m+0>m = 0>m=0
n>m=(1+._.+1)>m=1pm+..+1>m=m+..+m
0=0>pm=Mnm-n)>pm=m+..+m+(—n)>m = (—n)>bm=—(m+..+m).

Modules over a field F are F-vector spaces and F-module morphisms are F-linear maps.

R is a left module over itself with > : R x R — R, r>71' = r-r’ and a right module over
itself with <: Rx R — R, r'<<r = r’-r. This gives R the structure of an (R, R)-bimodule.

. For any set X and R-module M, the set Map(X, M) of maps f : X — M has a canonical

R-left module structure given by

(f+9)@) = [f(x) +g(z), (> )z)=r>fz) VeeX fg:X—=>MreR.

. For any S-module M and R-module N, the set Homz(M, N) of group homomorphisms

f M — N has a canonical R-left module and S-right module structure given by

(f +9)(m) = f(m) +g(m)  (r>f)(m)=rrf(m)  (f<s)(m)=f(s>m)

for alm € M, r € R, s € S and f,g € Homg(M, N). This gives Homz(M, N) the
structure of an (R, .S)-bimodule.

. If ¢ : R — S is a ring homomorphism, then every S-module M becomes an R-module

with structure map >g: R X M — M, r>m = ¢(r) >g m. This is called the pullback
of the module structure along ¢.

In particular, there is a unique ring homomorphism ¢ : Z — S given by ¢(0) = 0g and
¢(1) = 1g. The induced Z-module structure on M is precisely its abelian group structure.

Every R-module M is a module over the endomorphism ring Endg(M) = Homg(M, M)
with the evaluation map > : Endg(M) x M — M, (f,m) — f(m).

. If R is an algebra over a field F, then an R-module M is a representation of R:

an F-vector space M together with an algebra homomorphism p : R — Endp(M).

Morphisms of R-modules are homomorphisms of representations:
F-linear maps ¢ : M — N with py(r) o ¢ = ¢ o pps(r) for all r € R.

The scalar multiplication on M is given by Am = (Alg) > M for A € F and the algebra
homomorphism p : R — Endp(M) by p(r)m = ri>m for all r € R and m € M. It is
F-linear since p(Ar)m = (Ar) >m = (Alg) > (r > m) = Ap(r)m for A € F. Conversely,
every algebra homomorphism p : R — Endp(M) defines an R-module structure on M by
r>m = p(r)m for all r € R and m € M.

The concept of algebra representations is important, since it allows one to describe algebras in
terms of vector spaces and linear maps and to use techniques from linear algebra to understand
their structure. There is an analogous concept of group representations.



Definition 1.1.4: Let G be a group.

1. A representation of GG over a field F is a vector space M over F together with a group
homomorphism p : G — Autg(M) into the group of linear automorphisms of M.

2. A homomorphism of group representations from (M, py/) to (N, py) is an F-linear
map ¢ : M — N with pn(g) o ¢ = ¢ o pu(g) for all g € G.

Group representations are important for the same reasons as representations of algebras, namely
that they allow one to investigate groups with methods from linear algebra. It is therefore
desirable to also incorporate group representations in the picture and to view them as modules
over suitable rings. The relevant rings are the so-called group rings.

Lemma 1.1.5: Let G be a group with unit e, R a ring and R[G] the set of maps f: G — R
with f(g) = 0 for almost all g € G. Then R[G] is a ring with the pointwise addition of maps
and the convolution product * : R[G]| x R[G] — R[G]

fixh(g)= Y filg)- falg) =D (k) fo(h™"-g).

91-92=4g heG

The unit element is the map 6. : G — R with d.(e) = 1x and 6.(g) = 0 for g # e.

The ring R[G] is called the group ring of G over R. If R = F is a field, then F[G] is an algebra
over F with the pointwise scalar multiplication and called the group algebra of G.

Proof:

Exercise. O

Remark 1.1.6: Every map f: G — R with f(g) = 0 for almost all g € G can be expressed
uniquely as a finite linear combination f = X e f(g) d,, where 0, : G — R are the maps with
ds(9) = 1g and 6,(h) = Og for g # h. Their convolution product takes the form 6, x 65, = Jyp,.
With the notation f = ¥,cq g g instead of f = Xy ry 04 one has

(Xgea g 9) * (Ehea Snh) = Egnec mgsn (gh).

The notion of the group ring allows us to view group representations over a field F as modules
over the group algebra F[G]. In this case, the algebra homomorphism p : F[G] — Endp(M) from
Example [1.1.3] 8. restricts to a group homomorphism p : G — Autg(M). This follows because
the elements g € F[G] have multiplicative inverses and p(g~1) o p(g) = p(g7' - g) = p(e) = idy.

Example 1.1.7: Let G be a group and F a field. Then modules over the group algebra
F[G] are the representations of G. Homomorphisms of F|G]-modules are the homomorphisms
of group representations.

After unifying known algebraic concepts into the notion of a module over a ring, we now
generalise the basic constructions for vector spaces - linear subspaces, quotients, direct sums,
products and tensor products - to this setting. This leads to the notions of submodules, quo-
tients, direct sums, products and tensor products of modules, which are direct analogues of the
corresponding concepts for vector spaces.



Definition 1.1.8: Let R be aring and M a module over R. A submodule of M is a subgroup
N C M that is closed under the operation of R: r>n € N for all » € R and n € N.

Example 1.1.9:

1. For any R-module M, the trivial module {0} C M and M C M are submodules. All
other submodules are called proper submodules.

2. For any module morphism ¢ : M — N, the kernel ker(¢) = {m € M | ¢(m) =0} C M
and the image im(¢) = {¢(m) | m € M} C N are submodules.

3. If M is an abelian group, i. e. a Z-module, then submodules of M are precisely the
subgroups of M.

4. Submodules of modules over a field ' are linear subspaces.

5. Submodules of a ring R as a left (right) module over itself are its left (right) ideals.

With the notion of a submodule, we can also generalise the notion of a quotient to modules. Any
submodule N C M of an R-module M is a subgroup of the abelian group M. Consequently,
the factor group M/N, whose elements are the cosets mN = {m +n | n € N}, is an abelian
group with addition (mN)+ (m'N) = (m+m/)N, and the canonical surjection 7 : M — M/N,
m — mN is a group homomorphism. It is then natural to define an R-module structure on
M/N in such a way that the canonical surjection becomes an R-module morphism, i. e. to set
r> (mN):= (r>m)N forall r € R and m € M.

Definition 1.1.10: Let M be a module over aring R and N C M a submodule. The quotient
module M/N is the factor group M/N with the canonical R-module structure

>:RxM/N— M/N, ri>(mN)w— (r>m)N.

Remark 1.1.11:

1. The quotient module structure on M /N is the unique R-module structure on the abelian
group M /N with the following characteristic property:

The canonical surjection 7 : M — M/N is an R-module morphism. For any module
morphism ¢ : M — M’ with N C ker(¢), there is a unique module morphism ¢ :
M/N — M’ such that the following diagram commutes

M—¢>M’

1
Ve
T Ve
j L7 3%

M/N.

2. If ¢ : M — N is a morphism of R-modules, then we have a canonical isomorphism of
R-modules ¢ : M /ker(¢) — im(¢), m + ker(¢) — ¢(m).

3. If M is a module over R with submodules U C V' C M then V/U is a submodule of
M /U, and there is a canonical R-module isomorphism (M /U)/(V/U) — M/V.



The concepts of a direct sum and a product of vector spaces also have direct generalisations
to modules. Their construction neither makes use of the commutativity of the field nor of the
existence of multiplicative inverses. By replacing the scalar multiplication by the structure map
of a module, we obtain their to modules over rings.

Definition 1.1.12: Let R be a ring and (M;);c; a family of modules over R indexed by a set
I. Then the direct sum @;c;M; and the product II;c; M; are the sets

@ierM; = {(m;)ier = m; € M;,;m; = 0 for almost all i € I}
Wier M; = {(mi)ier : mi € M;}

with the R-module structures given by

(my)ier + (M})ier == (m; +mi)ier T > (Mg)ier == (1 > My)ier.

Lemma 1.1.13: The direct product and the direct sum of modules are products and
coproducts in the category R-Mod. More precisely:

1. Universal property of direct sums:
The direct sum module structure is the unique R-module structure on @®;c;M; for which
all inclusions ¢; : M; — M, m — (§;;m);e; are module morphisms.

For a family (¢);e; of module morphisms ¢; : M; — N there is a unique module morphism
¢ : ®ierM; — N such that the following diagram commutes for all ¢ € [

MZ-LN

P 7
”L 7 En
DjerM;.
2. Universal property of products:

The product module structure is the unique R-module structure on Il;c; M; for which all
projection maps m; : ;e M; — M;, (m;),er — m; are module morphisms.

For a family (1);e; of module morphisms 1; : L — M, there is a unique module morphism
Y L — Tl;e; M; such that the following diagram commutes for all ¢ €

M, <Y,

e
e P /'
R
TLer M.

While the four basic constructions for modules are straightforward generalisations of the cor-
responding constructions for vector spaces, there is a fundamental difference between vector
spaces and modules over general rings, namely the existence of bases and of complements. While
every vector space has a basis and every linear subspace has a complement, this does not hold
for modules. Although there are always generating sets, there need not be a linearly independent
generating set. In contrast to vector spaces general modules can therefore not be described in
terms of bases but are characterised by presentations.

10



Definition 1.1.14: Let R be a ring, M an R-module and A C M a subset.

1. The submodule (A);; generated by A is the smallest submodule of M containing A

(A = ﬂ N ={Yucara>a: r, € R,r, =0 for almost all a € A}.
NCM

submodule,
ACN

2. The subset A C M is called a generating set of M if (A)y, = M. It is called a basis of
M if it is a generating set and linearly independent:

YacaTq > a =0 with r, € R and r, = 0 for almost all a € A implies r, = 0 for all a € A.

3. An R-module with a finite generating set is called finitely generated. An R-module
with a generating set that contains only one element is called cyclic. An R-module with
a basis is called free.

4. The free R-module generated by a set A is the direct sum (A) g = B4 R. Equivalently,
it can be characterised as the set (A)p = {f : A — R: f(a) = 0 for almost all a € A}
with the canonical R-module structure

(f +9)a) = fla) +g(a)  (r>[)la)=r-fla) Vfgec(ArreRacA

The maps J, : A — R with J,(a) = 1g and d,(a’) = Og for o’ # a form a basis of (A)g,
since every map f : A — R with f(a) = 0 for almost all @ € A can be expressed as a
finite R-linear combination f =" _, f(a) > dq.

5. For a subset B C (A)g, we denote by (A|B)r the quotient module
(AIB)r = (A)r/(B)(a)r

of the free R-module generated by A with respect to its submodule generated by B. If
M = (A|B)g, then (A|B)g is called a presentation of M, the elements of A are called
generators and the elements of B relations.

Remark 1.1.15:

1. Every module has a presentation M = (A|B)g. One can choose A = M and B = ker(7)
for the R-module homomorphism 7 : (M)gr — M, ¥ecpTm > O — Znens T > m. How-
ever, this presentation is not very useful in practice. One usually looks for presentations
that have as few generators and relations as possible.

2. Presentations of modules are characterised by a universal property:

For any R-module M and any map ¢ : A — M, there is a unique R-module homomor-
phism ¢’ : (A)g — M with ¢'|4 = ¢. If B C ker(¢’), then by the universal property
of the quotient there is a unique map ¢” : (A|B)r — M with ¢" o7 = ¢, where
7 : (A)gr — (A|B)g is the canonical surjection.

3. If R is a commutative ring and M a free R-module, then all bases of M have the same
cardinality. This number is called rank of M and denoted rk(M). This notion makes no

sense for non-commutative rings since one can have R™ = R™ as R-modules for n # m
(Exercise {)).

11



Example 1.1.16:

1. Every ring R is a cyclic free module as a left or right module over itself: R = (1g)g.

2. If F is a field, then every module over F is free, since a module over F is a vector
space, and every vector space has a basis. The cyclic F-modules are precisely the
one-dimensional vector spaces over [F.

3. If M is a free module over a principal ideal domain R, then every submodule U C M is
free with rk(U) < rk(M). (For a proof, see [J5]).

4. The Z-module M = Z/nZ for n € N is cyclic, since {1} is a generating set, but it
is not free. Any generating set of Z/nZ must contain at least one element k # 0, but
n>k = k+...+k = nk = 0, and hence the generating set cannot be linearly independent.
A presentation of the Z-module Z/nZ is given by (A | B)z = (1|n).

For vector spaces, an important consequence of the existence of bases is the existence of a
complement for any linear subspace U C V - a linear subspace W C V with V = U @& W. Such
a complement can be constructed by completing a basis of U to a basis of V and taking W
as the span of those basis elements that are not contained in the basis of U. As modules over
general rings do not need to have bases, this construction does not generalise to rings.

Indeed, there are many examples of submodules without complements. Consider for instance the
submodule nZ C Z of the ring Z as a module over itself for n > 2. As 1 ¢ nZ, any complement
M of nZ would need to contain the element 1 € Z and hence be equal to Z since 1 € M implies
n=nt>1¢& M for all n € Z. The same argument shows that a proper submodule of a cyclic
module can never have a complement. Sufficient conditions that ensure that a submodule has
a complement are the following.

Lemma 1.1.17: Let R be a ring and M a module over R.

1. If ¢ : M — F is a surjective R-module morphism into a free R-module F', then there is
an R-module morphism ¢ : F' — M with ¢ 0y = idp and M = im(¢)) @ ker(¢).
One says that 1 splits the module morphism ¢ : M — F.

2. If N C M is a submodule such that M /N is free, then there is a submodule P C M with
P=M/N and M =% N @ P.

Proof:

1. Choose a basis B of F and for every b € B an element m;, € ¢ *(b) C M. Define the
R-module morphism ¢ : F' — M by (b) = my;, and R-linear extension to F. Then we have
m =1op(m)+(m—1pop(m)) for all m € M with pop(m) € im(¢)) and m—po)(m) € ker(¢),
since ¢ o ¢ = idp implies ¢(m —1p 0 ¢(m)) = d(m) — (¢ 0 Y)(d(m)) = ¢(m) — ¢(m) = 0. As
¢ o1 = idp, we have ker(¢) Nim(¢) = {0} and hence M = ker(¢) @ im(¢)).

2. By 1. there is a R-module morphism ¢ : M /N — M which splits the surjective module
morphism 7 : M — M/N and hence M = ker(mw) @ im(¢)) = N @ im(¢)). The R-module
morphism 7|im(yy : im(y)) — M/N is surjective by definition and injective since 7 o ¢ = idyn,
hence an isomorphism. O

12



The fact that there are R-modules M without bases is closely related to the presence of elements
m € M for which there is an r € R\ {0} with r > m = 0, the so-called torsion elements. It is
clear that an element of a basis can never be a torsion element. Under certain assumptions on
the ring, this holds for all non-zero elements of a free module.

Definition 1.1.18: Let R be a ring and M an R-module. An element m € M is called a
torsion element if there is an r € R\ {0} with r > m = 0. The set of torsion elements in M
is denoted Torg(M). The R-module M is called torsion free if Torg(M) = 0.

Example 1.1.19:

1. Any free module M over an integral domain R is torsion free.

This follows because every torsion element m € M can be expressed as a finite linear com-
bination m = X;c;r; > m; of basis elements m;. The condition r>m = X;cr(rr;) >m; =0
for » € R\ {0} then implies rr; = 0 for all i € I. Because R has no zero divisors and
r € R\ {0}, it follows that r; = 0 for all ¢ € I and hence m = 0.

2. For a commutative ring k as a module over itself, the torsion elements are precisely the
zero divisors of k. This implies that every integral domain R as a module over itself
is torsion free. In particular, this holds for Z, for any field F and for the ring I[X] of
polynomials over any integral domain I.

3. In the Z-module Z/nZ, every element is a torsion element since n >k =n -k = 0 for all
k € Z. The ring Z/nZ as a module over itself is torsion free if and only if n is a prime:

Tory(Z/nZ) = Z/nZ Torznz(Z/nZ) = {k | k € Z, ged(k,n) > 1}.

One may expect that the set of torsion elements in an R-module M is a submodule of M.
However, this need not hold in general if R is non-commutative or has zero divisors. However,
if R is an integral domain, the torsion elements form a submodule, and by quotienting it out,
one obtains a module that is torsion free.

Lemma 1.1.20: If M is a module over an integral domain R then Torgr(M) C M is a
submodule and the module M /Torg(M) is torsion free.

Proof:

Let m,m’ € Torg(M) torsion elements and 7,7 € R\ {0} with r >m = ' > m' = 0. Then
(r-r")>(m—+m') =r'>(rom)+r> (r'>m’) = 0. As R is an integral domain, 77’ # 0 and hence
m+m’ € Torg(M). Similarly, for all s € R, one has r>(s>m) = (r-s)>m = s> (r>m) =0,
which implies s>m € Torg(M), and hence Torg(M) C M is a submodule. If [m] € M/Torgr(M)

is a torsion element, then there is an r» € R\ {0} with r > [m] = [r > m] = 0. This implies
r>m € Torg(M), and there is an ' € R\ {0} with 7' > (r>m) = (r-r')>m =0. As Ris an
integral domain, one has r -7’ # 0, which implies m € Torg(M) and [m] = 0. O

Since Torg(M) C M is a submodule and M /Torg(M) is torsion free for any integral domain R,
it is natural to ask if the torsion submodule Torg (M) has a complement. A sufficient condition
for this this is that R is a principal ideal domain and M is finitely generated. In this case, the
classification theorem for finitely generated modules over principal ideal domains allows one
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to identify the torsion elements and their complement. In particular, this applies to finitely
generated abelian groups, the finitely generated modules over the principal ideal domain Z.

Lemma 1.1.21: Let R be a principal ideal domain. Then every finitely generated R-module
M is of the form M = Torg(M) @ R™ with a unique n € Ny. In particular, every finitely
generated torsion free R-module is free.

Proof:

The classification theorem for finitely generated modules over principal ideal domain states
that every such module is of the form M = R" x R/q¢1R X ... X R/qy,R with prime powers
Gy qm € R and n € Ny. Every element m € R/¢1R X ... X R/qR is a torsion element since
(1 @m) > m = 0. This shows that Torg(M) D R/¢1R X ... X R/qnR.

Conversely, any element m € R" X R/q1R X ... X R/q, R is a sum m = 11(my) + t2(mg) with
my € R" and and my € R/¢1R X ... X R/qnR, where t; : R* - R" x R/¢1R X ... X R/qnR
and to: R/GuRx ... X R/quR — R"x R/q1R X ... X R/q,R denote the inclusion maps for the
direct sumfl] Then 0 = r > (¢1(m1) + t2(m2)) = t1(r >m1) + t2(r >my) for r € R\ {0} implies
r>my =0 and 7> my = 0. As R" is a free R-module, it is torsion free by Example [1.4.7]
1. and the first condition implies m; = 0. This shows that Torg(M) C R/¢1 R X ... X R/qnR.
O

After generalising four basic constructions for vector spaces to modules over rings and discussing
the existence of bases, we will now focus on the last essential construction, namely tensor
products. The construction of the tensor product for modules over rings is similar to the one for
vector spaces. It is obtained as a quotient of a free module generated by the cartesian products
of the underlying sets with respect to certain relations. However, if R is non-commutative, we
have to consider a left and a right module over a ring R to form a tensor product, and the
result is not an R-module but only an abelian group.

Definition 1.1.22: Let R be a ring, M an R-right module and N an R-left module. The
tensor product M ®z N is the abelian group generated by the set M x N with relations

(m,n)+ (m',n) — (m+m',n), (m,n)+ (m,n)— (m,n+n'),
(m<r,n)— (m,r>n) vYm,m' € M,n,n' € N,r € R.

We denote by m @ n = 7(m,n) the images of the elements (m,n) € M x N under the map
T=mor: MxN — M®gN, where 1 : M x N — (M x N)z, (m,n) — (m,n) is the canonical
inclusion and 7 : (M x N)z — M®&gN the canonical surjection.

Remark 1.1.23:

1. Theset {m®mn: m € M,n € N} generates M ®p N, since the elements (m,n) generate
the free Z-module (M X N)z and the Z-module morphism 7 : (M x N)z — M ®r N is
surjective. The relations in Definition [1.1.22 induce the following identities in M ®gr N:

(m+m)@n=men+m' @n, mnh+n)=mn+maen,
(m<r)®@n=m® (r>n) VYm,m' € M,n,n’ € N,r € R.

INote that the product under consideration is a product over a finite index set and hence by Definition |1.1.12
it coincides with the direct sum.
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2. If M is an R-right-module and N an (R, S)-bimodule, then M ®pz N has a canonical
S-right module structure given by (m ® n) <s := m ® (n < s). Similarly, if M is a
(Q, R)-bimodule and N an R-left module then M ®z N has a canonical Q-left module
structure given by ¢ > (m ® n) := (¢ >m) @ n.

3. As every left module over a commutative ring R is an (R, R)-bimodule, it follows from 2.
that the tensor product M ®z N of modules over a commutative ring R has a canonical
(R, R)-bimodule structure, given by

r>(men) = (r>m)en=(mJar)@n =me(r>n) =me((n <r)=(men) .

4. As every module over a ring R is an abelian group and hence a (Z,Z)-bimodule, it is
always possible to tensor two R-modules over the ring Z. In this case, the last relation in
Definition [1.1.22]is a consequence of the first two.

Example 1.1.24:
1. If R = F is a field, the tensor product of R-modules is the tensor product of vector spaces.
2. For any ring R and R := R® R® ... ® R, one has R™ @ R" = R™ (Exercise).

3. If R is commutative and R[X, Y] the polynomial ring over R in two variables X,Y", then
R[X]|®gr R]Y] = R[X,Y].

4. The tensor product of the abelian groups Z/nZ and Z/mZ for n,m € N is given by
Z/nZ Rz 7/mZ = 7] ged(m,n)Z.

5. One has Z/nZ ®7 Q = 0. More generally, if R is an integral domain with associated
quotient field Q(R) and M an R-module, then Torg(M)®zQ(R) = 0. This follows because
for every torsion element m € M there is an r € R\ {0} with r >m = 0, and this implies

meq=m&((r-q/r) =m(r>(¢/r)) = (mAr)®q/r =00q/r =0 Vg€ Q.

Just as submodules, quotients, direct sums and products of modules, tensor products of R-
modules can be characterised by a universal property. As tensor products are defined in terms
of a presentation, this universal property is obtained by applying the one in Remark to
the relations in Definition [I.1.22] It is formulated in terms of bilinear maps M x N — A into
abelian groups A.

Definition 1.1.25: Let R be a ring, M an R-right module and N an R-left module. A map
f:M x N — A into an abelian group A is called R-bilinear if

f(m+m/7n> :f(mvn)+f(ml7n)7 f(m’n+n,) :f(m,n)—i—f(m,n’),
fm<r,n)= f(m,r>n) Ym,m' € M,n,n’ € N,r € R.

Lemma 1.1.26: Let R be a ring, M an R-right module and N an R-left module. Then the
tensor product M ®@gzN has the following universal property:

15



The map 7 : M X N — M ®g N, (m,n) — m®n is R-bilinear, and for any R-bilinear map
f: M x N — A, there is a unique group homomorphism f': M @ g N — A with fo7 = f

MxN-1 4
7

| s
M ®gr N.
Proof:
The first statement holds by definition, since the conditions in Definition are the defining
relations of the tensor product. To define f’, note that (M x N)z is a free abelian group, and
hence there is a unique group homomorphism f” : (M x N); — A with f"|y;xny = f. This is
equivalent to the condition f” ot = f, where ¢ : M x N — (M x N)y is the canonical inclusion.

The submodule U C (M X n)z spanned by the relations of the tensor product is contained in
the kernel of f” by R-bilinearity of f:

f//((m+m/=n) - <m7n) - (ml>n>> - f(m+m/7n) - f(m7n> - f(m/7n> =0
f//((m>n+n/) - (m,n) - (m7n/)) = f<m7n+n/) - f(mun) - f(m,n’) =0
f"((m<r,n)—(m,re>n)) = f(m<r,n)— f(m,r>n)=0.

Hence, there is a unique group homomorphism f' : M ®r N — A with [ on = f”, where
m: (M xN); = M®gN is the canonical surjection. This implies f'or = ffomror= f"or = f.
The uniqueness of f’ follows directly from the fact that 7 is surjective. O

As the construction of the tensor product of modules is very similar to the tensor product of
vector spaces, it has similar properties. They are direct consequences of its definition and its
universal property.

Lemma 1.1.27: Let R,S be rings, I an index set, M, M; R-right modules, N, N; R-left
modules for all i € I, P a (R, S)-bimodule and @ an S-left module. Then:

1. tensor products with the trivial module: 0 ®z N = M ®r 0 =0,

2. tensor product with the underlying ring: M @R R= M, R®r N = N,

3. direct sums: (B;c;M;) @r N = BijerM; @r Ny M Qg (BicrN;) = Bier M @ N;,
4. associativity: (M ®g P) s Q = M ®@p (P ®5 Q).

Proof:
1. This follows directly from the relations of the tensor product in Remark[1.1.23] which imply
0®@n = (0<0)®n = 0xR0>n = 00 for all n € N and m®0 = 0 for all m € M.

2. We consider the group homomorphism ¢ : M — M ®r R, m — m ® 1. The group homo-
morphism ¢ : M @g R — M, m ® r = m < r is an inverse of ¢, since p o p(m) =m <1 =m
and ¢ o Y(m®r) = (m <4r)®1 = m®(r > 1) = m®r. The proof for R ®pr N = N is analogous.

3. Consider the group homomorphisms ¢; : M; Qg N — (BierM;) @r N, ¢i(m; @n) = 1;(m) @n,
where ¢; : M; — @;e; M; is the canonical inclusion. By the universal property of the direct sum
this defines a unique group homomorphism ¢ : ®;e;M; @ g N — (Bier M;) @r N with ¢po i, = ¢;
for the inclusion maps ¢} : M; @g N — @;e;M; @ N. This group homomorphism has an inverse
Vo (BierM;) @ N — @ierM; @ N given by 1 (1;(m;) @ n) = (m; ® n) and hence is an
isomorphism. The proof for the other identity is analogous.
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4. A group isomorphism ¢ : (M ®g P) ®s QQ — M Qg (P ®g Q) is given by

Pp((mep)R@q=me(peq) YmeMpecPqgecQ. m

It remains to investigate the interaction of tensor products over R with R-linear maps. One
finds a similar pattern as for the tensor product of vector spaces. The universal property of the
tensor product over R allows one to form the product ¢®1) : M@rN — M'QrN’ of an R-left
module morphism ¢ : M — M’ and an R-right module morphism ¢ : N — N'.

Proposition 1.1.28: Let R be a ring, M, M’ R-right modules and N, N’ R-left modules.

1. For R-linear maps ¢ : M — M’ and ¢ : N — N’ there is a unique group homomorphism
o : MRrN — M'®r N’ for which the following diagram commutes

M x N—2% M < N

M®RN—3'¢T®’¢M,® N/
2. The group homomorphisms satisfy (¢/®1')o(p®1)) = (¢'0p)(¢'0t)) for all R-linear maps

p:M—>M,¢: M — M andyp: N = N, ¢ N = N" and idy®idy = idpg,n-

Proof:

1. The map 770 (¢ x ¢0) : M x N — M’ ®g N’ is R-bilinear, and by the universal property of
the tensor product there is a unique group homomorphism ¢ ® 1 : M @z N — M’ @ N’ with
(pR1) o = 7" 0 (¢ X 1), or, equivalently, (p®@)(m®@n) = ¢(m) ®(n) for allm € M,n € N.
2. These identities follow from the fact the the following two diagrams commute

M x N9 ooy M x N =2 0 s NP2 v N7

M®RN—>M®RN M®RN—>M’®RN’—>M”® N".

idyggpnN ¢’ @Y’

ldMdeN

1.2 Categories, functors and natural transformations

(Co)homology theories relate different mathematical structures. They assign to mathemati-
cal structures such as topological spaces, algebras and groups certain modules over rings and
to structure preserving maps such as continuous maps, algebra homomorphisms and group
homomorphisms certain module homomorphisms. The mathematical concepts that describe
these relations are categories and functors. These concepts not only simplify and unify different
(co)homology theories, but are required for a systematic investigation of (co)homology theories
and for a deeper understanding of their structure.

Definition 1.2.1: A category C consists of:

e a class ObC of objects,
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e for each pair of objects X, Y € ObC a Seiﬂ Hom¢(X,Y') of morphisms,

e for each triple of objects X,Y, Z a composition map
o: Home (Y, Z) x Home(X,Y) — Home (X, Z),
such that the following axioms are satisfied:

(C1) The sets Home(X,Y') of morphisms are pairwise disjoint,

(C2) The composition is associative: fo(goh) = (fog)oh for all morphisms h € Home (W, X),
g € Hom¢(X,Y), f € Home(Y, Z),

(C3) For every object X there is a morphism 1x € Home(X, X), the identity morphism
on X, with Iyo f=fand goly =g for all f € Hom¢(W, X), g € Home(X,Y).

Instead of f € Home(X,Y'), we also write f : X — Y. The object X is called the source of f,
and the object Y the target of f. A morphism f: X — X is called an endomorphism.

A morphism f : X — Y is called an isomorphism, if there is a morphism ¢ : ¥ — X with
gof=1x and fog=1y. In this case, we call the objects X and Y isomorphic.

Example 1.2.2:

1. The category Set: the objects of Set are sets, and the morphisms are maps f: X — Y.
The composition is the composition of maps and the identity morphisms are the identity
maps. [somorphisms are bijective maps.

Note that the definition of a category requires that the morphisms between any two
objects in a category form a set, but not that the objects form a set. Requiring that the
objects of a category form a set would force one to consider sets of sets when defining
the category Set, which leads to a contradiction. A category whose objects form a set is
called a small category.

2. The category Top of topological spaces. Objects are topological spaces, morphisms
f: X — Y are continuous maps, isomorphisms are homeomorphisms.

3. The category Top™ of pointed topological spaces: Objects are pairs (X,z) of a
topological space X and a point z € X, morphisms f : (X,z) — (Y,y) are continuous
maps f: X — Y with f(z) = v.

4. The category Top(2) of pairs of topological spaces: Objects are pairs (X, A) of
a topological space X and a subspace A C X, morphisms f : (X,A) — (Y, B) are
continuous maps f : X — Y with f(A) C B. Isomorphisms are homeomorphisms

f: X =Y with f(A) = B.
5. Many examples of categories we will use in the following are categories of algebraic struc-
tures. This includes the following:

e the category Vectr of vector spaces over a field F:
objects: vector spaces over I, morphisms: F-linear maps,

2This condition is sometimes relaxed in the literature on category theory. Categories whose morphisms form
sets are called locally small in these references. All categories considered in the following are locally small.
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e the category Vectf;i" of finite dimensional vector spaces over a field F:
objects: vector spaces over IF, morphisms: F-linear maps,

e the category Grp of groups:
objects: groups, morphisms: group homomorphisms,

e the category Ab of abelian groups:
objects: abelian groups, morphisms: group homomorphisms,

e the category Ring of rings:
objects: rings, morphisms: ring homomorphisms,

e the category URing of unital rings:
objects: unital rings, morphisms: unital ring homomorphisms,

e the category Field of fields:
objects: fields, morphisms: field monomorphisms,

e the category Algy of algebras over a field F:
objects: algebras over I, morphisms: algebra homomorphisms,

e the categories R-Mod and Mod-R of left and right modules over a ring R:
objects: R-left or right modules, morphisms: R-left or right module homomorphisms.

e the category R-Mod-S of (R, S)-bimodules:
objects: (R, S)-bimodules, morphisms: (R, S)-bimodule homomorphisms.

In all of the categories in Example the morphisms are maps. A category for which this is
the case is called a concrete category. A category that is not concrete is given in Exercise [f]
Other important examples and basic constructions for categories are the following.

Example 1.2.3:
1. A small category C in which all morphisms are isomorphisms is called a groupoid.

2. A category with a single object X is a monoid, and a groupoid C with a single object
X is a group. Group elements are identified with endomorphisms f : X — X and
the composition of morphisms is the group multiplication. More generally, for any
object X in a groupoid C, the set End¢(X) = Home(X,X) with the composition
o: Ende(X) x Ende(X) — Ende(X) is a group.

3. For every category C, one has an opposite category C°, which has the same objects as
C, whose morphisms are given by Homeer (X,Y) = Home(Y, X) and in which the order
of the composition is reversed.

4. The cartesian product of categories C, D is the category C x D with pairs (C, D) of ob-
jects in C and D as objects, with Homeyp((C, D), (C', D’)) = Home(C, C") x Homp(D, D')
and the composition of morphisms (h, k) o (f,g) = (ho f, ko g).

5. A subcategory of a category C is a category D, such that Ob(D) C Ob(C) is a
subclass, Homp(D, D’) C Home(D, D’) for all objects D, D" in D and the composi-
tion of morphisms of D coincides with their composition in C. A subcategory D of
C is called a full subcategory if Homp(D, D') = Home (D, D’) for all objects D, D’ in D.
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6. Quotient categories: Let C be a category with an equivalence relation ~xy on each
morphism set Home (X, Y') that is compatible with the composition of morphisms:
f~xy gand h ~yz k implies ho f ~x z kog.

Then one obtains a category C’, the quotient category of C, with the same objects as
C and equivalence classes of morphisms in C as morphisms.

The composition of morphisms in C’ is given by [h] o [f] = [h o f], and the identity mor-
phisms by [1x]. Isomorphisms in C’ are equivalence classes of morphisms f € Home(X,Y)
for which there exists a morphism g € Home (Y, X) with fog ~yy 1y and go f ~x x 1x.

The construction in the last example plays an important role in classification problems, in
particular in the context of topological spaces. Classifying the objects of a category C usually
means classifying them up to isomorphism, i. e. giving a list of objects in C such that every
object in C is isomorphic to exactly one object in this list.

While this is possible in some contexts - for the category Vect]’ch of finite dimensional vector
spaces over I, the list contains the vector spaces F" with n € Ny - it is often too difficult to
solve this problem in full generality. In this case, it is sometimes simpler to consider instead a
quotient category C’ and to attempt a partial classification. If two objects are isomorphic in C,
they are by definition isomorphic in C’ since for any objects X,Y in C and any isomorphism
f:X — Y with inverse g : Y — X, one has [g]o[f] = [go f] = [1x] and [f]o]g] = [fog] = [1y].
However, the converse does not hold - the category C’ yields a weaker classification than C.

To relate different categories, one must not only relate their objects but also their morphisms,
in a way that is compatible with source and target objects, the composition of morphisms and
the identity morphisms. This leads to the concept of a functor.

Definition 1.2.4: Let C,D be categories. A functor F' : C — D consists of:
e an assignment of an object F'(C') in D to every object C' in C,

e for each pair of objects C,C" in C, a map
Home(C,C") — Homp(F(C), F(C"), f+— F(f),
that is compatible with the composition of morphisms and with the identity morphisms

F(go f)=F(g)o F(f) Vf € Home(C,C"), g € Home(C', C")

F(1¢) = 1p(c VC € ObC.
A functor F : C — C is called an endofunctor. A functor F' : C°? — D is sometimes called a
contravariant functor from C to D. The composite of two functors F: B —-C, G :C — D

is the functor GF : B — D given by the assignment B +— GF(B) for all objects B in B and
the maps Homp(B, B') — Homp(GF(B),GF(B')), f — G(F(f)).

Example 1.2.5:

1. For any category C, identity functor ide : C — C, that assigns each object and morphism
in C to itself is an endofunctor of C.
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10.

. The functor Vectyg — Ab that assigns to each vector space the underlying abelian group

and to each linear map the associated group homomorphism, and the functors Vecty —
Set, Ring — Set, Grp — Set, Top— Set etc that assign to each vector space, ring,
group, topological space the underlying set and to each morphism the underlying map
are functors. A functor of this type is called forgetful functor.

The functor * : Vectp — Vecty’, which assigns to a vector space V its dual V* and to a
linear map f:V — W its adjoint f*: W* - V* a— ao f.

For a group G, consider the category BG with a single object, with elements of G
as morphisms, and with the multiplication of G as the composition. Then functors
F : BG — Set correspond to G-sets X = F'(e) with the group action > : G x X — X,
g >z = F(g)(z). Functors F' : BG — Vecty correspond to representations of G' over F,
with the representation space V = F(e) and p = F(g) : G — AutgV.

. Restriction functor: Let ¢ : R — S a ring homomorphism. The restriction functor

Res : S-Mod — R-Mod sends an S-module (M,r>) to the R-module (M, >,;) with the
pullback module structure r>4m = ¢(r)>m and every S-linear map f : M — M’ to itself.

. Tensor products: Let R be a ring, M an R-right module and N an R-left module.

e The functor M®r— : R-Mod — Ab assigns to an R-left module N the abelian
group M®rN and to an R-linear map f : N — N’ the group homomorphism
ldM®f . M@RN — M@RN/.

e The functor —®zN : R-Mod — Ab assigns to an R-right module M the abelian
group M®gzrN and to an R-linear map f : M — M’ the group homomorphism
f®1dN : M@RN — M®RN/.

e The functor ®g : R’-Mod x R-Mod — Ab assigns to a pair (M, N) of an R-right
module M and an R-left module N the abelian group M®zrN and to a pair of R-linear
maps f: M — M"and g : N — N’ the group homomorphism f®g: MQrN — M'QrN’.

That these are indeed functors follows from Proposition [1.1.28, 2. Note also that for
commutative rings R, any R-left module is an (R, R)-bimodule and these functors can be
defined to take values in R-Mod instead of Ab.

The Hom-functors: Let C be a category and C' an object in C.
e The functor Hom(C, —) : C — Set assigns to an object C’ the set Hom¢(C, C”) and
to amorphism f : " — C" the map Hom(C, f) : Hom¢(C, C") — Home(C,C"), g — fog.

e The functor Hom(—, C') : C®? — Set assigns to an object C’ the set Hom¢(C’, C') and
to a morphism f : ¢! — C” the map Hom(f, C') : Hom¢(C”,C') — Home(C', C), g — gof.

The path component functor 7, : Top — Set assigns to a topological space X the
set mo(X) of its path components P(x) and to a continuous map f : X — Y the map
mo(f) : mo(X) = mo(Y), P(z) — P(f(x)).

. The fundamental group defines a functor m; : Top® — Grp that assigns to a

pointed topological space (x,X) its fundamental group m(z,X) and to a mor-
phism f : (z,X) — (y,Y) of pointed topological spaces the group homomorphism
Wl(f) : ﬂ-l(va) — Wl(y,Y), h/] = [fo’ﬂ

Abelisation: The abelisation functor F' : Grp — Ab assigns to a group G the abelian
group F'(G) = G/|G, G|, where [G, G] is the normal subgroup generated by the set of all
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elements ghg=th™! for g,h € G, and to a group homomorphism f : G — H the induced
group homomorphism F(f): G/|G,G] — H/[H, H|, g+ [G,G]| — f(g9) + [H, H].

When dealing with categories, it is not sufficient to consider functors between different cat-
egories. There is another structure that relates different functors. As a functor F' : C — D
involves maps between the sets Home(C, C’) and Homp(F(C), F(C")), a structure that re-
lates two functors F,G : C — D must in particular relate the sets Homp(F(C), F(C"))
and Homp(G(C), G(C")). The simplest way to do this is to assign to each object C'in C a
morphism 7¢ @ F(C) — G(C) in D. One then requires compatibility with the morphisms
F(f): F(C)— G(C") and G(f) : G(C) — G(C") for all morphisms f: C' — C" in C.

Definition 1.2.6: A natural transformation n : F — G between functors F,G : C — D
is an assignment of a morphism ¢ : F(C) — G(C) in D to every object C' in C such that the
following diagram commutes for all morphisms f: C' — C" in C

F(C)—~G(C)
F(f) lG(f)
F(C") 2~ a(e).
A natural isomorphism is a natural transformation n : F — G, for which all morphisms

nx : F(X) — G(X) are isomorphisms. Two functors that are related by a natural isomorphism
are called naturally isomorphic.

Example 1.2.7:

1. For any functor F' : C — D the identity natural transformation idg : F — F with
component morphisms (idp)x = 1px) : F(X) = F(X) is a natural isomorphism.

2. Consider the functors id : Vectr — Vecty and ** : Vecty — Vecty. Then there is a canon-
ical natural transformation can : id — %%, whose component morphisms 7y : V — V**
assign to a vector v € V' the unique vector v** € V** with v**(«) = a(v) for all @« € V*.

3. Consider the category CRing of commutative unital rings and unital ring homomorphisms
and the category Grp of groups and group homomorphisms.

Let F': CRing — Grp the functor that assigns to a commutative unital ring k the group
GL, (k) of invertible n x n-matrices with entries in k£ and to a unital ring homomorphism
f : k — [ the group homomorphism

GL,(f) : GLu(k) = GL. (1), M = (mij)ij=1,.n > f(M) = (f(mi;))ij=1,.n-

Let G : CRing — Grp be the functor that assigns to a commutative unital ring k& the
group G(k) = k™ of units in k£ and to a unital ring homomorphism f : k — [ the induced
group homomorphism G(f) = fl|gx : X — *.

The determinant defines a natural transformation det : F' — G with component mor-
phisms dety, : GL, (k) — k*, since the following diagram commutes for every unital ring
homomorphism f : k — [

GL,, (k) % >
GLn(f) Flpx

GL, (1) &2 %,
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4. For a group G, denote by BG the groupoid with a fingle object o, with group elements
g € G as morphisms and the group multiplication as composition.

Then by Example [1.2.5] 4. functors F' : BG — Set are G-sets, and natural transforma-
tions between them are G-equivariant maps. Every natural transformation n : F — F’
is given by a single component morphism 7, : F'(e) — F’(e). The naturality condition
states that ne(g > x) = g>'ne(z) for all g € G, x € X.

Similarly, by Example [1.2.5] 4. functors F' : BG — Vectr are representations of G over
IF, and natural transformations between them are homomorphisms of representations.

Remark 1.2.8:

1. For any small category C and category D, the functors C — D and natural transforma-
tions between them form a category Fun(C, D), the functor category. The composite
of two natural transformations 7 : ' — G and s : G — H is the natural transformation
kon:F — H with component morphisms (kon)x = kx onx : F(X) — H(X) and the
identity morphisms are the identity natural transformations 1p = idg : FF — F.

2. Natural transformations can be composed with functors.

If F,F":C — D are functors and n : FF — F’ a natural transformation, then for any
functor G : B — C one obtains a natural transformation nG : FG — F’'G with component
morphisms (nG)p = ne(p) : FG(B) — F'G(B). Similarly, any functor £ : D — £ defines
a natural transformation En : EF — EF’ with (En)c = E(ne) : EF(C) — EF'(C).

The notions of natural transformations and natural isomorphisms are particularly important
as they allow one to generalise the notion of an inverse map and of a bijection to functors.
While it is possible to define an inverse of a functor F' : C — D as a functor G : D — C with
GF = id¢ and FG = idp, it turns out that this is too strict. There are very few non-trivial
examples of functors with an inverse. A more useful generalisation is obtained by weakening
this requirement. Instead of requiring F'G = idp and GF = id¢, one requires only that these
functors are naturally isomorphic to the identity functors. This leads to the concept of an
equivalence of categories.

Definition 1.2.9: A functor F' : C — D is called an equivalence of categories if there is
a functor G : D — C and natural isomorphisms k : GF' — id¢ and n : FG — idp. In this case,
the categories C and D are called equivalent.

Sometimes it is easier to use a more direct characterisation of an equivalences of categories in
terms of its behaviour on objects and morphisms. The proof of the following lemma makes use
of the axiom of choice and an be found for instance in [K], Chapter XI, Prop XI.1.5.

Lemma 1.2.10: A functor F': C — D is an equivalence of categories if and only if it is:

1. essentially surjective:
for every object D in D there is an object C' of C such that D is isomorphic to F(C).

2. fully faithful:
all maps Home(C, C") — Homp(F(C), F(C")), f+— F(f) are bijections.
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Example 1.2.11:

1. The category Vect]Jch of finite-dimensional vector spaces over F is equivalent to the
category C, whose objects are non-negative integers n € Ny, whose morphisms f : n — m
are m X n-matrices with entries in F and with the matrix multiplication as composition
of morphisms.

2. The category Set/™ of finite sets is equivalent to the category Ord/™, whose objects
are finite ordinal numbers n = {0,1,...,n — 1} for all n € Ny and whose morphisms
f:m—naremaps f:{0,1,...m—1} = {0,1,...,n — 1} with the composition of maps
as the composition of morphisms.

Many concepts and constructions from topological or algebraic settings can be generalised
straightforwardly to categories. This is true whenever it is possible to characterise them in
terms of universal properties involving only the morphisms in the category. In particular, there
is a concept of categorical product and coproduct that generalise cartesian products and disjoint
unions of sets and products and sums of topological spaces.

Definition 1.2.12: Let C be a category and (C});er a family of objects in C.

1. A product of the family (C;);e; is an object Il;c;C; in C together with a family of
morphisms m; : II;c;C; — C;, such that for all families of morphisms f; : W — C; there
is a unique morphism f : W — II;c;C; such that the diagram

3!
‘V--iﬂﬁﬂ% (1)
fi jm
C

commutes for all ¢ € I. This is called the universal property of the product.

2. A coproduct of the family (C;);er is an object I;c;C; in C with a family (¢;);er of
morphisms ¢; : C; = IL;c;C}, such that for every family (f;);c; of morphisms f; : C; =Y
there is a unique morphism f : II;c;C; — Y such that the diagram

3!
Y<-fﬂﬁﬂ% (2)
fi ]Li
Ci

commutes for all 7 € I. This is called the universal property of the coproduct.

Remark 1.2.13: Products or coproducts do not necessarily exist for a given family of objects
(Ci)ier in a category C, but if they exist, they are unique up to unique isomorphism:

If (ILerCy, (m3)ier) and (I, C;, (7));er) are two products for a family of objects (C;)ier in C,
then there is a unique morphism 7’ : II}_;C; — Il;¢;C; with m; o n’ = 7} for all ¢ € I, and this
morphism is an isomorphism.

This follows directly from the universal property of the products: By the universal property
of the product IL;c;C; applied to the family of morphisms 7} : I}, C; — Cj, there is a unique
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morphism 7’ : II}_;C; — Il;¢;C; such that m; o 7’ = 7} for all 4 € I . Similarly, the universal
property of II/.;C; implies that for the family of morphisms ; : Il;c;C; — C; there is a unique
morphism 7 : IL;c;C; — Il ;C; with 7j o m = m; for all ¢ € I. It follows that 7' o 7 : I;¢;C; —
IL;c;C; is a morphism with m; o m o7’ = 7l o m = m; for all ¢ € I. Since the identity morphism
on Il;e;C; is another morphism with this property, the uniqueness implies 7’ o ™ = 1y,_,¢,. By

the same argument one obtains w o7’ = l_,c and hence 7’ is an isomorphism with inverse 7.
3

1
e Ci Mier%i
/ w’ ﬂ’ / T / ’
I _.C; ——1l;,C; —— 11 _ ,C; L, C; ——1I' . ,C; —— 11, C;
el eIV el eIV el eIV

7 C 7

Example 1.2.14:

1. The cartesian product of sets is a product in Set, and the disjoint union of sets is
a coproduct in Set. The product of topological spaces is a product in Top and the
topological sum is a coproduct in Top. In Set and Top, products and coproducts exist
for all families of objects.

2. The direct sum of vector spaces is a coproduct and the direct product of vector spaces
a product in Vectg. More generally, direct sums and products of R-left (right) modules
over a unital ring R are coproducts and products in R-Mod (Mod-R). Again, products
and coproducts exist for all families of objects in R-Mod (Mod-R).

3. The wedge sum is a coproduct in the category Top™ of pointed topological spaces. It
exists for all families of pointed topological spaces.

4. The direct product of groups is a product in Grp and the free product of groups is a
coproduct in Grp. They exist for all families of groups.

In particular, we can consider categorical products and coproducts over empty index sets I.
By definition, a categorical product for an empty family of objects is an object T' = Il such
that for every object C' in C there is a unique morphism tc : C' — T. (This is the morphism
associated to the empty family of morphisms from C' to the objects in the empty family by
the universal property of the product). Similarly, a coproduct over an empty index set [ is an
object I := Il in C such that for every object C' in C, there is a unique morphism ic : I — C.
Such objects are called, respectively, terminal and initial objects in C.

Initial and terminal objects do not exist in every category C, but if they exist they are unique
up to unique isomorphism by the universal property of the products and coproducts.

An object that is both, terminal and initial, is called a zero object. If it exists, it is unique
up to unique isomorphism, and it gives rise to a distinguished morphism, the zero morphism
0=ic ote: C — C' between objects C,C" in C.
Definition 1.2.15: Let C be a category. An object X in a category C is called:

1. A final or terminal object in C is an object T" in C such that for every object C' in C

there is a unique morphism to : C' — T
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2. A cofinal or initial object in C is an object [ in C such that for every object C' in C
there is a unique morphism i : I — C,

3. A null object or zero object in C is an object 0 in C that is both final and initial: for
every object C' in C there are a unique morphisms t¢ : C' — 0 and i¢c : 0 — C.

4. If C has a zero object, then the morphism 0 = i¢rote : C — 0 — (' is called the trivial
morphism or zero morphism from C to C".

Example 1.2.16:

1. The empty set is an initial object in Set and the empty topological space an initial object
in Top. Any set with one element is a final object in Set and any one point space an
initial object in Top. The categories Set and Top do not have null objects.

2. The null vector space {0} is a null object in the category Vecty. More generally, for any
ring R, the trivial R-module {0} is a null object in R-Mod (Mod-R).

3. The trivial group G = {e} is a null object in Grp and in Ab.

4. The ring Z is an initial object in the category URing, since for every unital ring R, there
is exactly one ring homomorphism f : Z — R, namely the one determined by f(0) = Og
and f(1) = 1g. The zero ring R = {0} with 0 = 1 is a final object in URing, but not an
initial one. The category URing has no zero object.

5. The category Field does not have initial or final objects. As any ring homomorphism
f : F — K between fields is injective, an initial object F in Field would be a subfield of
all other fields, and every field would be a subfield of a final object F. This would imply
char(F) = char(K) for all other fields K, a contradiction.

Besides forming an equivalence of categories, there is another important way in which two
functors I/ : C — D and GG : D — C can be related, namely being adjoints of each other.
Adjoint functors encode universal properties of algebraic constructions such as products and
coproducts, freely generated modules or abelisation of groups. The constructions are encoded
in the functors and their universal properties in bijections between certain Hom-sets in the
categories C and D. We will see in Section that adjoint functors play an essential role in
the construction of homology theories.

Definition 1.2.17: A functor F' : C — D is called left adjoint to a functor G : D — C
and G right adjoint to F, F' 4 G, if the functors Hom(F(—),—) : C? x D — Set and
Hom(—,G(—)) : C°? x D — Set are naturally isomorphic.

In other words, there is a family of bijections ¢cp : Home(C,G(D)) — Homp(F(C), D),
indexed by objects C'in C and D in D, such that the diagram

Hom(f,G(g))

HOHIC(O, G(D)) h—G(g)ohof

l¢c,D

Homqp(F(C), D)

ome (¢, G(C)) (3)
Jocr
Homqp (F(C"), D).

Hom(F(f),9)
h—gohoF'(f)

commutes for all morphisms f:C" — C inCand g: D — D’ in D.

26



Example 1.2.18:

1. Forgetful functors and freely generated modules:
For a ring R, the forgetful functor G : R-Mod — Set is right adjoint to the functor
F : Set — R-Mod that assigns to a set A the free R-module F(A) = (A)g generated by
A and toamap f: A — B the R-linear map F(f): (A)r — (B)g with F'(f)ots = tpof.

By Remark [I.1.15] 2. for every map f : A — M into an R-module M, there is a unique
R-linear map (f)r : (A)r — M with (f)grota = f for the inclusion ¢4 : A — (A)g. This
defines bijections

¢A,M : Homset(A, G(M)) — HomR,MOd(F(A), M), f —> <f>R
For all maps f: A’ — A, h: A — M and R-linear maps g : M — M’ we have
go(hroF(f)owa =go(h)grotaof=gohof=(gohofirowa.

By Remark [1.1.15] 2. this implies (goho f)r = go (h)go F(f).

2. Discrete and indiscrete topology: The forgetful functor F': Top — Set is left adjoint
to the indiscrete topology functor [ : Set — Top that assigns to a set X the topological
space (X, O;nq) with the indiscrete topology and to a map f : X — Y the continuous
map f : (X, Oima) = (Y, Oina)-

It is right adjoint to the discrete topology functor D : Set — Top that assigns to a set X
the topological space (X, Ogsc) With the discrete topology and to a map f: X — Y the
continuous map f : (X, Ogsc) = (Y, Ougisc). The bijections between the Hom-Sets are

(I)(VV,O),X : HomTop((M/’ O)a (X7 Oznd)) — HomSet<W7 X); f — f
CI)X,(W,(’)) : HomSCt(X, W) — HOIIlTop((X, Odz’sc)a (W, O)), f > f

The statement that these are bijections expresses the fact that any map f: W — X from
a topological space (W, O) into a set X becomes continuous when X is equipped with the
indiscrete topology and any map f : X — W becomes continuous when X is equipped
with the discrete topology. The naturality condition in follows directly.

3. Forgetful functors without left or right adjoints:
The forgetful functor V : Field — Set has no right or left adjoint. If it had a left adjoint
F : Set — Field or a right adjoint G : Set — Field there would be bijections

Py : Homge (0, K) — Hompiea(F'(0),F). ®p 10y : Hompiea(F, G({z})) — Homge (F, {z})

for any field F. This would imply that F()) is an initial object in Field and hence a
subfield of any other field F and that G({p}) is a terminal object in Field and hence
contains any field F as a subfield. It follows that char F = char F/()) = char G({z}) for all
fields IF, a contradiction.

4. Inclusion functor and abelisation: The inclusion functor G : Ab — Grp is right
adjoint to the abelisation functor F': Grp — Ab from Example [1.2.5 10. (Exercise [7)).

5. Products, coproducts and diagonal functors:
e Let C be a category and I a set such that products and coproducts in C exist for all
families of objects indexed by I.
e Let C; be the category with families (C;)ier and (fi)ier : (Ci)iei — (Cl)icr of objects
and morphisms in C as objects and morphisms, with componentwise composition.
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e Let A : C — C; be the diagonal functor that assigns to an object C' and a morphism
f:C — C"in C the constant families (C');e; and (f)es-

e Let II; : C; — C be the product functor that assigns to a family (C;);e; the product
HZ»E]C’Z- and to a famlly (fi)ie] : (Ci)ie[ — (Cz/)’LEI the morphism Hie[fi : HieIC’i — HIE[C{
with 7} o (ILier fi) = fi o m; induced by the universal property of the product.

e Let IT; : C; — C be the coproduct functor that assigns to a family (C;);c; the coproduct
Hz’GICi and to a famlly (fi)ie] : (Ci>i€1' — (C{)Zej the HlOI‘phiSHl Hie[fi : HieICi — Hi€[C£
with (I;er f;) o t; = ¢ o f; induced by the universal property of the coproduct.

Then I1; : C; — C is right adjoint to A and II; : C; — C is left adjoint to A. The bijections
between the Hom-sets are given by

Qo c)ier Home (C, ie;C;) — Home, ((Cier, HicrCs),  f > (mi0 fier

‘I’(cli)iel,c : Home (e Cy, C) — Home, ((Cs)ier, (Cicr), [+ (f © ti)ier-

The universal property of the (co)product implies that they are bijections, and a short
computation shows that they satisfy the naturality condition in ({3)).

. Tensor products and Hom-functors:

e For any R-right module M, the functor M®gr— : R-Mod — Ab is left adjoint to the
functor Hom(M, —) : Ab — R-Mod.

e For any R-left module N the functor — ®g N : R’-Mod — Ab is left adjoint to the
functor Hom(N, —) : Ab — R°-Mod.

We prove the claim for R-right modules M. For an abelian group A and R-left module L
we equip Homup (M, A) with the R-module structure (r > ¢)(m) = ¢(m < r) and define

¢L,A : HOHIR_MOd(L,HOHlAb(M, A)) — HomAb(M KRR L,A)
¥ : L — Homan (M, A), I — 1y = X M®rL — A, m®Il— (m).

The map x : M®gL — A, m®l — ¥;(m) is well defined, since the R-linearity of the
map 1 : L — Homup (M, A) implies that x' : M x L — A, (m,l) — ¢;(m) is R-bilinear:
X'(m,r>1) = Y(m) = (r>)(m) = h(m<ar) =x'(m<rl) forallr e Ryl € L
and m € M. By the universal property of the tensor product, it induces a unique group
homomorphism x : M ®@r L — A with x(m®l) = x'(m,[). The inverse of ¢, 4 is given by

¢ply - Homap(M ®p L, A)  — Homp o (L, Homa, (M, A))
X: M®gpL — A, — 1 L — Hompy,(M, A), | — i with ¢y(m) = x(m ®1).

As we have ¢, (m) = x(m® (r>1)) = x((m<r)®@1) = (m <r), the map 1), is indeed
R-linear, and a short computation shows that the diagram commutes for all R-linear
maps f : L' — L and all group homomorphisms g : A — A’.

. Restriction, induction and coinduction:

Let ¢ : R — S be a ring homomorphism and Res : S-Mod — R-Mod the restriction
functor from Example [1.2.5] 5. that sends an S-module (M,>g) to the R-module
(M, >g) with r >g m = ¢(r) >g m and every S-linear map f : M — M’ to itself. Then:

e The induction functor Ind = S®g— : R-Mod — S-Mod is left adjoint to Res. It sends

- an R-module M to the S-module Ind(M) = S ®r M with s> (s'®@m) = (ss')@m,
- an R-linear map f : M — M’ to the S-linear map Ind(f) =ids ® f.
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e The coinduction functor Coind = Hompg(S,—) : R-Mod — S-Mod is right adjoint
to Res. It sends

- an R-module M to the S-module Hompg(S, M) with (s> f)(s") = f(s" - s),
- an R-linear map f: M — M’ to Hompg(S, f) :g— fog.

To see that Ind is left adjoint to Res, note that by Lemma [1.1.27] the (S, R)-bimodule

structure on S given by s>’ = s-s’ and s<ir = s-¢(r) defines an S-left-module structure
on the abelian group S®zM given by s> (s'®@m) = (s-s')@m. For all R-modules M and
S-modules N the group homomorphisms

éun : Homp(M, Res(N)) — Homg(Ind(M), N), dun(f)(s@m) = s> f(m)
Yy - Homg(Ind(M), N) — Homp(M, Res(N)), Yun(g)(m) = g(lom).

are mutually inverse and hence bjections. To prove that the diagram commutes, we
compute for all R-linear maps f: M’ — M, h: M — N and S-linear maps g : N — N’

godmn(h)o (ids®@f)(s @m') = go oy n(h)(s@f(m')) = g(s > ho f(m'))
=s>(goho f(m')=¢u n(gohof)(s@m).
To show that Coind is right adjoint to Res we consider the ring S with the R-left module

structure r > s := ¢(r) - s and the abelian group Hompg(S, M) with the S-left module
structure (s> f)(s’) = f(s’ - s) and note that the maps

QZSMJV : HOIHR(RGS(N), M) — HomS(N, HOIHR(S, M)), ¢M,N(f)(3) = f(S > n)
Yun - Homg(N, Hompg(S, M)) — Hompg(Res(N), M), Yun(g)(n) =g(n)(1).

are mutually inverse and hence bijections. A short computation shows that ¢, y makes
the diagram commute.

8. Induction, coinduction and forgetful functor:
For every ring S, the induction functor Ind = S®z— : Ab — S-Mod is left adjoint and
the coinduction functor Coind = Homg(S,—) : Ab — S-Mod is right adjoint to the
forgetful functor Res : S-Mod — Ab.

This is Example [1.2.18] 7. for R = Z, where Res : S-Mod — Ab is the forgetful functor.

These examples show that adjoint functors arise in many contexts in algebra and topology and
are often related to certain canonical constructions such as forgetful functors, freely generated
modules or tensoring over a ring. Example[1.2.18] 3. shows that a functor need not have left and
right adjoints. However, it seems plausible that if they exist, left or right adjoint functors should
be unique, at least up to natural isomorphisms. To address this, we work with an alternative
characterisation of left and right adjoints in terms of natural transformations.

Proposition 1.2.19: A functor F' : C — D is left adjoint to G : D — C if and only if there
are natural transformations € : F'G — idp and 7 : id¢ — GF such that

(Ge) o (nG) = idg, (eF)o (Fn) =idp. (4)

Proof:
1. Let F': C — D be left adjoint to G : D — C. Then there are bijections

bcpy,p : Home(G(D), G(D)) — Homp(FG(D), D)
‘256,11?(0) : Homp (F(C), F(C)) = Home(C, GF(C)).
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We define the natural transformations € : FG — idp and 7 : id¢ — GF' by specifying their
component morphisms:

en = ¢a),p(law)) : FG(D) = D 1o = ¢gpey(lre) : C = GF(C).
The commuting diagram in Definition implies for all morphisms f: D — D" in D:

epr o FG(f) = ¢awn,p(lawn) © FG(f) 8 ¢G(D (1G(D’ o G(f)) = da(p),n(G(f))
= ¢a(p),p(G(f) o 1 D)) fodamy,p(lampy) = foep.

This shows that the morphisms e¢p : FG(D) — D define a natural transformation € : FG — idp.
Diagram then implies for all objects C'in C

erc) © F(ne) = daro),rey(larc)) © F(¢CF y(Lr)))
8 ol ate. (1GF o ¢C,F(c)( o)) = bc.r(c) © ¢5}F(0)(1F(0)) = 1lp)-

The proofs for 7 : ide — G'F and of the identity G(ep) o ng(py = la(p) are analogous.

2. Let € : FG — idp and n : id¢ — GF be natural transformations that satisfy . Consider
for all objects C' in C und D in D the maps
¢c,p = Hom(1p(cy, €p) o F' : Home(C, G(D)) — Homp(F(C'), D), [+ epo F(f)
Yo,p = Hom(ne, 1gpy) o G : Homp(F(C), D) — Home(C, G(D)), g+ G(g) o nec-

Then we have for all morphisms f: C — G(D) in C and g : F(C) — D in D

Yo denlf) = Glen) © GF(f) oo ™ Glep) onomy o f = 0
¢c.p o Vep(g) = epo FG(g) o F(ne) = goepe )OF(ﬁc)
This shows that ¢¢ p = ¢CD and ¢¢ p : Home(C, G(D)) — Homp(F(C), D) is a bijection. To

verify that the diagram ({3]) in Definition [1.2.17] commutes, consider morphisms f : ¢ — C,
h:C— G(D)inC and g: D — D’ in D and compute

dcrp(G(g)oho f) =ep o FG(g) o F(h) o F(f) = goepo F(h)o F(f) = goocp(h)o F(f).
O

Theorem 1.2.20: Left and right adjoint functors are unique up to natural isomorphisms.

Proof:
Let F,F" : C — D be left adjoint to G : D — C. Then by Proposition [1.2.19| there are natural
transformations € : FG — idp, 1 : id¢ — GF and € : F'G — idp, ' : id¢ — GF” satistying ({).
Consider the natural transformations k = (eF") o (Fn/): FF — F', k' = (€F) o (F'n): F' —- F
with component morphisms rc = €pi(c) © F(1c) and k¢ = €y © F'(nc). Then ke und ki, are
inverse to each other since

def K na
K¢ © l{lc = EF’( ) O F(UC’) , é EF’(C) o KlGF’(C) o F/(T],C)

def k' nat ¢’

= em(0) © €pgrc) © F'(Narc)) o F'(ne) "= €poy o F'Glerc)) o F'(narc)) o F'(ne)
@ @
= EF’(C’) o F" (G(er (o)) © nari(c)) © F/(Wc) = €prc) © o F'(ne) = Loy,

and an analogous computation yields s o k¢ = 1p(). This shows that x and &’ are natural
isomorphisms and that F is naturally isomorphic to F’. The proof for right adjoints is analogous.
O
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2 Examples of (co)homologies

In this section, we introduce examples of homology and cohomology theories and illustrate
how they encode information about different mathematical objects such as topological spaces,
simplicial complexes, bimodules over algebras, modules over group rings and representations
of Lie algebras. A homology theory associates to a mathematical object X a family (X,,)nen,
of modules over a ring and a family (d,)nen, of module morphisms d, : X, — X,_; that
satisfy the condition d,, o d,,+1 = 0 for all n € Ny. This ensures that im(d,,1;) C ker(d,) C X,
are submodules, and one can form the quotient module H,(X) = ker(d,)/im(d,+1). These
quotients are called the homologies of X and encode information about X.

2.1 Singular and simplicial homologies of topological spaces

Historically, the first homology theories were homology theories of topological spaces. The wish
to unify different notions of homology for topological spaces was one of the main motivations
to develop an abstract formalism. The basic idea is to probe a topological space with certain
standard subspaces R™ that can be described in a mostly combinatorial way. These are the
affine simplexes.

Definition 2.1.1: Let (e, ..., e,) be the standard basis of R™ and ¢y := 0 € R".

1. An affine m-simplex A C R" is the convex hull of m + 1 points vy, ..., v,, € R"
A = conv({vg, .., vm}) = {EAiv; |0 < N < 1, X"\ =1}
The points vy, ..., v,, are called the vertices of A.

2. The k-simplexes conv({vj,,...,v; }) for subsets {v;,...,v;,} C {vo,...,vn} with k + 1
elements are called the k-faces of A.

3. An ordered m-simplex is an affine m-simplex with an ordering of its vertices. We write
[V0, -, U] for A = conv({vy, ..., U }) with ordering vy < v1 < ... < Upy,.

4. For n € Ny the standard n-simplex A" C R" is the ordered n-simplex [eq, ..., €,].
5. Forn € N and i € {0,...,n} the ith face map is the affine linear map f*: A"t — A"
" €j Jj<i
fit(e;) = ’ C
€jt1 J = 1.

that sends A" = [eg, ..., e,_1] to the (n — 1)-face [eg, ...€;_1, €i11, ..., €] OppOSsite e;.

The ordering of an affine m-simplex is pictured by drawing an arrow on each 1-face that points
from its vertex of lower order to its vertex of higher order. Note that the face maps respect the
ordering of vertices in the standard n-simplexes. They omit vertices but do not change their
ordering. Hence, the ordering of the vertices in the (n — 1)-face f/*(A""!) C A" induced by the
ordering of A"~! coincides with the one induced by the ordering of A™.
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The standard n-simplexes for n = 0,1, 2, 3.

Topological homology theories probe a topological space X by studying continuous maps o :
A" — X for all n € Ny. For this, one must decide which continuous maps o to consider - all
of them or only a specific set of continuous maps that satisfy certain compatibility conditions.
Different choices lead to different versions of homology. In the following, we focus on two main
examples, namely singular and simplicial homology. The former admits all continuous maps
o : A" — X, even very singular ones that map the entire simplex to a single point. The latter
is based on collections of maps that are homeomorphisms onto their image when restricted to
the interior of the standard n-simplex and satisfy certain matching conditions.

Definition 2.1.2: Let k be a commutative ring, X a topological space and n € Nj.

1. A singular n-simplex is a continuous map o : A" — X.

2. The k-module C, (X, k) of singular n-chains is the free k-module generated by the set
of singular n-simplexes:

Cn
n < 0.

(X.k) = {(a : A" — X continuous), n € Ny
3. The singular boundary operator d,, : C,,(X, k) — C,_1(X, k) is the k-module mor-
phism defined by d,, = 0 for n < 0 and

n

d,(o) = Z(—l)ia o fI' for all continuous maps o : A" — X, n € N.
i=0

The signs of the boundary operators have a geometrical interpretation and can be visualised
easily for n = 1,2,3. For a l-simplex ¢ : A — X the sign in front of the term o o f! is +1
if the arrow on the ordered 1-simplex A! = [eg, €] points towards e; and —1 if it points away
from e;. For a 2-simplex o : A? — X the sign of the term o o f? is given by the orientation
of A% If we orient A% = [eg, €1, €3] according to the ordering of the vertices from the vertex of
lowest to the vertex of highest order, as indicated by the blue arrow, then the sign is +1 if the
arrow on the 1-simplex f?(A!) is oriented parallel to this and —1 if it is oriented against it.
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For a 3-simplex o : A3 — X the sign in front of the term o o f? is given by the right hand rule.
If one equips each 2-face of A% with the orientation defined above and the fingers of the right
hand follow this orientation, then the sign is +1 if the thumb of the right hand points out of
A3 and —1 if it points inside A3.

€3 X3 xs

X2 T2 X2

T I X1

Z3 T3

X2 X2

1 1

The boundary operator is called boundary operator because it assigns to a singular n-simplex
o : A" — X the alternating sum of the singular (n — 1)-simplexes o o f* : A"™! — X that are
obtained by restricting o to the (n — 1)-faces of A"™. These (n — 1)-faces form the boundary
OA™ of A™ C R™.

The signs in front of the terms o o f/* ensure that applying the boundary operator twice gives
zero. This has a geometrical interpretation. Each (n — 2)-face f of A™ is contained in the
boundary of exactly two (n — 1)-faces. In one of them f is oriented parallel to the orientation
of the (n — 1)-face, in the other against it. Hence, the two contributions have opposite signs
and cancel. This encodes the fact that the boundary of the boundary of A™ is empty: one has
OA™ = U, f(A™ 1) and 9(OA™) = 0. The algebraic counterpart of this is the following.
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Lemma 2.1.3:

1. The face maps satisfy f/ o ;‘:11 = fj'o fitforall 0 <i<j<n.
2. The boundary operators d,, : C,(X, k) — C,_1(X, k) satisfy d,,_1 o d,, = 0 for all n € N.

Proof:

1. As the face maps are affine linear, they are determined by their values on the vertices ey, ..., e,
of A™. It is therefore sufficient to check this relation on the vertices.

We have for 0 <i<j—1<n

€L k<1

" k<jg—1
fo(ex) y erp1 i<k <j—1

fieprn) k>j—1

fito jn—_ll(ek') = {
e k2>j—1

k<1

filer)  k<i )™ '

L) ."_1 e = — < k<7—1.
erre k>2j—1

2. Using these relations, we obtain for all continuous maps o : A" — X:

10 dn(0) =dp—1 (Zjo(~1) 00 f]') = D58 _o(=1) oo firo fi7
=Yo<icjen(—1) o0 [T o [ + Socjcicn(—1) oo fl o fI7
é209’<J’Sﬂ(_1)iﬂ0 ofi'o jn:ll + So<j<icn(—1) o 0 fi'o it
=Yocicjen(=1)T oo flo [ + Socjcicn(—1) oo flro [}
:ZOSJ‘SKn(_l)HjHU o fjo Jt+ 20§j§i<n(_1)i+j0' o flo it =o.

As d, : C(X, k) — C,—1(X, k) is k-linear and the singular n-simplexes o : A™ — X generate
C,(X, k), this proves the claim. O

Due to the relations d,, o d,,y; = 0 for all n € Ny, it follows that im(d,1) C ker(d,) is a
k-submodule. We can therefore take the quotient ker(d,,)/im(d,,+1), the nth singular homology
of the topological space X with values in k.

Definition 2.1.4: Let k be a commutative ring and X a topological space.
1. Elements of Z,,(X, k) := ker(d,,) C C,,(X, k) are called singular n-cycles.
2. Elements of B, (X, k) :=im(d,11) C Z,(X, k) are called singular n-boundaries.

3. The nth singular homology of X is the k-module
Zu(X, k)
H,(X, k)= =—"—-——=.
KB = 5.0

The nth homology counts the possibilities of combining singular n-simplexes in such a way that
there is no boundary, up to those combinations that arise as the boundaries of (n—+1)-simplexes.
This can be viewed as a measure for the number of holes in the topological space. For each
(n 4+ 1)-simplex o : A" — X the boundary d,,1(c) is an n-cycle. If we remove a point =
in the interior of o(A"*!) from X, the continuous map o is no longer defined, while d,,, (o)
still defines an n-cycle in Z,(X \ {z}, k). In this way, we have created an n-cycle that is not an
n-boundary. To gain more intuition, we determine the first two singular homology groups.
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Example 2.1.5: Let X be a topological space and k a commutative ring. Then

HO(X, k) e (0(1) _ 0(0) ’ o [0, 1] — X continuous>k N ”g(@)k

where mo(X) is the set of path components of X.

Proof:
As A% = {0} all maps o : A® — X are continuous, and they are in bijection with points of X

Co(X, k) = (X)) do: Co(X, k) = {0}, 0—0
Ci(X, k) = (0 :]0,1] = X continuous),  dy : C1(X, k) — Co(X, k), 0 — o(1) —a(0).

This yields Zo(X, k) = Co(X, k) and Bo(X, k) = (o(1) — (0) | o : [0,1] — X continuous).
Hence, two points x,y € X are related by a 0-boundary if and only if there is a continuous
map o : [0,1] — X with ¢(0) = x and o(1) = y. Such a map is a path from z to y, and hence
x,y € X are identified if and only if they are in the same path component of X.

By selecting a point xp in each path component P € mo(X), we can rewrite any k-linear
combination v = X' , k;x; of points x; € X uniquely as v = X7 k;zp, —1—2?:1 ki(z; —xp,), where
xp, represents the path component of x;. This defines an isomorphism Ho(X, k) & @y k. O

Given this interpretation of Hy(X, k), it is natural to expect that the first homology group
H,(X, k) should be related to the fundamental group of a topological space X. A 1-chain is a
k-linear combination of continuous maps o : [0,1] — X, or, equivalently, of paths in X. The
identity dy(0) = o(1) — o(0) implies that a singular 1-simplex o : [0,1] — X is a l-cycle if
and only if the path ¢ : [0,1] — X is closed: 0(0) = o(1). One also expects that homotopies
between paths with the same endpoints should be related to 2-simplexes.

However, there is an essential difference between the fundamental group 7 (z, X) and the first
homology group Hi(X, k). The group multiplication of 7y (z, X) is induced by the concatenation
of paths and in general not abelian, whereas the composition of 1-cycles is given by the addition
in the abelian group Z,,(X, k). For a collection of paths based at x the associated product in the
fundamental group m (z, X) keeps track of the order in which the paths are composed, whereas
the sum of their homology classes in H; (X, k) only takes into account how often each path in
the collection is traversed with or against its orientation. As a consequence, the first homology
group and the fundamental group cannot coincide in general.

Instead, for path-connected topological spaces the first homology group H;(X,Z) is the abeli-
sation of the fundamental group 7 (z, X). For this, recall that the commutator subgroup
[G,G] of a group G is the normal subgroup of G generated by the group commutators
lg,h] = ghg™'h™! of all elements g,h € G and that the factor group G/[G,G] is abelian. It is
called the abelisation of G and often denoted Ab(G). In fact, one can show that abelisation
defines a functor Ab : Grp — Ab from the category Grp of groups to the category Ab of abelian
groups (cf. Example 10. and Exercise [7)).

Theorem 2.1.6: Let k be a commutative ring and X a path connected topological space.

1. For any x € X the map ¢:m(z, X)— H1(X, k), [Y]r,— [7]5, is & group homomorphism.
2. It induces an isomorphism ¢:Ab(m (z, X)) — H1(X,Z), the Huréwicz isomorphism.
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Proof:
1. We show that ¢ : mi(x, X) — Hi(X, k), [V]x, = [7]m, is well-defined.

Note first that any path v : [0,1] — X with 7(0) = (1) is a singular 1-cycle, since we have
At =[0,1] and di(y) = vo fo —vo fi =¥(1) =~(0) =0.

It remains to show that homotopic paths are related by a 1-boundary. Let 41,792 : [0,1] = X
be paths with 7;(0) = v;(1) = z and h : [0,1] x [0,1] — X a homotopy from 7, to y2. From the
homotopy h we construct a map o : A2 — X defined by

o(s,t) = h(Z5, s +1) for (s,t) # (0,0), a(0,0) = z.

This map is continuous since h : [0,1] x [0,1] — X is continuous with h(s,0) = z for all
s € [0,1]. By applying the boundary operator, we obtain dy(c) = oo f& — oo fZ + o o fZ with

oo fit) =o(l—tt) =z, oofi(t)=0(0,t) =), oofi(t)=0(t0)=n()

Hence, o sends the face [eq, es] of A? to x, the face [eg, e2] to im(7y,) and the face [eg, e1] to
im(v1). We have do(0) = 7, — 72 + 71 with the constant 1-cycle v, : [0,1] = X, t — z.

T2

A

7

> X1

As the constant 1-cycle v, is a boundary 7, = dx(p,) of the constant 2-simplex p, : A? — X,
(s,t) = x, we have 0 = [V.|pg, = [d2(0)|, + [Volm, — (M1l = [Velm, — [71]m, - This shows that
[7]H, depends only on the homotopy class of v and ¢ is well-defined.

2. We show that ¢ : m(z, X) — Hi(X, k), [Y]lr, = [Y]n, is a group homomorphism. For this,
it is sufficient to prove that for all paths ~y,72 : [0,1] — X with ~;(0) = (1) = « their
concatenation -, xy; agrees with the sum ~; + 2 of the associated 1-cycles up to a 1-boundary.

By composing the path 75 x 7, with the affine map g : A* — [0,1], (s,t) — 35+ ¢, we obtain a
2-simplex 0 = (Yo xy1) 0 g : A* = X, (s,t) = (92 *71)(3 + ). Its boundary is given by

do(0) =1+ 72 — Y2 * 71,

since we have

oo fet)=c(l—tt) =y n(5+35) =7t
oo fi(t) =0(0,t) =y xn(t)
oo f3(t) =0(t,0) =2 x1(g(t,0)) =2 *xn(5) = ().
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This implies

o([1]m) + d(2lm) = [i)a, + [elo, = e x Ml = o([e * i) = o(elm - [i)m)-

As H(X, k) is abelian, we have [m(z, X), m(z, X)] C ker(¢) and obtain a a group homomor-
phism ¢ : Ab(m(z, X)) = H,(X, k).

3. Suppose now that k = Z. We show that ¢ : Ab(m(z, X)) — H;(X,Z) is a group isomorphism
by constructing its inverse.

We choose for every point y € X a path ¥ : [0, 1] — X with 4¥(0) =y, 7¥(1) = x and define
K 01<X, Z) — Ab(7T1(flf7X))7 o — [’)/U(l) *0*70(0)]Ab(7r1)

for singular 1-simplexes o : [0,1] — X. As C1(X,Z) is the free abelian group generated by the
singular 1-simplexes, this defines a group homomorphism.

To show that the group homomorphism K : Cy(X,Z) — Ab(m(x, X)) induces a group ho-
momorphism K : Hy(X,Z) — Ab(m(z, X)), we show that K(d2(w)) = 0 for every singular
2-simplex w : A% — X:

K(dyw) = (w0f§—w0f12+w0f22) =K(wo f§) = Kwo f{)+ K(wo f})
=[OV % (wo f3) *W(l’o)]Ab(m) — O % (wo f7) * 7O ap(my)
+ [0 x (wo f3

) % 7O 5
wofl)* *7(01)*((,00]”2)*7(10)*7( )*(wofg)*
)

w

= [0 % (
_ [fYW(O:O) * (w o fl * (w o fO) (cu o f22) *’7 0. )]Ab(m) = [V]Ab(ﬂl)’

—w(0,0

O b ()

where v : [0,1] — X is a loop with base point x that circles the boundary dw(A?) C X
counterclockwise and we suppress the bracketing in the concatenation of paths. As « is null
homotopic, we have K(dsw) = 0. This implies By(X,Z) C ker(K), and K induces a group
homomorphism K : H,(X,Z) — Ab(m (z, X)).

T2

A

/‘\ ,.yw(l,O)

>

> > 1 w(1,0)
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We show that K : Hy(X,Z) — Ab(m(z, X)) is the inverse of ¢ : Ab(m(z, X)) — Hi(X,Z).
For any path ¢ : [0,1] — X with §(0) = 6(1) = z, we have

K o ¢([0]abim)) = [V * 6 *x 7] abr) = [Y b)) — [ ]abim) + [0]anm) = [0]abem)
qb © K([(S]Iﬁ) = hm *6*71]1171 = h/m]Hl + [Vr]Hl + [6]H1 = [5]H17

Hence K = Ab(¢)~! and ¢ : Ab(my(z, X)) — H(X,Z) is a group isomorphism. O

Remark 2.1.7: There are analogues of this statement for higher homology and homotopy
groups, the Huréwicz theorem:

1. For any commutative ring k, path connected topological space X and point z € X there
are group homomorphisms ¢, : m,(x, X) — H,(X, k) for all n > 2.

2. If k = Z and X is (n — 1)-connected, that is non-empty and path-connected with
m(x, X) = {1} for 1 <k <n — 1, then ¢, is a group isomorphism.

The Huréwicz theorem clarifies the geometrical interpretation of the singular homology groups
H,(X,Z). For n > 1 no abelisation is required since the homotopy group 7, (z, X) is already
abelian. For (n — 1)-connected topological spaces it reduces the computation of m,(z, X) to the
computation of the nth homology group H,(X,Z).

The Huréwicz theorem is useful for the computation of higher homotopy groups, because it
relates them to homology groups, which are computed more easily than homotopy groups.
However, the computation of singular homology groups is still difficult without a better un-
derstanding of their properties. The nth homology group H,(X, k) is a quotient of a huge
k-module, the k-module of singular n-cycles, by another huge k-module, the k-module of sin-
gular n-boundaries, and it is difficult to compute this quotient.

This suggests that one should obtain a simpler and more computable notion of homology by
considering a smaller family of continuous maps o : A™ — X. Clearly, the images of the maps in
this family should still cover X. To be able to restrict the boundary operator to this family, one
must impose that for each simplex ¢ : A" — X in this family all simplexes oo f* : A"} — X
are also contained in it. Finally, to work with a family that is as small as possible, it makes
sense to impose that the simplexes o : A™ — X are injective at least in the interior of A™ and
that the images of different n-simplexes overlap only along the images of k-simplexes for £ < n.
Finally, the topology on X should be compatible with the topology induced by the simplexes
in the family, i. e. be the final topology induced by them.

Definition 2.1.8: A (finite) A-complex or semisimplicial complex is a topological space
X, together with a (finite) family {o,}aes of continuous maps o, : A™ — X such that:

S1) The maps 04|zng : Ane 5 X are injective for all o € I.

S2) For every point 2 € X there is a unique a € I with z € g, (A™).

S3)

S4) The topology on X is the final topology induced by the family {0, }aer:
A subset A C X is open if and only if o, '(A) C A" is open for all a € I.

For every o € I and i € {0,...,n,} there is a 8 € I with o, 0 f/'"® =05 : A1 — X.

(
(
(
(

A semisimplicial complex is called a simplicial complex if
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(S5) For each a € I the images of the vertices of A" under o, are all distinct:

oal€i) # oa(e;) for all i # j € {0,...,n.}.
(86) {oaleo), -, 0alen,)} = {os(en), ..., 05(en,) } implies o = j.

A subcomplex of a (semi)simplicial complex (X, {0, }aer) is a subspace A C X together with
a subset J C I such that (A4, {04 }acs) is a (semi)simplicial complex.

A simplicial map f : (X,{c}aer) = (Y. {75}secs) between (semi)simplicial complexes is a
continuous map f : X — Y such that for each o € I thereis a § € J with f oo, = 73.

A given topological space may have many (semi)simplicial complex structures. The notion of
a simplicial complex is more restrictive than the one of a semisimplicial complex. Axiom (S5)
forbids that the images of distinct vertices of an n-simplex coincide, and condition (S6) forbids
that the vertex sets of different simplexes coincide. This allows one to describe a simplicial
complex in a purely combinatorial way. Every k-face in a simplicial complex is determined
uniquely by its vertices. The price one pays for this is that simplicial complexes usually require
a larger number of simplexes and hence lead to lengthier computations. One can show that every
semisimplicial complex can be transformed into a simplicial one by a subdivision procedure.

Simplicial n-chains, boundary operators, n-cycles, n-boundaries and homologies are obtained
in the same way as their singular counterparts, by restricting attention to singular simplexes
in the chosen family. This works because the axiom (S2) ensures that the boundary operator
d,, maps the submodule of C, (X, k) that is generated by the n-simplexes in the family to the
submodule of C,,_1(X, k) generated by its (n — 1)-simplexes.

Definition 2.1.9: Let k be a commutative ring, A = (X, {04 }acs) a semisimplicial complex.

1. The k-module of simplicial n-chains is the trivial £ module for n < 0 and the free
k-module C,(Ak) = ({0a | @ € I,n4 = n})g for n € Ny.

2. The simplicial boundary operator d,, : C,(A, k) — C,_1(A, k) is the k-module mor-
phism defined by d,, = 0 for n < 0 and
dn(0y) = Z(—l)iaa of' VneN, ael withn, =n.

=0
The simplicial boundary operators satisfy d,,_1 o d,, = 0 for all n € Z by Lemma [2.1.3

3. The k-modules of simplicial n-cycles and simplicial n-boundaries are the k-modules
Zn(A k) = ker(d,) C C,(Ak) and B,(A, k) =im(d,11) C Zn(A k).

4. The nth simplicial homology of A with values in & is the quotient module

Zn(Ak)
H,(A k) = ————.
AP =5.@n
Example 2.1.10:
1. A semisimplicial structure on the circle S is given by any continuous map o : [0, 1] — S*
with 0(0) = (1) = 1 and o], : (0,1) — S* injective and p : {0} — S*, 0~ 1.

As dy(0) = o(1) — 0(0) = 0 and dy(p) = 0, we have Ho(A, k) = Zo(A k) = (p)r = k,
Hi(Ak) = Z1(A k) Bi(A k) = Zy(A k) = (o), = k and H,(A, k) = {0} for all n > 1.
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2. The torus is the quotient 7' = [0, 1] x [0,1]/ ~ with respect to the equivalence relation

(2,0) ~ (x,1) and (0,2) ~ (1,z) for all = € [0, 1]. It has the structure of a semisimplicial
complex with two 2-simplexes, three 1-simplexes and one 0-simplex. They are obtained
by composing the canonical surjection 7 : [0,1] x [0,1] — T" with the affine linear maps

p:leose1,ea] = [eg,ea,e1 +€2], 0 :eg,e1,e] = [eg,e1,e1 4+ ea], p:eo] = [eo
a C.

: [60, 61] — [60, 61], b: [60, 61] — [60, 62], [60, 61] — [6’0, e+ 62].

Setting ' = mox for x € {p,a,b,c, p,c}, we find that the k-modules of n-chains are given
by Cn(A, k) =0 for n > 3 and

Co(D k) = () =k, Cr(AK) = {d W, ) 2 k@ kD E Co(A k) = (g0 2k k.
The boundary operators are given by
do(p) =0, di(d)=d(V))=di(d)=p' —p' =0, do(p)) =do(c') =0d" +b — ¢,

and this implies

Zo(A k) = (0) = k Bo(A ) =0
Zl(Aa k) = <a/7 blacl> =kdkok Bl(A7 k) = <a, +b - C,> =k
Zo(Ak)=(p — o) =k By(A k) =

This yields the simplicial homologies H, (A, k) = 0 for n > 2 and
Ho(A k) = (p')e =

k,
Hy(A k) 2V, ¢ >/(a FY =) 2 V) 2 kD,
HQ(Aak) <IO _0>

1R

I
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3. Real projective space RP? is the quotient RP? = [0,1] x [0,1]/ ~ with the equivalence
relation (z,1) ~ (1 —,0) and (0,z) ~ (1,1 — z) for all x € [0, 1]. It has a semisimplicial
structure with two 2-simplexes, three 1-simplexes and two 0 -simplexes which are obtained
by composing the canonical surjection  : [0,1] x [0, 1] — RP? with the affine simplexes

P [60761762] — [60761 + 62762]7 g [60761762] — [60761 + 62)61]7
a: leg,e1] = [eo,e1],  b:leo,e1] = [eo, 2], ¢ len,e1] = [eo, €1 + ea],
p:leo) = leo], q:leo] = [ea]-

Setting 2/ = w o x for x € {p, q,a,b,c,p,0} we have
Co(AK) =0, 2kDk, Ci(AKk)=(d b,V 2kDkdk, Cy(Ak)= (o) 2kDEk.
and C,, (A, k) = 0 for n > 3. The boundary operators are given by

do(p') = do(q') =0, dy(a') = dy(t) =¢" =1, di(d)=p' —p' =0,
do(d) =V —d + ¢, do(p))=d =V + ¢,

and this implies

Zo(Ak) = (P, dw =k Dk,

Bo(A k) = (¢ —p')r =

Zi(Ak)=(d =V, Zkak,

Bi(Ak) = —d +,d =0+ ), = kD 2k,
Zo(Ak) ={r(c"+p) | 2r =0} =2 {rek]|2r=0},
By(Ak) =0

The simplicial homologies are then given by H, (A, k) = 0 for n > 2 and

Ho(A k) = (0, d )i/ (d = P)e = 0 =k,
Hi(Ak) =2 (d =V, /(0 —d +,d —b + )= ()/(2) 2 k/2k
Hy(Ak)=A{rek|2r=0}

This shows in particular that homologies of a topological space need not be free mod-
ules. The question if a given homology vanishes therefore depends on the choice of the
commutative ring k. If k is a field with char(F) # 2, we have Hy(A,F) = H;(A,F) = 0.
For k = Z we have H{(A,Z) = 7/27 and Hy(A,Z) = 0, and for k = Z /27 we obtain
Hy(AZ)27) = H (A, Z)27) = 7/ 27.

41



Remark 2.1.11: One can show that for any semisimplicial complex A = (X, {04 }aer), the
simplicial homology of A agrees with the singular homology of X: H, (X, k) = H,(A,k) for
all n € Z. This implies in particular that all semisimplicial complex structures on a topologi-
cal space X yield the same simplicial homologies. The proof requires methods from algebraic
topology, namely the excision theorem for singular homologies.

There is also a dual version of singular and simplicial homology, called singular and simplicial
cohomology. It is obtained from singular and simplicial homology theory with coefficients in a
commutative ring k by applying the functor Homy(—, k) : k~-Mod” — k-Mod that assigns to
a k-module L the k-module Homy(L, k) of k-module morphisms from L to k and to a k-linear
map f : L — L’ the k-module morphism Homy(f, k) : Homy (L', k) — Homy(L,k), g — go f
As this functor reverses morphisms, the direction of the boundary operators is reversed as well.

Definition 2.1.12: Let k be a commutative ring and X a topological space.

1. The k-module of singular n-cochains the k-module C"(X, k) = Homy(C, (X, k), k) of
k-linear maps ¢ : C, (X, k) — k.

2. The singular coboundary operator d" : C"(X,k) — C""(X k) is the k-module
morphism defined by d® = 0 for n < 0 and

n+1
d"(9)(o) = ¢(dps1(0)) = Z(—l)i (oo f) Vo : A" — X continuous, n € Ny.

i=0
The singular coboundary operators satisfy d"*! o d™” = 0 for all n € Z by Lemma [2.1.3]

3. The k-modules of singular n-cocycles and singular n-coboundaries are the k-
modules Z"(X, k) = ker(d") C C"(X, k) and B"(X,k) = im(d"™') C Z"(X, k).

4. The nth singular cohomology of X is the k-module

H (X, k) = —g:((f( g

The simplicial cohomologies are defined analogously. The only difference is that one restricts
again attention to the chosen family of simplexes.

Definition 2.1.13: Let k£ be a commutative ring, A = (X, {04 }aer) a semisimplicial complex.

1. The k-module of simplicial n-cochains is the k-module C™(A, k) = Homy(C, (A, k), k)
of k-linear maps ¢ : C,(A, k) — k for n € Np.

2. The simplicial coboundary operator d" : C"(A,k) — C"" (A, k) is the k-module
morphism defined by d” = 0 for n < 0 and

n+1

d"(¢)(0a) = ¢(dni1(0a)) = Z(—l)igb(aa o frth Va € I with n, =n+ 1,n € Ny.

=0

The simplicial coboundary operators satisfy d"™! o d® = 0 for all n € Z by Lemma
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3. The k-modules of simplicial n-cocycles and simplicial n-coboundaries are
Z"(A k) = ker(d") C C"(A,k) and B"(A, k) = im(d" ') C Z"(A, k).

4. The nth simplicial cohomology of A is the k-module

HY(A LK) = %.

The resulting cohomology theories, singular and simplicial cohomology, have a similar interpre-
tation to the associated homology theories and contain similar information. They are sometimes
more convenient, because they are related more directly to smooth geometrical structures such
as differential forms, and they are sometimes easier to compute.

2.2 Hochschild homology and cohomology

In this section we consider (co)homologies of algebras. All algebras and algebra homomorphisms
are unital unless stated otherwise. To define their (co)homologies in a way that relates them
to other (co)homologies later on, we work with a more general notion of algebra, namely an
algebra over a commutative ring k. This is analogous to an algebra over a field, only that the
scalar multiplication is replaced by a k-module structure.

Definition 2.2.1: Let £ be a commutative ring.

1. An algebra over k is a ring (A,+,:) with a k-module structure > : k x A — A,
(A, a) — Aa that satisfies (Aa) -b = A(a-b) =a- (\b) for all a,b € A and \ € k.

2. A morphism of k-algebras is a ring homomorphism that is also a morphism of k-modules.

Example 2.2.2:
1. An algebra over Z is a ring, and a homomorphism of Z-algebras is a ring homomorphism.

This follows because every ring k has a unique Z-module structure, namely its abelian
group structure. The compatibility condition between this Z-module structure and the
multiplication follows from the distributive law.

2. For any group G and any commutative ring k, the group ring k[G] is an algebra over k
with k-module structure (Af)(g) := Af(g) forall f: G — k, g € G and X € k.

3. The ring k[X] of polynomials with coefficients in a commutative ring k is an algebra over k.

4. The ring Mat(n, k) of (n X n)-matrices with entries in a commutative ring & is an algebra
over k with the matrix multiplication, matrix addition and simultaneous multiplication
of all entries with elements of k.

5. For any commutative ring k and any k-module M, the ring End (M) = Homy (M, M) of
k-module morphisms ¢ : M — M is an algebra over k with the k-module structure by
pointwise multiplication (A¢)(m) := Ap(m) = ¢(Am) for all A € k, m € M.

Left and right modules over a k-algebra A are defined as left and right modules over the ring A.
Just as in the case of an algebra over a field, every left module M over A inherits a k-module
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structure given by Am = (Al4)>m for all m € M. The same holds for A-right modules, defined
equivalently as A°P-modules, and (A, A)-bimodules, defined as A®;A°’-modules. It also follows
directly that every A-module homomorphism is k-linear.

Definition 2.2.3: Let A be an algebra over a commutative ring k and M an (A, A)-bimodule
with structure maps > : A x M — M and <t : M x A — M. Denote by A®" = A®},...Q,A the
n-fold tensor product of A over k with A% := k.

1. The k-module of n-chains is

C(A, M) =

M®kA®n n € Ny
n < 0.

2. The boundary operators are the k-linear maps d,, : C,,(A, M) — C,,_1(A, M) given by
d, =0 for n <0 and d, = X ,(—1)'d, for n € N with

(m < a1)®a®...Qa, 1=0
di(m®a1®...®an) = m®a1®...®ai_1®(aiai+1)®ai+2®...®an 1 S 1 S n—1 (5)
(an > M)RaIR...Qa, 1 i =n.

The structures in Definition will define Hochschild homology. Instead of the k-modules
M®, A®™ we can also consider the k-module of k-linear maps f : A®" — M. This leads to a
dual version of Definition that will define Hochschild cohomology.

Definition 2.2.4: Let A be an algebra over a commutative ring k and M an (A, A)-bimodule
with structure maps > : A x M — M and << : M x A — M. Denote by A®" = A®y...QrA the
n-fold tensor product of A over k with A% := k.

1. The k-module of n-cochains is

Homy,(A®™, M) n € N

C"(A, M) ::{
0 n < 0.

2. The coboundary operators are the k-linear maps d" : C"(A, M) — C"1(A, M) given
by d* = 0 for n < 0 and d" = X%} (—1)!d? for n € Ny with

ag > f(a1®...Qa,) 1=0
(dff)(a()@@an) = f(a0®...®ai_2®(ai_1a,~)®ai+1®...®an) 1 S 1 S n
flap®...Qa,-1) < ay, t=mn-+1.

Just as for the singular and simplicial (co)boundary operators, the composite of two subsequent
(co)boundary operators from Definitions [2.2.3 and [2.2.4] is zero. This is a consequence of the
combinatorial properties of the maps d, and d? in Definitions and Definition [2.2.4]

Lemma 2.2.5: Let k be a commutative ring, A an algebra over k and M an (A, A)-bimodule.
1. The k-linear maps d', : C,,(A, M) — C,,_1(A, M) from Definition satisfy
d_od =d od VO<i<j<n, (6)

and this implies d,, od,, 1 = 0 for all n € Z.
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2. The k-linear maps d : C"(A, M) — C""(A, M) from Definition satisfy
& od! = di o dr V0<i<j<m, (7)

and this implies d"*! o d"® = 0 for all n € Z.

Proof:

We prove the second part of the lemma. The proof of the first part is analogous. We compute
for0<i=7<n:

d?+1(d?f)(ao®.,.®an+1) = (d?f) (ao®...®ai_2®(ai_1ai)®ai+1®...®an+1)
= f(a0®...00;—2@(4i—10;0;41)Ri12®...Qan11) = (d [)(a®...0a;_1Q(a;0i11)Dai12®...Qan11)
= dii i (d} f)(a0®... @),

for0<i<jg<n:

d?Jrl (d?f)(&o®®an+1) = (d?f) (ao®...®ai,2®(ai,1ai)®ai+1®...®an+1)
= f(a0®...®ai_2®(ai_1ai)®ai+1®...®aj_1®(ajaj+1)®aj+2®...®an+1)
= (d?f) (a0®...®aj,2®(ajaj+1)®ai+1®...®an+1) = d?ill (d?f)(a0®...®an+1),

fori=75=0:

dp N (dy ) (ap®...Ra,41) = ag > (df f) (a1 ®...Qan11) = ag > (a3 > f(a2®@...Qa,11))
= (apa1) > f(as®...Ran11) = (A )((a0a1)®@...Qan41) = diH(d? f)(ap®...@an41),

and for i =0 < j <n:

dg“(d?f)(%@...@anﬂ) = ao > (d [)(1®...Qan 1) = ag > f(01®...Qa; 1@(a;aj41)D...Q0n 1)
= (dgf)(a0®...®aj_1®(ajaj+1)®...®an+1) = d;bill(dff)(a()@@anﬂ)

The computations for i = j =n and 0 <7 < j = n are analogous. These relations imply

Ao gt = 2?2022?201(_1)2+3d?+1 o d;L

= Sogjcignr2 (1) o df + Docigjns (1) d T o df

() i+j n i+j m n

No<jcicniz(—1) ! o di + Yo<icj<nt1(—1) +]dji11 o d;

= Yo<jcicnt2(—1)TdIH o df + Socicjcnia(—1) I o df

= Yocjcicnta(=1)(d} T o df — dit 0 df) = 0. O

As the boundary operators d,, : C,,(A, M) — C,,_1(A, M) satisfy the relations d,, od,,+1 = 0, we
have d,(im(d,+1)) = 0 and hence im(d, ;1) C ker(d,) C C,(A, M). This allows us to consider
the quotient modules ker(d,,) /im(d,,,1). Similarly, the relations d"od"~! = 0 for the coboundary
operators imply that im(d"!) C ker(d") C C"(A, M) are submodules and allows us to form
the quotient module ker(d")/im(d"'). These quotients are called, respectively, the Hochschild
homologies and cohomologies of A with coefficients in M.

Definition 2.2.6: Let A be an algebra over a commutative ring k and M an (A, A)-bimodule
with structure maps >: AXx M — M and <: M x A — M.
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The k-module Z, (A, M) = ker(d,) C C,(A, M) is called the k-module of n-cycles and
the submodule B, (A, M) = im(d,.4+1) C Z,(A, M) the k-module of n-boundaries.

The nth Hochschild homology of A with coefficients in M is the quotient module

Zn(A, M) ker(d,)
H, (A, M) = — .
( ) Bn(A7 M) lm(dnJrl)
The k-module Z"(A, M) = ker(d") C C™(A, M) is called k-module of n-cocycles and
the submodule B"(A, M) = im(d"') C Z"(A, M) the k-module of n-coboundaries.

The nth Hochschild cohomology of A with coefficients in M is the quotient module

. _ Z"(A M) ker(d")
A" (A, M) = B (A, M) im(dn1)

Hochschild (co)homologies of A with coefficients in M carry information about the k-algebra A
and the (A, A)-bimodule M. As every k-algebra A is an (A, A)-bimodule with its left and right
multiplication, we can always consider the (A, A)-bimodule M = A and extract information
about the algebra A itself.

We will show that the zeroth Hochschild cohomology is the centre of an (A, A)-bimodule M,
the submodule of elements on which the left and right action of A coincide.

To interpret the first Hochschild cohomology, we need the concept of a derivation, which gener-
alises derivatives of functions. To see this, consider the algebra C™(U) of n-times continuously
differentiable real functions on an open subset U C R with the pointwise addition, multiplica-
tion and multiplication by R. As the product of a C"-function and a C™!-function is again a
C™ ! function, we can view C""}(U) as a bimodule over C"(U) with f>g=9g<1f = f-g
for all f € C™(U) and g € C"}(U). The derivative : C*(U) — C"Y(U), f — f’ is R-linear
and satisfies the Leibniz identity: (f -g) =f-g +f -g=f>g + f <gforall f,g € C*U).
By replacing C™(U) with an algebra over a commutative ring k& and C"~'(U) with a general
(A, A)-bimodule M, we obtain the definition of a derivation.

Definition 2.2.7: Let A be an algebra over a commutative ring k and M an (A, A)-bimodule
with structure maps >: AX M — M and <: M x A — M.

1. A derivation on A with values in M is a k-linear map f : A — M that satisfies
flab) = f(a) <b+ar> f(b) for all a,b € A. The k-module of derivations f : A — M is
denoted Der(A, M).

2. A derivation on A with values in M is called an inner derivation if it is of the form

fm:A—= M, aw a>m—m<a for some m € M. The submodule of inner derivations
is denoted InnDer(A, M) C Der(A, M).

By computing the first two Hochschild cohomologies from Definition [2.2.4] we can relate them
to, respectively, the centre of a bimodule M and to the derivations on A with coefficients in
M. An analogous computation can be performed for the Hochschild homologies (Exercise .

Lemma 2.2.8: Let A be an algebra over a commutative ring £ and M an (A, A)-bimodule
with structure maps >: AXx M — M and <<: M x A — M.
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e The first two Hochschild cohomologies of A with coefficients in M are given by

HO(A, M) = Z4(M) HY(A, M) = %.

where Zo(M)={m € M |a>m=m <aVa € A} is called the centre of M.

e For M = A as an (A, A)-bimodule over itself with left and right multiplication we have

HO(A, A) = Z(A) HY(A, A) = %,

where Z(A) = {a € A|ab=baVb € A} is the centre of A.

Proof:
As ¢ : Homy(k, M) — M, f — f(1) is a k-linear isomorphism, C*(A, M) = Homy(k, M) = M.
With this identification, the first two coboundary operators from Definition [2.2.4] are given by

d’: M — Homy (A, M), m — fn fm(a) =a>m—m<a
d' : Homy (A, M) — Homy(A®? M), (d' f)(a®b) = a > f(b)— f(ab)+f(a) < b,

and we obtain

ker(d°) = {m € M |a>m=m<<aVa € A} = Z4(M)
ker(d') = {f:A— M |ar f(b) — f(ab) + f(a) < b= 0Va,b € A} = Der(A, M)
im(d°) = {fn: A= M,a—a>m—m<a|mée M} = InnDer(A, M). O

This shows that the Hochschild cohomology HY(A, M) measures the (non-)commutativity of
the bimodule M with respect to its left and right A-module structures. In particular, if M = A
as a bimodule over itself, it measures the (non-)commutativity of A. If we consider a ring A,
viewed as an algebra over Z, and an A-module N, then the abelian group M = Endz(N) of
Z-module endomorphisms f : N — N becomes an (A, A)-bimodule by Example , 5 with
the bimodule structure (at> f)(n) = at> f(n) and (f <a)(n) = f(at>n). In this case, H°(A, M)
is the subgroup of A-module endomorphisms f: N — N.

The first Hochschild cohomology H'(A, M) counts the derivations on A with values in M, up to
inner derivations. If M is commutative with respect to the actions of A, we have M = Z,(M)
and InnDer(A, M) = {0}. In this case, H'(A, M) counts the derivations on A with values in M.
If M = A as an (A, A)-bimodule over itself, then derivations are k-linear maps f : A — A with
f(ab) = af(b) — f(a)b and inner derivations are precisely the commutator maps f, : A — A,
a + [a,b] = ab — ba. By the Leibniz rule, every commutator map is a derivation. Hence, the
Hochschild cohomology H'(A, A) counts derivations up to commutator maps.

2.3 Group homology and cohomology

In this section we investigate cohomologies of groups. Given a commutative ring k£ and a group
G, we can consider the group algebra k[G] as an algebra over k. This allows us to define
(co)homologies of groups as Hochschild (co)homologies of group algebras k[G]. Compared to
general case we have the following simplifications:
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e The map ¢ : k[G™"] — k[G]®™, A(g1, .-, 9n) — AG1®...Qg, is k-module isomorphism for
all n € Np.

e For all k-modules M the map ¢ : Map(G, M) — Homy(k[G], M) that extends f : G — M
to a k-linear map f’ : k[G] — M is an isomorphisms of k-modules.

e Every k[G]-left module M becomes a (k[G], k[G])-bimodule with the trivial k[G]-right
module structure <: M X k[G] - M, m < g=m.

e Similarly, every k-module M becomes a k[G]-module with the trivial k[G]-left module
structure > : k[G] x M — M, gr>m =m.

The first two points lead to technical simplifications. They allow us to describe Hochschild
homologies and cohomologies of group algebras k[G] in terms of products M ®;k[G*"] and maps
f: G*™ — M instead of tensor products M®;k[G]®™" and k-linear maps f : k[G]®" — M.

The third and fourth point are more fundamental because they allow us to consider bimodules
that are (partly) trivial. For a general k-algebra A, a trivial A-module structure on a k-module
M is an A-module structure of the form a > m = €(a)m for all a € A, m € M with an algebra
homomorphism € : A — k, the augmentation map. For A = k[G] the augmentation map is
€1 XgeaAgg — LgeaAg. For a general k-algebra A one cannot define augmentation maps in this
way, and they need not exist. Hence, there need not be a trivial A-module structure on M.

Defining group (co)homologies as Hochschild (co)homologies of k[G] with coefficients in a k[G]-
left module M with the trivial k[G]-right module structure then yields

Definition 2.3.1: Let k be a commutative ring, G a group, (M, >) a k[G]-left module, (P, <)
a k[G]-right module and G*™ = G x ... x G the n-fold product with G*° := {1}.

1. The k-modules of n-(co)chains are

Map(G*", M) n €Ny

C.(G, P) = (G, M) = {0 T

P@kk[Gxn] n e NO
n <0

2. The (co)boundary operators are the k-linear maps
dy =30 o(—1)'d!, :Co (G, P)—=C,_1(G, P) d"=X"H(~1)'d} :C™(G, M)—C"™ (G, M)

given by d', = 0, d? =0 for n < 0 and for n € Ny

d,(PR(915 s 9n)) = § PR(915 s GiJit15 s gn) 1 <i<n—1

p®(gla"'7gnfl) 1=n
9o > f(g15 -5 9n) 1=0
(d?f)<g()7 7gn) = f(g(h oy 9i—2, Gi—19i 5 Ji+1, 7977,) 1 S ? S n
f(g0, -, Gn-1) 1=n+ 1.

They satisfy d,, o d,,11 = 0 and d"*! o d" = 0 for all n € Z by Lemma [2.2.5]
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3. The k-modules of n-(co)cycles and n-(co)boundaries are the submodules
Zo(G, M) =ker(d,) Z"(G,M)=ker(d") B,(G,M)=im(d,,;) B"(G,M)=im(d" ).
4. The nth group (co)homology of G with coefficients in M is

Zn(G, M) ker(d,) Z"G, M) ker(d")

G =5 G ey M= BaE ) T i@y

By adapting the results from Lemmal[2.2.§|to the situation at hand, we obtain a characterisation
of the group cohomologies H°(G, M) and H*(G, M) in terms of the centre Zyg (M) and in
terms of derivations on k[G]. The only difference is that these notions become simpler and have a
more direct interpretation. As the k[G]-right module structure is chosen to be trivial, the centre
Zyic)(M) is the k-submodule M¢ of invariants. There is also a dual notion of coinvariants.

Definition 2.3.2: Let G be a group, k a commutative ring and M a k[G]-module with
structure map > : k[G] x M — M. The k-submodule of invariants is

MC ={meM|g>m=mVge G}
and the k-submodule of coinvariants

M“C =M/({m—g>m| g€ G,me M}).

Invariants and coinvariants for k[G]-right modules are defined analogously. The notions of a
derivation and of an inner derivation simplify for group algebras, because the k[G|-right module
structure is trivial and because we can characterise k-linear maps k[G] — M in terms of maps
G — M. This yields the following definition.

Definition 2.3.3: Let G be a group, k a commutative ring and M a k[G]-module with
structure map > : k[G] x M — M.

1. A derivation on G with values in M is a map f : G — M with f(gh) = f(g) +g> f(h)
for all g,h € G. The k-module of derivations f : G — M is denoted Der(G, M).

2. An inner derivation on G with values in M is a derivation of the form f,, : G — M,
g — g>m —m for some m € M. The k-module of inner derivations f : G — M is
denoted InnDer(G, M).

Using these definitions and specialising Lemma/[2.2.8|to group algebras k[G], we obtain the group
cohomology counterpart of Lemma [2.2.8 Tt characterises H*(G, M) and H'(G, M) in terms of
invariants and derivations. Analogous computations show that the first group homology with
coefficicents in a k[G]-module M is given by the coinvariants of M and that the group homology
Hi(G,Z) with the trivial Z[G]-module structure on Z is the abelisation of G' (Exercise 21)).

Corollary 2.3.4: Let k be a commutative ring, G a group, M a k[G]|-module. Then

Der(G, M)
0 o G _ coG 1 — ’
HAG, M) = MT, - Ho(G M) =M™, HAG, M) = g ey

In particular, for M = Z equipped with the trivial Z[G]-module structure one has
H,(G,Z) = Ab(G)  H'(G,Z) = Homg,,(Ab(G),Z).
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As group cohomologies are a special example of Hochschild cohomologies, they contain the
same type of information. However, the simplifications for group algebras k[G] make them
much simpler to compute and to interpret. We illustrate this with the second cohomology
group H?(G, M). This requires the concept of a group extension.

Definition 2.3.5: Let G, M be groups.

1. An extension of G by M is a triple (E,,7) of a group E, an injective group homomor-
phism ¢ : M — E and a surjective group homomorphism 7 : £ — G with ker(7) = im(¢).
It is called central if «(M) C Z(E): t(m)-e=e-t(m) for allm € M and e € E.

2. A morphism of group extensions from (E, ¢, ) to (E’,/, 7’) is a group homomorphism
f:EF— E with for=/and 7' o f = 7.

Remark 2.3.6:

1. A group extension (F, ¢, ) is also called a short exact sequence of groups and denoted
0—-M=>ESHG—0

2. If (E,i,m) is a group extension of G by M, then G = E/ker(w) by the surjectivity of 7
and ker(m) = im(¢) = M by injectivity of «. Hence, a group extension of G by M is a
group E that contains M as a normal subgroup and G as the associated factor group.

3. A morphism of group extensions is always bijective and hence an isomorphism. This
follows from the group version of the Five-Lemma (cf. Exercise , the proof for groups
and group homomorphisms is analogous).

Example 2.3.7:

1. Semidirect products are group extensions:

A group homomorphism ¢ : G — Aut(M) defines a semidirect product group M x4 G.
This is the set M x G with the group multiplication

(m1, g1) - (M2, g2) = (M1d(g1)(Mm2), g192).-
The group £ = M x4 G is a group extension of G by M with ¢+ : M — M x4 G,
m— (m,1)and 7: M x4y G — G, (m,g) — g.
For the trivial group homomorphism ¢ : G — Aut(M), g — idy; one obtains the direct
product M x G as an extension of G by M.

2. For any prime p and n,m € N, the group E = Z/p™™™Z is a central extension of the
group G = Z/p"Z by M = Z/p™Z with the group homomorphisms

L L)p" T — T L, ks Pk 7 Z/p" T — L)p" T, ko k.

Note that Z/p"t™Z is not a semidirect product of Z/p"Z and Z/p™Z by the classification
theorem of abelian groups.

3. Every finite group G is obtained from the trivial group {e} by finite sequence of group
extensions (E;, m;, ¢;) with simple groups M;. Every solvable group is obtained from the
trivial group {e} via a finite sequence of group extensions by abelian groups M,.
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We now show that group extensions arise from 2-cocycles f : G x G — M and that 2-cocycles
that are related by 2-coboundaries define isomorphic group extensions. Central extensions of G
by M arise from trivial Z|G]-modules M.

Theorem 2.3.8: Let GG be a group and M an abelian group.

1. Isomorphism classes of extensions of G by M are in bijection with pairs (>, [f]) of a
Z|G]-module structure > on M and an element [f] € H*(G, M).

2. Isomorphism classes of central extensions of G by M are in bijection with elements of
H?*(G, M), where M is equipped with the trivial Z[G]-module structure.

Proof:
1. Let > : Z|G]x M — M be a Z|G]-module structure on M. By Definition the coboundary
operators d' : CY(G, M) — C*(G, M) and d* : C*(G, M) — C*(G, M) are given by

d'(F)(g,h) = gr> F(h) — F(gh) + F(g)
&*(f)(g,h k) = g> f(h, k) — f(gh, k) + f(g,hk) — f(g,h)

for all maps F': G — M and f : G*? — M. Hence, a 2-cocycle is a map f : G x G — M with
g f(h,k) = f(gh. k) + f(g,hk) = f(g,h) =0 Vg,h,k € G, (8)
and a 2-coboundary is a map f : G Xx G — M of the form
f:GxG— M, (g,h)—gr> F(h)— F(gh)+ F(g). 9)
e 1.1. We show that every 2-cocycle f : G x G — M defines a group extension of G by M.
Every 2-cocycle f: G x G — M defines a group structure -y on M x G with
(m,g) s (M, g') =(m+g>m'+ f(g.9') —g> f(1,1),99"). (10)

The associativity of - follows directly from the 2-cocycle condition (8)). To prove that (0, 1) is a
unit element and that inverses are given by (m, g)™! = (=g 'm—f(g7 ', 9)+g > f(1,1),971),
we note that every 2-cocycle f satisfies the conditions

flg, 1) =g f(LL) f(Lg) =fL1) g>flglg) =[flg9")—gr> f(1,1)+ f(1,1) (11)

for all ¢ € G. A short computation then shows that « : M — M x G, m — (m,1) and
m:MxG — G, (m,g) — g are group homomorphisms with respect to -; and the group
structures on M and G and that they satisfy ker(r) = im(¢).

e 1.2. We show that the group extensions for 2-cocycles fi, fo : G x G — M are isomorphic if
f1 — f2 is a 2-coboundary.

If fi — f> is a 2-coboundary, there is a map F : G — M with
filg, h) = falg, h) = g > F(h) — F(gh) + F(g) Vg,heG. (12)

This implies in particular f;(1,1)— f2(1,1) = F(1). We consider the associated extension groups
E; = (M x G,-y,) and show that the map

¢ (MxG,p) = (MXG,p), (mg) = (m+Flg) = F(1),9)
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is a group isomorphism. This follows by a direct computation from ((10))

o(m,g) 5, p(m’,g") = (m+ F(g) — F(1),9) -, (m' + F(g") — F(1),4)

© m+ Fg) = FQ) + g (m' + F(g) — F) + falg,g) — g f2(1,1), 99)
E ot gem + Flag) + filg.g) — g £(1,1) — F(1), g9)

=om+gm + fi(g,q) —gr f1(1,1),99") = o((m,g) -5, (M, g)).

The group homomorphism ¢ is invertible with inverse ¢~ : (m,g) — (m — F(g) + F(1), g),
and we have for all g € G and m € M

¢ou(m)=¢(m,1) = (m+ F(1) = F(1),1) = (m,1) = «(m)
quﬁ(m,g) = W(m—i_ F(g) - F(l),g) =g= W(mag)'

This shows that ¢ is an isomorphism of group extensions from (FEj, ¢, 7) to (Ea, ¢, 7). Hence,
every element [f] € H?(G, M) defines an isomorphism class of extensions of G' by M.

e 1.3 We show that every group extension (E,¢,7) of G by M defines a Z|G]-module structure
on M and an element of Z?(G, M).

If (E,¢,m) is an extension of G by M, then «(M) = ker(r) C E is an abelian normal subgroup
isomorphic to M. Because the group homomorphism 7 : £ — G is surjective, we can choose
an element o(g) € 7 1(g) for each g € G and obtain a map ¢ : G — E with 7 o 0 = idg.
Because (M) = ker(n) C E is normal, we have o(g) - t(m) - o(g)™" € «(M) for all g € G
and m € M. As 7® : E — G is a group homomorphism with 7 o ¢ = idg, we also have
n(o(g)o(h)o(gh)™t) = g-h-(gh)~' =1, and this implies o(g)o(h)o(gh)™! € 1(M) = ker(r) for
all g,h € G. As 1 : M — FE is injective, this defines maps

>:GxM— M with (g>m)=oc(g)(m)o(g)™? (13)
f:GxG—= M, with «(f(g,h) =0c(g)a(h)o(gh)™ .

Because o(1) € 771(1) = «(M) and +(M) is abelian, we have (1>m) = o(1)e(m)o (1)~ = 1(m).
By injectivity of ¢ this implies 1>m = m for all m € M. By definition of > and f and because
t(f(g,h)) is contained in the abelian subgroup «(M) C E we have with

o(g)e(h>m)a(g) = o(g)o(h) um)a(h) o(g)™
!(f(g. h))(o(gh)u(m)a(gh) ™ )u(f(g, )~
((f(g, 1)) - 1((gh) > m) - o(f(g, 1)~ = ((gh) & m).

By injectivity of ¢ it follows that g > (ht>m) = (gh) > m for all m € M and g, h € G, and that
> : G x M — M defines a Z[G]-module structure on M.

u(g > (h>m))

From the associativity of the multiplication in E we obtain for all g,h, k € G

g Fh k) © o(g)(f(h 1)) ™) © o(g)o(h)o(k)o(hk) " o(g)™

W(F(g.M)o(gh)o(k)o(hk) " o)™ 2 u(£(g. M)e(f(gh, K)o (ghk)o (k) o (g) ™
= L(f (g W)UF (ghs k))(f (9, hR)) " = (£ (9, 1) + F(gh, k) — f(g, hK)).

Using again that ¢ is injective, we see that f is a 2-cocycle. Hence, we have shown that every
extension of G by M defines a Z[G]-module structure > on M and a 2-cocycle f : G X G — M.
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e 1.4. We determine how the Z[G]-module structure > : Z[G] x M — M and the 2-cocycle
f:G x G — M depend on the choice of the map ¢ : G — E in 1.3.

Let 01,00 : G — F be maps with mroo; =idgand >; : G XM — M and f; : G XG - M
the associated Z[G]-module structures on M and 2-cocycles defined in (13). Then we have
m(02(g9)o1(g)™") = gg7' = 1 and 09(g9)01(g9) ™" € t(M) = ker(7) for all g € G. As ¢ is injective,
this defines a map

F:G— M with «(F(g9))=03(g9)o1(g)"" (14)

Using this definition and formula for the Z|G]-module structure, we obtain

) = 0a(g)u(m)oa(g) ™" = (02(9)a1(g) ") (o1(g)e(m)or(9) ) (o1(9)a2(g) ")
= UF(@)ilg o1 mi(F(9))" = UF(g) + g 1m = F(g) = tlg 1 m)

and hence the Z[G]-module structure on M does not depend on the choice of o. A direct
computation using the definitions, the associativity of the multiplication in £ and the fact that
t(M) C E is normal then shows that the 2-cocycles f; : G — M are related by a 2-coboundary

L(fa(9, h)) = 02(51)02(/1)02(9}1)*1 L(F(g))o1(g)oa(h)oa(gh) ™"
' ((F(9))o1 () F(h))or(h)aa(gh) ™ = 1(F(9))ulg > F(h)ar(g)os (h)oa(gh) ™!

" W(F9)ilg & F(h))or(g)or (h)or (gh) " u(F(gh)) ™!

' ((F(9))lg & F(h)e(fi(g, h))u(F(gh)™" = u(g & F(h) — F(gh) + F(g) + fa(g, h)).

As ¢ is injective, this implies fa(g,h) — fi(g,h) = g> F(h) — F(gh) — F(g) for all g,h € G. It
follows that different choices of o define the same cohomology class [fi] = [fo] € H*(G, M).

(g>am

=
S

||i ||i ||i
@

e 1.5 We show that isomorphic group extensions (F,m,¢) and (E',7’,:") define the same Z[G]-
module structure on M and the same elements of H*(G, M).

Let (E,m, ) and (E',7',:) be isomorphic group extensions. Then there is a group isomorphism
¢: F — E with gor =1 and 7’ o ¢ = 7. For any map o : G — F with 7 o 0 = idg, the map
o' =¢oo: G — FE satisfies 7' oo’ = ' opoo = moo = idg. This implies for the Z[G]-module
structure >’ : G x M — M and the 2-cocycle ' : G x G — M given by o’

(g5 m) 2 o' (g)! (m)a' (9) 7 = (b0 0)(g) - (do1)(m) - (po0)(g) ™" = dlalg)(m)alg)™)
D yougem)=rigem)

(f(9.1) E o (9)0! (W) (gh) ™ = (60 0)(9)(d 0 0)(h)(d 0 0)(gh) ™" = d(a(g)a(h)a(gh) ™)
60 u(f(g,h) = (f(g,h))

As i/ = ¢ o is the composite of injective maps, it is injective. It follows that the Z[G]-module
structures and cocycles defined by ¢ and ¢’ are equal, and so are the corresponding elements
of H*(G,M). As ¢ : E — E' is invertible, this proves that the isomorphic group extensions
(E,i,7) and (E',/,7’) define the same element of H?(G, M).

e 1.6 We show that the map that assigns to a pair (&>, [f]) the iromorphism class of the a group
extension (M x G, ¢, m) defined by ([10)) and the map that assigns to an isomorphism class of a
group extension (E t, ) the pair (> [ f]) defined by (13]) are mutually inverse.
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Given the group extension (M x G, ¢, ) from defined by (>, [f]), we can choose the map
0:G— M x G, g (0,g) that satisfies 7 0 0 = idg. The associated Z|G]|-module structure
>': Z|G] x M — M and 2-cocycle f': G x G — M defined by are the given by >’ = >
and f'(g,h) = f(g,h) —g> f(1,1) forall g, h € G. As f" : G x G — M, (g,h) — g f(1,1) is
a 2-coboundary, it follows that (>, [f]) = (&', [f']).

Conversely, given a group extension (F, ¢, ), we choose a map o : G — E with moo = idg and
consider the associated Z[G]-module structure > : Z[G]x M — M and 2-cocycle f : GXG — M
defined by . The latter define a group extension M x GG with multiplication and group
homomorphisms tpwe : M — M x G, m +— (m,0) and myxe: M x G — G, (m,g) — G. Then
the map ¢ : M x G — E, (m,g) — t(m)o(g)o(1)! satisfies ¢ o 1prxc = ¢ and 7o ¢ = mpruc-
A direct computation using and the identity o(1) = f(1,1) shows that ¢ is a group
homomorphism with inverse ¢! : E — M x G, e — (m,n(e)) with «(m) = ea(1)o(n(e)) .

2.1f > : Z|G] x M — M is the trivial Z[G]-module structure, then the multiplication on M x G
from takes the form

(m,g) s (m',g") = (m+m'+ f(g,9") — f(1,1),99). (15)
This implies with
(m,1) 5 (m',g") = (m+m'+ f(1,¢") = f(1,1),4) = (m+m', ¢')
=(m+m'+ f(g,1) = f(1,1),9") = (m',g) -y (m, 1)

and hence M x {1} is central in (M x G, -¢). Conversely, if (E, ¢, 7) is a central extension of G
by M, then Z[G]-module structure on M defined in (13)) satisfies

-1

Wg>m) =o(g)(m)o(g)™" = o(g)a(g) " e(m) = t(m)

By injectivity of ¢, this implies g > m = m for all g € G and m € M. O

Example 2.3.9: We determine the central extensions of Z/27 by an abelian group M and
the cohomologies H'(Z/27Z, M) and H?*(Z/2Z, M) for an abelian group M with the trivial
Z|Z/27Z])-module structure.

e We compute H'(Z /27, M):

By Corollary the first cohomology H'(Z/2Z, M) is the Z-module of group homomor-
phisms f : Z/27 — M. This follows because inner derivations on Z/2Z with values in a trivial
Z/2Z-module M are trivial and derivations are group homomorphisms from Z/27 to M. Any
group homomorphism f : Z/2Z — M is determined uniquely by f(1) € M and must satisfy

2f(1) = f(1)+ f(1) = f(1+1) = f(0) = 0. This implies

HY(Z)27Z,M) = {m € M | 2m = 0}.

o We compute H*(Z /27, M):
A map f:7Z/2Z x 7/27 — M is a 2-cocycle if and only if for all p,q,7 € Z/27

f@r) - fp+q7)+ f(p,a+7)— f(B, @) =0.
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) = f(0,0). This

A short computation shows that this holds if and only if f(1,0) = f(0,1
1,1) € M, and we have

1,0
shows that 2-cocycles are determined by a pair of elements f(0,0), f(1,
ZXZJ2Z, M) = M @& M. For a map F : Z/27Z — M we have

d'"(F)(p,q) = F(p) — F(p+q) + F(q),
which implies d'(F)(I, 1) = 2F(1) — F(0) and d"(F)(0,1) = d'(F)(1,0) = d"(F)(0,0)
L1)

Hence, we have f = d'(F) for some map F : Z/2Z — M if and only if f(1,1) + f
contained in the subgroup 2M C M, and we obtain

)

F(0).
,0) is

=

H*(Z.)27., M) = M/2M.

e We determine the central extensions of Z/27Z by certain abelian groups M:

o If M =7, we have H'(Z/27,7) = 0 and H*(Z/27) = 7/27. There are two isomorphism
classes of central extensions of Z/27Z by Z. From formula one finds that even values
of f(1,1)+ £(0,0) yield the direct product Z x Z/27Z. For odd values of f(1,1)+ f(0,0),
formula yields the set Z x Z /27 with group multiplication

_ _ 2+2+1,00) p=p =1
() () =4 E DY)
(z+2,p+p) else.

o If M = Z/nZ with odd n € N, we have again H'(Z/2Z,7/nZ) = 0. However, in this case
2(Z/nZ) = Z/nZ and hence H*(Z/27,7/nZ) = 0 as well. Up to isomorphisms, there is
only one central extension of Z/27Z by Z/nZ, namely the abelian group Z/nZ x Z/27.

o If M = Z/2*7 for k € N we have H'(Z/2Z,7/2"7) = H*(Z/2Z,7,/2"Z) = 7,2Z. Up to
isomorphisms, there are two central extensions of Z/27Z by Z/2*Z. Formula shows
that they are the direct product Z/2*Zx 7 /27 for f(1,1)+f(0,0) even. For f(1,1)+£(0,0)
odd, formula yields the set Z/2*Z x 7. /27 with multiplication

o, g+q7+1,00 p=p =1
(@,p)-(¢.7) = (, o ,,)
(@+7,p+7) else.

By the classification theorem for finite abelian groups, up to isomorphisms there are only
two abelian groups of order 25!, which contain Z/2*Z as a subgroup, namely Z/2*Z x
7./27, and 7Z/2*+17Z. Hence, the non-trivial central extension is isomorphic to Z/2*1Z.
(Exercise: Find a group isomorphism).

This example illustrates that group cohomologies contain information about groups that would
be difficult to access otherwise. However, the procedure to compute the group cohomologies
H?(Z/27., M) is too pedestrian and not practical for groups with more elements. In Section
we derive efficient methods for the computation of group cohomologies and treat other examples.

2.4 Lie algebra cohomology*

In this section, we consider cohomologies of Lie algebras. Finite-dimensional Lie algebras can
be viewed as a infinitesimal counterparts of Lie groups. A Lie group is a smooth manifold with
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a group structure such that the group multiplication and inversion are smooth maps. The Lie
algebra g = Lie G of a Lie group G is the tangent space of GG in the unit element. Although
non-isomorphic Lie groups may have isomorphic Lie algebras, many questions surrounding the
classification of Lie groups and their representation theory can be addressed by investigating
the associated questions for their Lie algebras, which are more accessible.

Important examples of finite-dimensional Lie groups are matriz Lie groups, closed subgroups
of the matrix groups GL(n,C) or GL(n,R). The associated Lie algebras are called matriz Lie
algebras. They are linear subspaces of the vector spaces gl(n,R) or gl(n,C) of n x n-matrices
with entries in R or C. The underlying matrix Lie groups or certain subgroups thereof are
obtained by exponentiating the matrix Lie algebras.

Definition 2.4.1: Let F be a field.
1. A Lie algebra over F is a vector space g over F together with an F-bilinear map
[, ]:9xg— g, the Lie bracket that satisfies:
(L1) antisymmetry: [z,z] =0 for all x € g.
(L2) Jacobi identity: [z, [y, z]] + [z, [z, y]] + [y, [z, z]] = 0 for all x,y, 2z € g.

2. A Lie subalgebra b C g is a linear subspace h C g that that is a Lie algebra with the re-
striction of the Lie bracket on g, i. e. a linear subspace h C g with [z,y| € h forall z,y € b.

3. A morphism of Lie algebras is a F-linear map f : g — b with [f(z), f(v)]s = f([z,yl,)
for all x,y € g. An isomorphism of Lie algebras is a bijective morphism of Lie algebras.

The category of Lie algebras over F and Lie algebra morphisms is denoted Liealgy.

The Lie bracket of a Lie algebra g can be viewed as the infinitesimal counterpart of the group
multiplication of a Lie group GG. The antisymmetry of the Lie bracket encodes the fact that
(g-h)™t = h7t. g7t for all elements g,h € G, and the Jacobi identity is the infinitesimal

counterpart of the associativity of the group multiplication. Note that the Jacobi identity
implies that a Lie bracket [, | : g X g — g is in general non-associative.

Example 2.4.2:

1. Every vector space V over F becomes a Lie algebra over F with the trivial Lie bracket
[,]=0:V xV =V, v~ 0. A Lie algebra with a trivial Lie bracket is called abelian.

2. If A is an associative (not necessarily unital) algebra over I, then A is a Lie algebra with
the commutator bracket [, | : A x A — A, (a,b) — [a,b] = a-b—b-a. This holds in
particular for the algebra Endr(V') of linear endomorphisms of an F-vector space V.

3. For any algebra A over IF the F-vector space Der(A, A) C Homp(A, A) of derivations on
A is a Lie subalgebra of the Lie algebra Endg(A) with the commutator bracket.

4. Any matrix algebra gl(n,F) = Mat(nxn,F) is a Lie algebra with the commutator bracket.
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The linear subspaces

sl(n,F) = {M € Mat(n,F) | tr (M) = 0}

o(n,F) = {M € Mat(n,F) | M = —M}

so(n,F) = {M € Mat(n,F) | M = —M, tr (M) =0}
¢(n,F) ={M € Mat(n,F) | M;; =0 for i # j}

t (n,F) ={M € Mat(n,F) | M;; =0 for i > j}
t_(n,F) = {M e Mat(n,F) | M;; =0 for i < j}

of traceless, antisymmetric, diagonal and upper and lower triangular matrices are Lie
subalgebras of gl(n,[F).

5. The matrix algebras

u(n,C) = {M € Mat(n,C) | M" = —M}
su(n,C) = {M € Mat(n,C) | M" = —M, tr (M) = 0}

of antihermitian and traceless antihermitian matrices are Lie subalgebras of gl(n, C).

6. Ado’s Theorem states that any finite-dimensional Lie algebra g over a field F of char-
acteristic zero is isomorphic to a Lie subalgebra of a matrix algebra gl(n, F).

Just as for groups and algebras, it is advantageous to describe a Lie algebra in terms of rep-
resentations. Lie algebra representations are Lie algebra homomorphisms into the algebra of
endomorphisms of a vector space with the commutator bracket. If the vector space is finite-
dimensional, this allows for a description in terms of matrices. One can then apply results and
methods from linear algebra to describe and classify finite-dimensional Lie algebras.

Definition 2.4.3: Let g be a Lie algebra over F.

1. A representation of g is a vector space M over F together with a Lie algebra morphism
p:g— Endp(M), where Endp(M) is equipped with the commutator bracket.

2. A homomorphism of Lie algebra representations from p : g — Endp(M) to
p' g — Endg(M’) is an F-linear map ¢ : M — M’ with p/(x)o¢p = ¢pop(x) for z € g. An
isomorphism of Lie algebra representations is a bijective morphism of Lie algebra
representations.

The category of representations of g and morphisms of g-representations is denoted Rep(g).

Example 2.4.4:

1. Every Lie algebra g over F has a trivial representation p = 0: g — Endg(M), x — 0
on any vector space M over F.

2. Every Lie algebra g has a representation on itself, the adjoint representation
p=ad:g— Endp(g), x — ad, with ad,(y) = [z, y] for all y € g.

3. Any Lie subalgebra g C gl(n,F) has a representation p : h — Endp(F"), M +— ¢, with
oy (v) =M -v.
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Just as a representation of a group G on a vector space over [ can be viewed as a module over
the group algebra F|G|, we can view a representation of a Lie algebra g as a module over the
universal enveloping algebra U(g).

Definition 2.4.5: Let g be a Lie algebra over F.

1. The tensor algebra T'(g) is the F-vector space T(g) = &2 ,g®* with the multiplication
(11®..01%) - (1®..0Y) = 11Q...QTQY®...QYy, Y, y; € g.
2. The universal enveloping algebra U(g) is the quotient

U(g) = T(g)/(z®y — y@z — [z,y])

of the tensor algebra T'(g) by the two-sided ideal I = (z®y — y®z — [x,y]) generated by
the elements t®y — y®x — [x,y] for x,y € g.

Proposition 2.4.6: (Universal property of the universal enveloping algebra)

Let g be a Lie algebra over F. Then the inclusion map ¢ : g — U(g) is a Lie algebra homo-
morphism, and for every Lie algebra homomorphism ¢ : g — A into an algebra A with the
commutator bracket, there is a unique algebra homomorphism ¢’ : U(g) — A with ¢’ ot = ¢.

Proof:
By definition of U(g) we have
vx)(y)—uy)(z) = (x+D@(y+1)—(y+@(z+1) = 2@y —yRx + I = [z,y]+1 = ([x,y]).

By the universal property of the tensor algebra 7T'(g), any F-linear map ¢ : g — A induces a
unique algebra homomorphism ¢” : T(g) — A, ©1®...Qx — ¢(x1) - - - ¢(x)) with ¢”|g = ¢. If
¢ is a Lie algebra homomorphism, we have

¢"(zy —y@r — [z,y]) = ¢"(2)¢"(y) — ¢"(y)¢"(x) — ¢"([z,4]) = [¢(x), d(y)] — &([z, 4])
which implies I C ker(¢”). Hence, we obtain a unique algebra homomorphism ¢’ : U(g) — A
with ¢' ot = ¢"|; = ¢. O

0,

As a representation of a Lie algebra g over F on an F-vector space V is a Lie algebra ho-
momorphism p : g — Endgp(V), it follows that p extends to an algebra homomorphism
P U(g) — Endp(V) with p' o = ¢ or, equivalently, to an U(g)-module structure on V'
with «(z) >v = p(z)v for all z € g and v € V. Conversely, for any U(g)-module V', we obtain a
Lie algebra homomorphism p : g — Endg(V') given by p(z)v = t(z)>v forallz € gand v € V.

Corollary 2.4.7: For any Lie algebra g and vector space V over I, representations of g on
V' are in bijection with U(g)-module structures on V.

With the concept of a Lie algebra and a Lie algebra representation, we can define homologies or
cohomologies of Lie algebras. As the latter are often simpler to compute and more well-behaved
in the infinite-dimensional case, we focus on cohomologies. The definition is very similar to the
one of group cohomology, only that the module over the group algebra k|G| is replaced by a
representation of a Lie algebra and the coboundary operators take a different form. The deeper
reason for this is that any Lie group representation defines a representation of the associated
Lie algebra. Hence, the structures for a Lie algebra can be obtained from the ones for Lie groups
by differentiating in the unit element.
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Definition 2.4.8: Let g be a Lie algebra over F and p : g — Endp(M) a representation of
g. Denote by g* the dual vector space and by Homp(A"g, M) the vector space of alternating
n-linear maps w : g*" — M.

1. The k-module of n-cochains is

Homp(A"g*, M) n € Ny
0 n < 0.

2. The coboundary operators are the F-linear maps d" : C"(g, M) — C""!(g, M) given
by d" = 0 for n < 0 and

(d" f)(xg, ..., xy) = E?:O(—l)ip(xi)f(xo, ey Ty eeey T)
+ 20§i<j§n (—1)i+jf([1’i7 ZL’j], Ly eees 37\1', ceey CL’j, ceey IL‘N)

for n € Ny. They satisfy d"*! o d” = 0 for all n € Z (Exercise).

3. The F-vector spaces of n-cocycles and of n-coboundaries are the linear subspaces
Z™(g, M) = ker(d™) C C"(g, M) and B"(g, M) = im(d"~') C Z"(g, M).

4. The nth Lie algebra cohomology of g with coefficients in M is the quotient space

Z"(g, M)  ker(d")

M@ = Betg.an) ™ i@y

The interpretation of the first two cohomologies for Lie algebras are similar to the ones for
groups and algebras. The Lie algebra cohomology H%(g, M) describes the invariants of the
representation of g, and the first cohomology H!(g, M) the derivations modulo inner derivations.
The only difference is that the concepts of an invariant and of a derivation are the infinitesimal
version of the ones for a group.

Definition 2.4.9:
Let g be a Lie algebra over F and p : ¢ — Endy(M) a representation of g on M.

1. An invariant of the representation p is an element m € M with p(z)m = 0 for all z € g.
The vector space of invariants of p is denoted M?9.

2. A derivation on g with values in M is a linear map f : g — M that satisfies
f([z,y]) = p(x) f(y) — p(y) f(x) for all z,y € g. The vector space of derivations f : g — M
is denoted Der(g, M).

3. An inner derivation on g with values in M is a derivation of the form f,, : g — M,
x +— p(xz)m for some m € M. The vector space of inner derivations f : g — M is denoted
InnDer(g, M).

Given the concepts of an invariant and an (inner) derivation, we can derive and interpret the
first two cohomology groups for a Lie algebra g and a representation p : g — Endg(M). The
computation and the result is fully analogous to the one for groups.
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Lemma 2.4.10: Let g be a Lie algebra over F and p : g — Endp(M) a representation of g.
The first two Lie algebra cohomologies of g with coefficients in M are given by

Der(g, M)
HO(q. M) = M? HY (g, M) = —\& )
(9, M) (8, M) TunDer(g, M)

Proof:
The first non-trivial coboundary operators are given by

d°:C%g, M) =M — C'(g, M), m — f, with f.(2)=p(x)m
d': Clg, M) — C*(g, M) d'(f)(z,y) = p(x)f(y) — ply) f(z) — f([z,y]),

and this implies

ker(d’) = {m € M | p(x)m =0 Vz € g} = M?*
im(d”) ={f:g—M|3ImeM: f(x)=p(x)m} = InnDer(g, M)
ker(d') = {f :g = M| f(lz.y]) = p()f(y) — p(y)f () Yo,y € g} = Der(g, M).

The similarities between group and Lie algebra cohomologies extend also to higher cohomolo-
gies. The only difference is that the concepts that describe these group cohomologies have to be
adapted to Lie algebras by replacing modules over group rings by Lie algebra representations,
group multiplications by Lie brackets and group homomorphisms by Lie algebra homomor-
phisms. If one applies this procedure to the concept of a group extension from Definition [2.3.5]
one obtains the following definition.

Definition 2.4.11: Let g, h be Lie algebras over F.

1. A Lie algebra extension of g by b is a triple (e, ¢, ) of a Lie algebra ¢ over F together
with an injective Lie algebra morphism ¢ : h — ¢ and a surjective Lie algebra morphism
7 : ¢ — g such that ker(m) = im(¢).

2. An extension (e, ¢, 7) of g by b is called central if [z,y] =0 for all z € h and y € .

3. A morphism of Lie algebra extensions from (e,¢,7) to (¢/,/,7') is a Lie algebra
morphism f : ¢ — ¢ with ¢ or = and 7’ o f = w. An isomorphism of Lie algebra
extensions is a bijective morphism of Lie algebra extensions.

Given the concept of a Lie algebra extension, we can show that the cohomology H?(g, M)
classifies isomorphism classes of extensions of g by M with the trivial Lie algebra structure.
The result and its proof are completely analogous to the one for groups, only that some of the
computations simplify because tof linearity in the Lie algebra case.

Theorem 2.4.12: Let g be a Lie algebra and M a vector space over F.

1. Isomorphism classes of extensions of g by the abelian Lie algebra M are in bijection with
pairs (p, [f]) of a representation p : g — Endg(M) and element [f] € H?*(g, M).

2. Isomorphism classes of central extensions of g by M are in bijection with elements of
H?(g, M), where M is equipped with the abelian Lie algebra structure.
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Proof:
1. Let p : g — Endp(M) be a representation of g on M. By Definition [2.4.8 the coboundary
operators d' : C'(g, M) — C?(g, M) and d* : C*(g, M) — C3(g, M) are given by

)

d'(F)(z,y) = p(x)F(y) — p(y) F(x) — F([z,y])
() (@, y.2) = p(@) f(y, 2) — p(W) f (2, 2) + p(2) f(2,9) = f([2,9],2) + f([2, 2], 9) = f(ly, 2], @)

for all linear maps F': g — M and alternating linear maps f : g x g — M. Hence, a 2-cocycle
is an alternating bilinear map f : g x g — M with

p(@) f(y,2) — p(y) f(x, 2) + p(2) f(z,y) = = f([x,9],2) + f([x, 2], 9) — f([y, 2], ) (16)

for all z,y, z € g, and a 2-boundary is an alternating bilinear map f : g x g — M of the form

fraxg—=M, (z,y)= plx)>F(y)—py)F(z)— F(z,y]). (17)

e 1.1 We show that every 2-cocycle f : g x g — M gives rise to a group extension of g by M.
Every 2-cocycle f : g x g — M defines a Lie bracket [, |; on M & g given by
[(m, ), (M, )]y = (p(x)m’ — p(aym + f(z,2'), [x,27]). (18)

The bilinearity and antisymmetry is obvious, and the Jacobi identity follows directly from the
2-cocycle condition . A short computation shows that the inclusion map ¢ : M — M & g,
m — (m,0) and projection map 7 : M & g — g, (m,x) — x are Lie algebra homomorphisms
with respect to [, ] and the Lie algebra structures on M and g. As we have ker(m) = im(¢),
it follows that (M @ g,[, |) is an extension of g by the abelian Lie algebra M.

e 1.2. We show that 2-cocycles that are related by a 2-coboundary define isomorphic extensions.
Suppose that fi, fo : g x g — M are 2-cocycles such that fo — f; is a 2-coboundary. Then
fa(z,y) = filz,y) = p(2)F(y) — p(y) F(z) — F([z,y]) (19)

for some linear map F': g — M and z,y € g. We consider the associated extension Lie algebras
=(M@®g,[, |;;) and show that

¢:(Mog [ ]p) = Mol ]p), (mz)=(m+ Fr),z)

is a Lie algebra isomorphism. This follows by a direct computation from (|18|)

[¢(m7 :L‘), ¢(m,7 CCl)]f2 = [(m + F(ZL‘), .l’), (m/ + F(l’/), x/)]b
Z (p@)m’ + p(x)F@') = p(a'ym — p(a)F(z) + folw,2'), [, 2"])
(™)

(p(x)m’ = p(a"ym + F([z, 2']) + fi(z, 2"), [z, 2]) = ¢([(m, ), (m', 2)]1,).
As the Lie algebra homomorphism ¢ is invertible with inverse

o7 Mog— Mag, (m)— (m—Fz),)
and we have for all x € g and m € M

poiim)=¢(m,0) = (m,0) = t(m) mo¢(m,x) =m(m+ F(x),z) =z =7n(m,x),
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this shows that the ¢ is an isomorphism of Lie algebra extensions from (e, ¢, 7) to (e, ¢, 7).
Hence, every element [f] € H*(g, M) defines an isomorphism class of extensions of g by M.

e 1.3. We show that an extension (¢,s,7) be an extension of g by M defines a representation
p: g — Endp(M) and a 2-cocycle f: g x g — M.

If (e,¢,7) is an extension of g by M, then ((M) = ker(r) C ¢ is an abelian Lie subalgebra
isomorphic to M. Because the Lie algebra homomorphism 7 : ¢ — g is surjective, we can
choose an element o(z) € 7 !(x) for each x € g and obtain a map o : g — ¢ with 7o o = id,.
For all m € M and z € ¢, we have 7([z,t(m)]) = [7(x), 7 o t(m)] = [7(x),0] = 0 and hence
[z,0(m)] € (M) for all z € ¢, m € M. As 7 : ¢ — g is a Lie algebra morphism with 7 oo = id,,

we also have W([U(JI),O’(y)] - U([ZL’,y])) = [Ivy] - [$7y] = 0 and hence [U(J;)?U(yﬂ - U([Zﬁ,y]) €
t(M) = ker(n) for all z,y € g. As ¢ : M — e is injective, this defines two maps

p:g— Endp(M) with (p(z)m) = [o(z), (m)] (20)
fraxg—=M, with o(f(z,y)) = lo(x), o(y)] — ([, y]).

Clearly, p is linear and f is alternating and bilinear. To show that p is a representation of g on
M, we compute

(@)p(y)m — p(y)p(x)m) D [o(2), lp(y)m)] — [o(y), slp(x)m)]
(o(2), [0(y), l(m)]] — [o(y), [o(2), e(m)]] = [[o(2), o ()], 1(m)]
(o[, ), e(m)] + [e(f (x,2)), c(m)] B o(o([e, ), m) + o([f (&, 2), m]) = (p([, 'Jm),

where we used first the definition of p, then the Jacobi identity in ¢ and the definition of f to
pass to the third line and finally the fact that M is abelian. As ¢ is injective, this shows that
p: g — Endp(M) is a representation of g on M. From the Jacobi identity in e, we obtain

(@) f(y. 2) — p(y) f(z,2) + pl(2) f (. 9)
D (o(@),00 (g 2)] = [oy), 0 f(@,2)] + [0(2), 00 F )]
D [0(2), [0(y), 0 (2)]] — [0(2), o[y, 2))] — [o(y), [o(2), 0 (2)]]
+ o), o[z, 2)] + [0(2), [o(x), o ()] — [o(2), o[, )
2),0(ly. 2] + [o(y), o([z, 2])] — [0(2), o ([, y])]

+ (), o[z, 2D)] = o[y, [z, 211) + o ([, [y, 21] + [y, [z, 2] + [z, [z, y]))
< s [:c,yJ,z> + f(@, 2, y) — f(ly, 2], @)

Using again that ¢ is injective and comparing with , we see that f is a 2-cocycle. Hence, we
have shown that every extension of g by M defines a representation of g on M and a 2-cocycle
frgxg— M.

L

g <

=

e 1.4. We determine how the representation and the 2-cocycle in 1.3 depend on o : g — ¢.

Let 01,09 : g — ¢ two maps with m o 0; = idg, let p; : g — Endg(M) by the associated
representations and f; : g x g — M the associated 2-cocycles defined by . Then we have
m(o9(z) — 01(x)) = © — x = 0, which implies o9(z) — 01(z) € (M) = ker(w) for all x € g. As ¢
is injective, this defines a map

F:g— M, with (F(z))=o02(z)— o1(x). (21)
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Then we have from ([20)

LUpa(@)m) @ [o3(2), s(m)] D [01(2) + o(F()), e(m)] = [o1(x), «(m)] E w(pa(x)m),

where we used that F'(z) € M and M is abelian. As ¢ is injective, this implies p; = py =: p. By
a direct computation using the definitions, the fact that M is abelian and the Jacobi identity
in e for all x € ¢ and m € M, we can relate the map F' to the 2-cocycles fi, fo

[E

(folz,y) © [oa(2), 02(y)] — 0a([, )

D (01(2) + 10 F(2),01(y) + 0 F(y)] — o1([, y]) — v 0 F([z, )
(01(x),01(9)] = 01([z, y]) + [01(x), e 0 F(y)] = [04(y), 0 F(2)] — v o ([, y))

D o fi(w.m) + pl@) F () = ply)F(2) = F([z.y)

As ¢ is injective, this shows that the 2-cocycles f; : g x g — M are related by a coboundary:
folz,y) — filz,y) = p(x)F(y) — p(y)F(x) — F([z,y]) for all x,y € g. It follows that different
choices of o define the same cohomology class [f1] = [f2] € H*(g, M).

e 1.5 We show that isomorphic extensions define the same representations of g and the same
elements in H?(g, M).

If (e,¢,7) and (¢/,//,7’) are isomorphic extensions, then there is a Lie algebra isomorphism
¢:e— ¢ with gpor =1 and 7’ o ¢ = 7. For any map o : g — ¢ with 7 o 0 = id,, the map
o' =¢oo:g— ¢ satisfies 7’ oo’ =" oppoo = moo =id,. This implies for the representation
p' g — Endp(M) and the 2-cocycle f': g x g — M defined by o’

(o (@)ym) @ [0’ (@), (m)] = [$o o (x), 6 0 um)] = $([o(x), u(m)]) L ¢ 0 u(p(x)m) = /(p(x)m)
V(@) B (o' (2),0' ()] — o ([2,9]) = [¢ 0 o(x), 0 0 (y)] — b0 o[, y])
= o(lo(@), 0()] — o[z, 9]) B 60 flz,y) = ¢ (f(2,9))

As it/ = ¢ois the composite of injective maps, it is injective. It follows that the representations
and cocycles defined by o and ¢’ are equal, and so are the corresponding elements of H?(g, M).
As ¢ : e — ¢ is invertible, this proves that the isomorphic Lie algebra extensions (e, ¢, ) and
(¢/,//, 1) define the same element of H?(g, M).

e 1.6 We show that the map that assigns to a pair (p,[f]) the iromorphism class of the an
extension (M @ g, ¢, 7) defined by and the map that assigns to an isomorphism class of a
Lie algebra extension (e, ¢, m) the pair (p, [f]) defined by are mutually inverse.

For the extension (M &g, ¢, 7) from defined by (p, [f]), we choose 0 : g — M &g, x — (0, )
with 7o o = idy. A direct computation then shows that the representation p' : g — Endg(M)
and 2-cocycle f': g x g — M defined by are p' = pand f' = f.

Conversely, given an extension (e, ¢, 7), we choose ¢ : g — E with 7 o ¢ = idg and consider
the associated representation p : g — Endp(M) and 2-cocycle f : g x g — M defined by .
The latter define an extension M & g with Lie bracket and Lie algebra homomorphisms
tMag - M — M &g, m— (m,0) and myey : M &g — g, (m,z) — x. Then the map
¢ : Mdg — e, (m,z) — t(m)+o(z) satisfies potpeg = ¢ and mo¢ = Tprg4. A direct computation
using shows that ¢ is a Lie algebra homomorphism with inverse ¢=! : ¢ — M @ g,
e (m,m(e)) with «(m) =e — o om(e).
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2. If p: g = Endp(M), x — 0 is a trivial representation, then the Lie bracket on M @ g
from takes the form [(m,x), (m/,2")]; = (f(z,2'), [z,2']) for all x,2" € g and m,m’ € M.
This implies [(m,0), (m/,2")]r = (f(0,27),[0,2']) = f(0,0) = 0, and hence the extension M & g
is central. Conversely, if (e,¢,7) is a central extension of g by M, then the representation
p:g— Endp(M) from satisfies t(p(x)m) = [o(x),(m)] = 0, and by injectivity of ¢, this
implies p(x)m = 0 for all x € g and m € M. O

2.5 Summary and questions

In this section, we encountered homologies and cohomologies for different mathematical objects,
namely topological spaces, algebras and bimodules over algebras, groups and group representa-
tions as well as Lie algebras and Lie algebra representations. Although the mathematical objects
under consideration were very different, the associated (co)homology theories have structural
similarities and in many cases also similar interpretations.

There are many other examples of homology and cohomology theories such as deRham-
cohomology of smooth manifolds, symplectic homology, intersection cohomology on surfaces
and homologies in more advanced settings such as braided tensor categories. While the math-
ematical objects under consideration are different, the general pattern is the same as for the
examples in this section. This makes (co)homologies a useful tool in many areas of mathematics.

While the examples treated so far illustrate the versatility and usefulness of (co)homologies,
the treatment of this examples was too pedestrian and has its limitations. In particular, the
examples considered so far raise the following questions that call for a more systematic and
abstract investigation:

e Although we assigned homologies to objects in certain categories (topological spaces,
bimodules over algebras, modules over group rings and representations of Lie algebras)
we did not consider the morphisms in these categories so far. Do morphisms in these
categories (continuous maps between topological spaces, morphisms of bimodules,
morphisms of modules or morphisms of representations) induce maps between the
homologies of their source and target objects? Is there a systematic way of including
morphisms in the picture?

e What is the origin of the modules of (co)chains and the (co)boundary operators in
the concrete examples? Is there a general construction or formalism that allows one
to formulate (co)homology theories for objects in any category that satisfies certain
assumptions? Are (co)chains necessarily realised as modules over certain rings and
(co)boundary operators as module morphisms, or is there a more general framework?

e In all examples considered so far, the (co)boundary operators were obtained as alter-
nating sums over certain module homomorphisms. These module homomorphisms were
largely combinatorial, such as the face maps in singular (co)homology and the maps that
multiply two adjacent factors in a tensor product of algebras or a product of groups.
Is this a general pattern oder a coincidence? What is the appropriate mathematical
framework to formulate this question more precisely?

e How much arbitrariness is there in the definition of the (co)chains and (co)boundary
operators? Are the (co)boundary operators introduced so far essentially the only way of
defining these structures, or are there many other formulations that lead to equivalent
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definitions of (co)homologies? How much does the concrete choice of (co)chains and
(co)boundary operators matter? Is there a way to define (co)homologies that relies less
on the choice of modules of n-(co)chains and (co)boundary operators and more on the
objects under consideration?

e What is the algebraic framework to compare and relate different (co)homology theories?

We will answer these questions in the next sections. This requires a more systematic and
abstract approach that uses the language of categories and functors.
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3 Chain complexes, chain maps and chain homotopies

3.1 Abelian categories

In this section, we determine the general mathematical setting for (co)chains, (co)boundary
operators and (co)homologies. Although the examples in Section [2| were concerned with very
different mathematical data, we always associated to this data a family of modules over a ring
R and a family of R-linear maps between them such that the composite of two subsequent maps
vanishes. This allowed us to define (co)homologies as quotients of their kernels and images.

This suggests that the appropriate setting for a general (co)homology theory could be categories
of modules over rings. However, it turns out that this is neither the most general possibility
nor an efficient viewpoint. Instead, we determine the most general setting for (co)homology
theories abstractly, in terms of categories. We start with a category C and investigate which
additional structures are needed in order to formulate (co)homology theories as in Section [2|

e All of the examples in Section |2l made use of direct sums of R-modules and the fact
that there is a trivial R-module {0}, which can be viewed as a direct sum of R-modules
over an empty index set. As the direct sum of R-modules is an example of a categorical
coproduct, one should at least impose that coproducts in C exist for all finite families
(Ci)ier of objects in C. For symmetry and because this will follow automatically from the
next condition, we also impose that productsin C exist for all finite families of objects in C.

e The (co)boundary operators in the examples from in Section [2| were defined as an
alternating sum of certain R-module morphisms. To generalise this construction to a
category C, we need to be able to take sums of morphisms in C and to ensure that
this is compatible with their composition. Hence, we have to impose that all morphism
sets Home (X, Y) have the structure of abelian groups and that the group addition is
compatible with the composition of morphisms in C.

e To define (co)homologies in the examples from in Section [2, we considered kernels of
R-module morphisms and took quotients by their images. Hence, the category C needs to
be equipped with a concept of kernels and images that mimics the kernels and images of
R-linear maps and gives rise to a sensible notion of homology.

The first two conditions lead to the concept of an additive category. Functors between additive
categories that respect these conditions are called additive functors.

Definition 3.1.1: A category C is called additive if

(Addl) For all objects C,C" of C the set of morphisms Home(C, C”) has the structure of an
abelian group, and the composition of morphisms is Z-bilinear: go(f+ f') = gof+go f’
and (¢+¢')o f=go f+ ¢ o f for all morphisms f, f': C' — C" and g,¢' : C" — C".

(Add2) Products and coproducts exist for all finite families of objects in C.

A functor F': C — D between additive categories C, D is called additive if for all objects C, C’
in C the map F : Hom¢(C, C") — Homp(F(C), F(C")) is a group homomorphism.

66



Remark 3.1.2:

1. In particular, Definition requires the existence of an empty product and an empty
coproduct, a terminal object T' = Iy and an initial object I = 11y (see Definition [1.2.15)).
In an additive category C, these objects are isomorphic and hence zero objects: I =2 T = 0.

This follows because one has Home (7, I) = {1;} = {0} by definition of an initial object,
where 0 denotes the neutral element of the abelian group Home (7, I). If C is additive, this
implies f =1;0f =00 f =0:C — [ for any morphism f : C' — I, since the composi-
tion of morphisms is Z-bilinear. It follows that Hom¢(C, I) = {0} and hence [ is terminal.

2. It follows that for any two objects C,C” in an additive category C, the neutral element
of the abelian group Hom¢(C,C") is 0 =i ote : C — 0 — C'.

3. Finite products and coproducts in additive categories are canonically isomorphic:
IL;c1C; = I, C; for all finite index sets ¢« € I and objects C; in C.

The isomorphism is induced by the family (f;;); jer of morphisms f;; = d;;1¢, : C; — C}
with f;; = 0 for ¢ # j and f;; = 1¢,. By the universal property of the (co)product there
is a unique morphism f : lc;Cy — Hie;Cp with ;0 f o 1; = 6;51¢,. The inverse of this
morphism is f~! = Xier i 0 m; 1 HperCr — e Ch, since

~1
mro fof  =Yrmyoforom=Yicrdile, om =Ty

—1

T ofou=%rtiomo fou = Yiert; 0dile, =tk Vkel,

and the universal property of the (co)product implies fo f~t = 1p,_,¢c;, 1o f = 1u,. 0.

4. The abelian group structure on the sets Hom¢(C,C”) in an additive category C is
determined uniquely by its products and coproducts.

For a finite index set I and an object C'in C we denote by ¢¢ : L;c;C — Il;c;C the unique
morphism with m;0¢cot; = d;; 1¢ from 3. with inverse ¢61 = Yierv;om; : ieC — e, C.
We also consider the unique morphism A¢ : C' — 1l;c;C with m;0A¢ = 1¢ for alli € I and
the unique morphism V¢ : Il;c;C — C with Vo o; = 1¢ for all © € I. For a finite family
(fi)ier of morphisms f; : C' — D, we consider the unique morphism f : Il;c;C — Il;c; D
with 7; 0 f ov; = d;;f; from 3. Then we have

Vpogp' ofogs'oAc=5eiVporomo foromolAs
=Y, jerlpo(mo fou)ole =23 e6;1po fiole=ierf;
Hence, we expressed the sum of the morphisms f; in terms of quantities that are defined
in terms of the product and coproduct in an additive category. (This includes the
morphism f, since the zero object that enters its definition is the empty coproduct). As

products and coproducts are unique up to unique isomorphisms, a given category C has
at most one additive structure. Additivity is a property, not a choice of structure.

5. An object X in an additive category C is a product or coproduct of a finite family
of objects (C;)ier if and only if there are families (i;);e; and (p;)jer of morphisms
ij : C; — X and p; : X — C; with p; o iy = djulc; and 1x = Xjee; 0 p; (Exercise .

6. A functor F': C — D between additive categories C, D is additive if and only if it preserves
finite products or finite coproducts (Exercise :

F (ILie;C;) 2 e F(Cy), F (g C;) =2 e F(C;) for all finite families of objects (C;)er-
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Example 3.1.3:
1. For any ring R the category R-Mod of R-modules und R-linear maps is additive.

Products and coproducts are products and direct sums of modules and exist for all
families of modules. The set Homg(M, N) of R-linear maps f : M — N is an abelian
group with the pointwise addition, and this is compatible with their composition.

2. For any ring homomorphism ¢ : R — S, the functor F} : S-Mod — R-Mod that sends an
S-module (M, >) to the R-module (M, >g) with r>gm = ¢(r)>m and an S-linear map
f:(M,>) — (M',>') to the associated R-linear map f : (M,>g) — (M, >%) is additive.

3. Every full subcategory of an additive category C in which finite products and coproducts
exist, is an additive category as well.

4. For every small category C and additive category A, the category Fun(C,.A) of functors
F :C — A and natural transformations between them is an additive category.

e The product of a family of functors (F;);es is the functor I/ F; : C — A that assigns
to an object C' the product Il;c;F;(C) and to a morphism « : C' — C’ the unique
morphism ;e Fi(a) : e, Fi(C) — e F3(C) with mcr o e Fi(a) = Fi(a) o mic, where
mic : Wi F;(C) — F;(C) are the projection morphisms for the product in .A.

e The projection morphisms for Il;c; F; are the natural transformations m; : Il;c; F; — F;
with component morphisms ;¢ : [Lie F;(C) — F;(C).

e Coproducts of functors are defined analogously, and the sum of two natural transfor-
mations 7,k : F — G is the natural transformation n + x : F©¥ — G with component
morphisms (7 + k)¢ = ne + ke F(C) = G(C).

In any additive category A we can consider a generalisation of chains, families (C,, ),z of objects
in C, and boundary operators between them, families (d,,),ez of morphisms d,, : C,, — C,,_,
with d,_10d, =0:C, — C,_s for all n € Z. An analogous definition is possible for cochains
and coboundary operators.

To define homologies we also require kernels and quotients of kernels by images. In contrast to
the standard definition of a kernel and image of an R-module morphism f : M — N, as subsets
of the modules M and N, a sensible categorical notion of a kernel and image must be formulated
purely in terms of morphisms and universal properties. It does not require additivity, but a zero
object 0 in C and the associated zero morphisms 0 = icv ot : C — 0 — C'.

Definition 3.1.4: Let C be a category with a zero object and f : X — Y a morphism in C.

1. A kernel of f is a morphism ¢ : ker(f) — X with the following universal property:
for=0:ker(f) = Y, and for every morphism g : W — X with fog=0:W =Y
there is a unique morphism ¢’ : W — ker(f) with co ¢’ = g.

0

ker(f) X 1=y

A} T /
N
g
[P
Ag" ™ 0

w
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2. A cokernel of f is a morphism 7 : Y — coker(f) with the following universal property:
mo f=0:X — coker(f), and for every morphism g : Y — W withgo f =0: X - W
there is a unique morphism ¢’ : coker(f) — W with ¢’ om = g.

0

X—f>Y—7r>coker(f)

7
e
g
0 /—/ /ﬂ!g’

W

3. A kernel of a cokernel of f is called an image of f and denoted /' : im(f) — Y. A cokernel
of a kernel of f is called a coimage of f and denoted 7’ : X — coim(f).

Remark 3.1.5: As (co)kernels and (co)images are defined by a universal property, they are
unique up to unique isomorphism: If ¢ : ker(f) — X, n : ker(f) — X are two kernels for
f X — Y, then there is a unique morphism ¢ : ker(f) — ker(f)" with no ¢ = ¢, and this
morphism is an isomorphism. Analogous statements hold for cokernels, images and coimages.

Example 3.1.6: Let R be aring and f: M — N an R-linear map.

e The inclusion map ¢ : ker(f) — M is a kernel of f in R-Mod.
e The canonical surjection 7 : N — N/im(f) is a cokernel of f in R-Mod.
e The canonical inclusion ¢ : im(f) — N is an image of f in R-Mod.

e The canonical surjection ©’ : M — M /ker(f) is a coimage of f in R-Mod.

That ¢ : ker(f) — M is a kernel of f follows, because f ot = 0 and for any R-linear map
¢: L — M with fo¢ =0, one has im(¢) C ker(f). The corestriction ¢’ : L — ker(f), [ — ¢(I)
is an R-linear map with 1o ¢’ = ¢. As ¢ is injective, it is the only one.

That 7 : N — N/im(f) is a cokernel of f follows, because w o f = 0 and for any R-linear
map ¢ : N — P with 1) o f = 0 one has im(f) C ker(¢)). By the characteristic property of the
quotient, there is a unique R-linear map ¢’ : N/im(f) — P, [n] — ¢ (n) with ¢’ o m = 9.

That the inclusion map ' : im(f) — N isakernel of 7 : N — N/im(f) follows, because mo/ = 0,
and for any R-linear map x : L — N with 7 o x = 0, one has im(x) C ker(7) = im(f). The
corestriction x’ : L — im(f), [ — x(I) satisfies x’ ot/ = x and is the only R-linear map with
this property, since ¢/ is injective.

That the canonical surjection 7" : M — M /ker(f) is a cokernel of ¢ : ker(f) — M follows
because 7’ o v = 0 and because any R-linear map & : M — P with £ o v = 0 satisfies im () =

ker(f) C ker(§). By the characteristic property of the quotient, there is a unique R-linear map
¢ M/ker(f) — P with { o/ =¢.

In addition to kernels and cokernels, we also require appropriate concepts of injectivity and
surjectivity and relate them to kernels and cokernels. Again, they must be formulated purely
in terms of morphisms and universal properties. They are obtained from the observation that
amap ¢ : X — Y is injective (a map m : X — Y is surjective) if and only if to f = 10yg
(fom =gom) implies f = g for all maps f,g : W — X (for all maps f,g : Y — Z). This
notion of injectivity and surjectivity in Set generalises to any category.
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Definition 3.1.7: Let C be a category.

1. A morphism ¢ : X — Y in C is called a monomorphism, if : o f = 1+ o g for morphisms
frg: W — X implies f = g.

2. A morphism 7 : X — Y in C is called an epimorphism, if f o 7 = g o 7 for morphisms
frg9:Y — Zimplies f = g.

In diagrams, monomorphisms ¢ : X — Y are denoted X~*=Y and epimorphisms 7 : X — Y
are denoted X —"=Y .

Remark 3.1.8: Clearly, every isomorphism is a monomorphism and an epimorphism. How-
ever, a morphism that is a monomorphism and an epimorphism need not be an isomorphism.
A counterexample is the inclusion morphism ¢ : Z — Q in the category of unital rings.

We now relate epimorphisms and monomorphisms to (co)kernels and (co)images. Example
shows that in the category R-Mod the kernel ¢ : ker(f) — M of an R-linear map f: M — N
is injective and its cokernel m : N — N/im(f) is surjective. Moreover, the module morphism
0 — M is a kernel of f if and only if f is injective and the module morphism N — 0 is a
cokernel of f if and only if f is surjective. Analogues of this hold in all additive categories.

Lemma 3.1.9: Let C be an additive category.

1. All kernels of morphisms in C are monomorphisms. A morphism f : X — Y is a
monomorphism if and only if the morphism iy : 0 — X is a kernel of f.

2. All cokernels of morphisms in C are epimorphisms. A morphism f : X — Y is an
epimorphism if and only if the morphism ty : Y — 0 is a cokernel of f.

Proof:

We prove the first statement. The proof of the second one is analogous. Let ¢ : ker(f) — X be
a kernel of f: X — Y and g1,¢2 : W — ker(f) morphisms with ¢ o g; = ¢ 0 go. Then we have
fo(tog) = (fotr)ogi=00g, =0:W — Y, and by the universal property of the kernel,
there is a unique morphism ¢’ : W — ker(f) with to ¢’ = 10 g; = 10 gs. The uniqueness implies
9" = g1 = go, and hence ¢ : W — ker(f) is a monomorphism.

Let now f: X — Y be a monomorphism. We have foix =1y =0:0—-Y.If g: W —- X isa
morphism with fog=0:W — X then foixoty =0: W — X as well, and because f is a
monomorphism, it follows that g =ix o ty. Hence, ix : 0 — X is a kernel of f.

Conversely, if ix : 0 — X is a kernel of f and ¢y, go : W — X are morphisms with fog; = fogs,
then fo (g1 — g2) = 0 and by the universal property of the kernel, there is a unique morphism
g W = 0withixyog =g, —go =0. Since ¢’ =ty : W — 0 is the only morphism from W to
0, we have g1 —go =i1x oty =0: W — X and g; = ¢o. This shows that f is a monomorphism
(I

This lemma shows that in any additive category, kernels are monomorphisms and cokernels
epimorphisms, as expected from the corresponding statement for R-Mod. However, in R-Mod,
the converse also holds. Every injective R-linear map f : M — N is a kernel, namely of its
cokernel 7 : N — N/im(f). This follows because m o f = 0, and for every R-linear map
g: L — N with mog =0 one has im(g) C ker(n) = im(f). Hence, by injectivity of f there is a
unique R-linear map ¢’ : L — M with fog =g.
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Similarly, every surjective R-linear map f : M — N is a cokernel of its kernel ¢ : ker(f) — M.
One has for =0 and ker(f) = im(¢) C ker(g) for every R-linear map g : M — L with gor = 0.
As f is surjective, there is a unique R-linear map ¢’ : N — L, f(m) — g(m) with ¢’ o f = g.

In contrast to the claims in Lemma [3.1.9] these statements do not hold automatically in an
additive category. They require in particular that every monomorphism has a cokernel and
every epimorphism has a kernel, which is not guaranteed in an additive category. If we impose
these conditions and the existence of kernels and cokernels for all morphisms, we obtain the
notion of an abelian category, which we will use later as the framework for (co)homology.

We also consider functors between abelian categories that preserve these structures. Clearly,
such functors need to be additive and to map kernels to kernels and cokernels to cokernels. We
will see in the following that there are many additive functors that satisfy only one the last two
conditions and that these functors play an important role in (co)homology.

Definition 3.1.10:

1.

2.

An additive category is called abelian if it satisfies the following additional conditions:
(Abl) Every morphism has a kernel and a cokernel.
(Ab2) Every monomorphism is a kernel of its cokernel or, equivalently, an image of itself.

(Ab3) Every epimorphism is a cokernel of its kernel or, equivalently, a coimage of itself.

A functor F : A — B between abelian categories A, B is called
e left exact if it is additive and preserves kernels:

if ¢ : ker(f) — X is a kernel of f : X — Y, then F(¢) : F(ker(f)) — F(X) is a
kernel of F'(f): F(X) — F(Y).

e right exact if it is additive and preserves cokernels:

if m:Y — coker(f) is a cokernel of f: X — Y, then F(r): F(Y) — F(coker(f)) is
a cokernel of F'(f): F(X) — F(Y).

e exact if it is left exact and right exact.

Example 3.1.11:

1.

For any ring R, the category R-Mod is abelian.

By Example|3.1.3] 1. it is additive, and by Example[3.1.6] every R-linear map f: M — N
has a kernel ¢ : ker(f) — M and a cokernel 7 : N — N/im(f). As shown above, every
monomorphism in R-Mod is a kernel of its cokernel and every epimorphism a cokernel of
its kernel.

. The full category of Ab of finitely generated free abelian groups is additive, but not

abelian. (Exercise [32)).

. The full subcategory of Vectf;d with even-dimensional F-vector spaces as objects is

additive, but not abelian. (Exercise [33)).

. For any abelian category A, the category A is abelian. Kernels and cokernels in A

correspond to cokernels and kernels in A, respectively (Exercise .

. For any small category C and any abelian category A the category Fun(C,.A) of functors

F : C — A and natural transformations between them is abelian (Exercise [34).
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Remark 3.1.12:

1. One can show that in an abelian category A a morphism that is both a monomorphism
and an epimorphism is an isomorphism (Exercise .

2. Like additivity, being abelian is a property of a category and not a choice of structure. If
all objects in an additive category have kernels and cokernels that satisfy the conditions in
Definition , these (co)kernels are unique up to unique isomorphism and determined
by the additive structure.

3. The Feyd-Mitchell embedding theorem states that any small abelian category A is
equivalent to a full subcategory of the abelian category R-Mod for some ring R, with an
exact equivalence of categories. For a proof, see [Mi, p 151].

Although the embedding theorem allows one to interpret any small abelian category as a
subcategory of the abelian category R-Mod for a suitable ring R, it is still advantageous to work
with general abelian categories. Firstly, there are also non-small abelian categories. Secondly,
the construction of the associated ring R and the subcategory of R-Mod for an abelian category
A in the embedding theorem is implicit and not very useful in concrete computations.

However, we will sometimes use the embedding theorem to conduct proofs in R-Mod that
become too cumbersome and technical in general abelian categories. This does not restrict
generality of the proofs if the claims involve only a small full subcategory of A that is again an
abelian category.

In an abelian category kernels and cokernels exist for all morphisms and generalise the inclusion
maps ¢ : ker(f) — X and the canonical surjections 7 : Y — Y/im(f) for R-linear maps
f: X — Y. To define homologies we require one additional ingredient.

Recall that for R-linear maps d,, 11 : X,,y1 — X, and d,, : X,, — X,,_1 with d,0d,,;1 = 0 one has
im(d,+1) C ker(d,), and there is an inclusion map ¢ : im(d,+1) — ker(d,,), which is a monomor-
phism in R-Mod. This allows one to define the homologies as the quotients ker(d,,)/im(dp+1)
or, equivalently, as the cokernels of the inclusion ¢ : im(d,, 1) — ker(d,). Note also that for
any R-linear map f : M — N one has coim(f) = M /ker(f) = im(f) so there is no ambiguity
when dealing with images and coimages. To generalise this to abelian categories, we need a
monomorphism ¢ : im(f) — ker(g) for all morphisms f: X - Y andg:Y — Z with go f =0
and im(f) = coim(f) for all morphisms f: X — Y.

Lemma 3.1.13: Let A be an abelian category.

1. Every morphism f : X — Y in A factorises as f = i o 7} where /} : im(f) — YV
is an image of f and 7 : X — im(f) a coimage of f. This is called the canonical
factorisation of f and implies coim(f) = im(f)

22.If f: X - Y, g9 :Y — Z are morphisms in A with g o f = 0, there is a unique
monomorphism ¢ : im(f) — ker(g) such that the following diagram commutes

(22)




Proof:

1. For any morphism f : X — Y in A, we have myo f = 0 for the cokernel 7 : Y — coker(f). By
the universal property of the image s : im(f) — Y, there is a unique morphism 7’ : X — im(f)
with i, o7} = f. We show that 7 : X — im(f) is an epimorphism. The first clalm then follows
because every epimorphism is its own coimage, or, equivalently, a cokernel of its kernel. By
Exercise the morphisms 7 and f = 1} o} have the same kernel and hence the same
coimage 7y : X — im(f).

To show that W} : X — im(f) is an epimorphism, we show that ¢ = 0 for every morphism
¢ im(f) — U with ¢ o 7} = 0. By the universal property of the kernel ¢, : ker(¢) — im(f),
there is a unique morphism f": X — ker(¢) with ¢4 0 f' = m:

ker(¢) 2> im(f) 2~ U
El!f/? . vy

| Ty

X

The morphism s 014 : ker(¢) — Y is a monomorphism as a composite of two monomorphisms.
Hence, it is a kernel of its cokernel 7' : Y — coker(} o t4). This implies

Wof=uo(l oo f)=(wolou)of =00 =0,

and by the universal property of the cokernel 7y : Y — coker(f) there is a unique morphism
"1 coker(f) — coker(/; o 1g) with "oy = 7'

ker (9)C % 1m(f

coker(bf 0 Ly)

3] 1"

This implies 7’0ty = (7" omp) oty = 7" 0 (mpol}) =700 =0, since s : im(f) — Y is a kernel

of my 1 Y — coker(f). As i’y 014 is a kernel of 7’ and 7’ o ¢}, = 0, the universal property of the
kernel ¢, 0 14 implies that there is a unique morphism " : im(f) — ker(¢) with ;014 00" =1/}
Because ¢} is a monomorphism, it follows that 14500” = Lins). As ¢4 is a kernel of ¢, this implies
¢=¢olim =¢o(p0l)=(pos)0r" =00 =0.

2. We consider the commuting diagram

im(f ker(g)
! T by /

7

XV =7

As go f = gotyor =0 and 7} is an epimorphism, we have go}; = 0. By the universal property
of the kernel ¢, : ker(g) — Y there is a unique morphism ¢ : im(f) — ker(g) with ¢, 0 ¢ =/
If ¢ o h = 0 for some morphism h : U — im(f), then 0 = (y0¢poh =1 0oh=0=1;00, and
because (; is a monomorphism, we obtain i = 0. Hence, ¢ is a monomorphism. O
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After clarifying the properties of abelian categories, we now focus on functors that are com-
patible with abelian categories - exact functors - and on functors that are partially compatible
with it - left or right exact functors. It turns out that there are few exact functors, and most
of them arise from certain standard constructions. Important examples are the following.

Example 3.1.14:

1. For any abelian category A, the cartesian product A x A is abelian and the functors
M:AxA— Aand I: Ax A— A are exact. (Exercise [37)).

2. For any abelian category A, small category C and object C' in C, the evaluation functor
eve : Fun(C, A) — A that sends a functor F': C — A to the object F/(C) and a natural
transformation n : ' — G to the component morphism n¢ : F(C) — G(C) is exact

(Exercise [34)).

Most functors that are relevant for homology are only left exact or right exact, but not exact.
In fact, we will see in Section {4] that we can view homologies as a measure of the non-exactness
of a left or right exact functor. One reason why so many functors of interest are left or right
exact is that one typically considers functors related to certain constructions, such as tensoring,
abelisation or Hom-functors, and such functors tend to have adjoints. The existence of a left
(right) adjoint to a given functor is sufficient to ensure its left (right) exactness.

Lemma 3.1.15: Let A and B be abelian categories and F : A — B and G : B — A additive
functors. If F is left adjoint to GG, then F is right exact and G left exact.

Proof:

If F is left adjoint to G, by Proposition [1.2.19| there are natural transformations e : FG — idg
and 7 :id4 — GF with (eF')o(Fn) = idr and (Ge) o (nG) = idg. We show that F' is right exact
by proving that it sends cokernels to cokernels. The proof that G is left exact is analogous.

Let m : A" — coker(f) be a cokernel of f: A — A’. Then mo f = 0, and for every morphism
g: A — A” with g o f = 0 there is a unique morphism ¢’ : coker(f) — A” with ¢’ o7 = g.

To show that F(m) : F(A") — F(coker(f)) is a cokernel of F'(f) : F(A) — F(A’), note first
that the additivity of I implies F/(r) o F(f) = F(mo f) = F(0) = 0.

We show that for every morphism h : F(A") — B with ho F'(f) = 0, there is a unique morphism
B’ : F(coker(f)) — B with h' o F(m) = h. The morphism G(h)ona : A" — GF(A) — G(B)
can be pre-composed with f, and by additivity of G and naturality of  we have

G(h)ona o f =G(h) o GF(f)ona=G(hoF(f))ons=G(0)ons=0.
By the universal property of the cokernel 7 there is a unique morphism % : coker(f) — G(B)
with G(h) o nar = k o . The morphism b’ = eg o F(k) : F(coker(f)) — FG(B) — B satisfies
h'oF(n)=¢epoF(k)oF(rm)=egoF(kon)=egoFG(h)o F(na)=hoepuyoF(na)=h.
If B : F(coker(f)) — B is another morphism with A” o F(7) = h = h' o F(w), then we have
(h" = 1) o F(m) = 0. This implies 0 = G(h" — h') o GF () o nar = G(h" — 1) 0 Neoker() © ™ and
hence G(h" — h') 0 Neoker(s) = 0, because 7 is an epimorphism. Using the naturality of € and the
condition (eF") o (F'n) = idp for the adjunction, we obtain

h" —h' = (K" — 1) 0 €p(coker(f)) © F (Neoker(f)) = € © FG(R" — h') 0 F(Neoker(r)) = €5 © F(0) = 0.
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This shows that h” = h’ and that A’ is the unique morphism with A’ o F(r) = h. Hence,
F(m): F(A") — F(coker(f)) has the universal property of the cokernel and F' is right exact. O

Two of the most important right exact functors are the functors M®r— : R-Mod — Ab and
—®rN : RP?-Mod — Ab for an R-right module M and an R-left module N. They are left
adjoint to Hom(M, —) : Ab — R-Mod and Hom(N, —) : Ab — R°’-Mod by Example [1.2.18] 6.

Corollary 3.1.16: Let R be a ring, M an R-right module and N an R-left module. Then

1. The functors M®g— : R-Mod — Ab and —®zN : R°’-Mod — Ab are right exact.
2. The functors Hom(M, —) : Ab — R-Mod and Hom(N, —) : Ab — R°’-Mod are left exact.

While there is no direct analogue of the tensor product for general abelian categories, the
functors Hom(A, —) : A — Ab, Hom(—, A) : A’ — Ab are defined for any abelian category .A.

e The functor Hom(A, —) sends an object A’ to the abelian group Hom4(A, A’) and a
morphism f: A"’ — A” to the group homomorphism

Hom(A, f) : Hom4(A, A') — Hom (A, A"), g~ fog.

e The functor Hom(—, A) sends an object A’ in A to the abelian group Hom 4(A’, A) and
a morphism f : A” — A” to the group homomorphism

Hom(f, A) : Homy(A”, A) — Homy (A, A), g+ go f.

This raises the question if left exactness holds for these generalisations as well. Indeed, it is
possible to prove this without Lemma [3.1.15]

Lemma 3.1.17: Let A be an abelian category and f : X — Y a morphism in A.

1. For any object A in A the functor Hom(A, —) : A — Ab is left exact:

A morphism ¢ : W — X is a kernel of f: X — Y in A if and only if for all objects A in
A the morphism ¢, = Hom(A,:) in Ab is a kernel of f, = Hom(A, f).

2. For any object A in A the functor Hom(—, A) : A°? — Ab is left exact:

A morphism 7 : Y — Z is a cokernel of f : X — Y in A if and only if for all objects A
in A the morphism 7* = Hom(7, A) in Ab is a kernel of f* = Hom(f, A).

Proof:
We prove the first claim. The proof of the second claim is analogous if one takes into account
that kernels and cokernels in A are cokernels and kernels in A, respectively.

As we work in Ab = Z-Mod, Example 3.1.6|implies that the group homomorphism ¢, is a kernel
of the group homomorphism f, if and only if (i) ¢, is injective and (ii) im(c,) = ker(f,).

Condition (i) is satisfied if and only if t 0 g = .(g9) = t.(¢') = t o ¢ implies g = ¢ for
all g,¢ € Homy(A, W), and this is equivalent to the statement that ¢ is a monomorphism.
Condition (ii) is satisfied if and only if (iia) f.(tx(h)) = foroh = 0 for all morphisms
h: A — W and (iib) for every morphism g : A — X with f.(g) = fog = 0 there is a morphism
g+ A— X with g = 1,(¢') = tog'. Condition (iia) is satisfied iff f o = 0. Condition (iib) then
states that ¢ is a kernel of f. O
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Remark 3.1.18:
1. In general the functor AQz— : R-Mod — Ab is not left exact.
2. The functors Hom(A4, —) : A — Ab, Hom(—, A) : A% — Ab are in general not right exact.

A counterexample is R-Mod = A = Ab and A = Z/nZ for n > 2. Then ¢ : Z — Z,
z > nzis a kernel of 7 : Z — Z/nZ, z — Z and 7 a cokernel of .

However, id®. = 0 : Z/nZ&@zZ — L/nZ&7Z, since (idew)(k®z) = kQ(nz) = nk®z = 0
for all k € Z/nZ and z € Z. Hence, id®: = 0 is not injective and not a kernel of id®m.

Similarly, Hom(Z/nZ,n) = 0 : Homay(Z/nZ,Z) — Homayw(Z/nZ,Z/nZ), g — mo g is

not surjective and hence not a cokernel of Hom(Z/nZ, ).

Likewise, Hom(¢, Z/nZ) = 0 : Homayn(Z,Z/nZ) — Homan(Z,Z/nZ), g — g o ¢, since
gou(z) = g(nz) = ng(z) =0 for all z € Z and group homomorphisms ¢ : Z — Z/nZ.
Hence, Hom(¢, Z/nZ) = 0 is not surjective and not a cokernel of Hom(w, Z/nZ).

R-right modules A for which the associated functor ARQg— : R-Mod — Ab is not only right
exact but exact and objects in an abelian category A for which the functor Hom(A, —) or
Hom(—, A) are exact play a special role in representation theory and homology theories.

Definition 3.1.19:
A right module A over a ring R is called flat if the functor AQr— : R-Mod — Ab is exact.

Definition 3.1.20: An object A in an abelian category A is called

e projective if the functor Hom(A, —) : A — Ab is exact,

e injective if the functor Hom(—, A) : A? — Ab is exact.

One can show (Exercise that for A = R°’-Mod any projective R°’-module is flat. Hence,
projectivity and injectivity are not only more general concepts, but also stronger conditions.
There is an alternative characterisations of projectivity and injectivity that is easier to handle
and generalises to non-abelian categories.

Lemma 3.1.21: Let A be an abelian category.

1. An object A in A is projective if and only if for every epimorphism 7 : X — Y and every
morphism f : A — Y there is a morphism f': A — X with mo f' = f

, 7
S lf
}

XY —-0

2. An object A in A is injective if and only if for every monomorphism ¢ : Y — X and every
morphism f : Y — A there is a morphism f': X — A with ffor=f

A
3f 7
.7 Tf

/
X <Y ~—0
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Proof:
We prove the first statement. The proof of the second one is analogous.

= Let A be projective. Then Hom(A, —) is exact and maps kernels to kernels and cokernels
to cokernels. As every epimorphism 7 : X — Y in A is a cokernel of its kernel, the morphism
Hom(A,7) : Hom4(A, X) — Hom4(A,Y) is a cokernel as well and hence an epimorphism in
Ab by Lemma [3.1.9] This means that for every morphism f : A — Y, there is a morphism
'+ A— X with Hom(A,7)(f') =7no f = f.

< Suppose that for every morphism f : A — Y and epimorphism 7 : X — Y there is a
morphism [’ : A — X with mo f/ = f. Then Hom(A, ) : Homy4(A, X) — Hom(A,Y) is an
epimorphism for every epimorphism 7 : X — Y.

We show that Hom(A, —) : A — Ab is right exact, i. e. preserves cokernels. For this, let f : A —
X be a morphism with cokernel 7 : X — Y. By Lemma f has a canonical factorisation
f = o7n’ with a monomorphism ¢/ and an epimorphism 7’. By Exercise the morphism
m: X — Y is also a cokernel of /. As ¢/ is a monomorphism, it is a kernel of its cokernel
7 : X — Y. By left-exactness of Hom(A, —), it follows that Hom(A, ) is a kernel of Hom(A, 7).
As every epimorphism is a cokernel of its kernel, it follows that Hom(A, ) is a cokernel of
Hom(A, /). As Hom(A, f) = Hom(A, o n’) = Hom(A, (') o Hom(A, ') and Hom(A, 7’) is an
epimorphism, Exercise 27| implies that Hom(A, 7) is also a cokernel of Hom(A, f) and hence
Hom(A, —) is right exact. O

Example 3.1.22:

1. By Remark [3.1.18| the objects Z/nZ in Ab for n > 2 are neither projective nor injective.
2. For every ring R, any free R-module is projective.

If Ais a free R-module with basis B, 7 : X — Y R-linear and surjective and f: A — Y
R-linear, then we can choose for every element b € B an element f/(b) € 7~ 1(f(b)) and
obtain an R-linear map f': A — X, b— f'(b) with mo f' = f.

3. The object Z in Ab is projective, but not injective.

The projectivity of Z follows from 2. However, Z is not injective, because for the
monomorphism ¢ : Z — Z, z — nz with n > 2, and the group homomorphism
f =1idg : Z — Z there is no morphism f’:Z — Z with f' o= f = idy.

3.2 Chain complexes and homology

We are now ready to define and investigate homology theories in general abelian categories.
The fundamental concept is that of a chain complex, which generalises the (co)chains and
(co)boundary operators in the examples from Section . It is obtained by replacing the modules
of n-(co)chains by objects in an abelian category and the (co)boundary operators by morphisms,
such that subsequent morphisms compose to zero.
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Definition 3.2.1: Let A be an abelian category.

1. A chain complex (X,,d,) in A is a family X, = (X,)nez of objects and a family
de = (dy)nez of morphisms d,, : X,, — X,,_1 in A with d,,_1 od,, =0 for all n € Z.

dn dn dn dn—
T X /S X, S X

2. A chain map f, : (X,,d,) — (X_,d,) is a family (f,)nez of morphisms f, : X,, — X
such that d, o f,, = f,_1 0d, for all n € Z.

dn+2 dn+1 d dn—1
o2 n+1”_>Xn_”>Xn71”_>“.

Notation 3.2.2: It is standard to omit subsequences of zero objects and morphisms between
them from chain complexes:

e 0 — X, Am, X—1 dm—_1> ... stands for a chain complex with X, = 0 for all £ > m. Such
a chain complex is called bounded above. It is called negative if m = 0.

° ... d7n—+2> X1 M X,, — 0 stands for a chain complex with X, = 0 for all £ < m.

Such a chain complex is called bounded below. It is called positive if m = 0.

o If X;, =0 for all k < m and k£ > [ > m, the chain complex is called finite or bounded
and denoted . . .
0— X & x2S X T X, 0.
e A chain complex ... LN X, D) 50— . = 0 Iy Xo—m—1 Gnomly s viewed as
two chain complexes, one with X, = 0 for £ < n and one with X, =0 for £ > n —m.

We also denote a chain complex (X,, d,) simply by X, when this causes no ambiguity.

Remark 3.2.3: Analogously, one defines a cochain complex (X*,d®) in an abelian category
A as a family X* = (X"),ez of objects X™ in A together with a family d* = (d")nez of
morphisms d” : X™ — X" with d""! od” =0 for all n € Z.

In this section we restrict attention to chain complexes, since a cochain complex (X*,d®) can
be transformed into a chain complex (X,, d,) by setting X,, = X" and d, =d™": X,, —» X,,1
for all n € Z. Nevertheless, sometimes it is necessary to consider both structures.

Remark 3.2.4:

1. Chain complexes and chain maps in an abelian category A form a category Ch 4 with the
composition of morphisms ge0 fo = (9,0 f1)nez and the identity chain maps 1x, = (1x, )nez
as identity morphisms.

dp+2 dp+1 d dn—1
R A N T L R

fn+ll fnl fn—ll
d! d

dyio 1 d, —1
22X X X

In+1 l gn l gn—1 j
4" 4" a4 4"
n
_—

—1
ey x, P
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2. The category Chy is abelian:

e Coproducts of chain complexes are given by IT;c; X! = (I;c; X} )nez and the chain
maps [ic;di = (Iierd ) ez, where icrd? : ier X — e X | is induced by the
morphisms d’ : X! — X! | and the universal property of the coproduct.

e Products are defined analogously.

e The addition of chain maps is given by fo + go = ([ + Gn)nez-

e Kernels and cokernels of a chain map fo = (fu)nez @ Xo — X[ are given by
te = (tn : ker(fr) = Xp)nez and me = (1, : X — coker(f,))nez-

3. Bounded chain complexes, chain complexes that are bounded below, positive chain com-
plexes, chain complexes that are bounded above and negative chains complexes in A form
full abelian subcategories Ch 45,, Ch 44 Ch4>9, Chsa and Ch <y of Ch 4.

This remark has important implications. It allows one to consider chain complexes in the abelian
category Ch4 and to relate their homologies to the homologies of certain chain complexes in A.
This leads to techniques that are useful for the computation of homologies. We will see basic
examples of these techniques in Section [4.5]

All the examples of (co)homologies from Section [2| define (co)chain complexes in the abelian
category A = k-Mod for some commutative ring k. The objects X, of the (co)chain complexes
are the modules of n-(co)chains and the morphisms d,, the (co)boundary operators. They are
associated with objects in a certain category C, such as C = Top, C = A-Mod-A for a k-algebra
A, C = k[G]-Mod for a group G or C = Rep(g) for a Lie algebra g.

It turns out that morphisms in C define (co)chain maps between these (co)chain complexes.
As the assignments of (co)chain maps to morphisms in C is compatible with the composition
of morphisms and the identity morphisms, we can view them as functors F' : C — Chy or
F : C? — Chy from the category C under investigation or its opposite into the category Ch 4
of chain complexes in A = k-Mod.

Example 3.2.5:

1. The chain complex (Co(X,k),ds) in A = k-Mod from Definition is called the sin-
gular chain complex of X with coefficients in k£ and given by

Co(X, k) = (o : A" — X continuous)y, dn(0) = S o(=1)'0 o f"

A continuous map f : X — Y induces a chain map C,(f, k) : Co(X, k) — Co(Y, k) with
Co(f,k)(o) = foo: A" = Y for all singular n-simplexes ¢ : A" — X. This defines a
functor Co(—, k) : Top — Chy.noq-

2. The cochain complex (C*(X,k),d*) in A = k-Mod from Definition [2.1.12] is called the
singular cochain complex of X with coefficients in £ and given by
C™"(X, k) = Homy(C, (X, k), k)
d"(¢)(c) = ¢(dns10) for all continuous o : A" — X,

A continuous map f : X — Y induces a cochain map C*(f, k) : C*(Y, k) — C*(X,k)
with C"(f,k)(¢) = ¢ o f : C(X, k) — k for all k-linear maps ¢ : C,(Y, k) — k. This
defines a functor C*(—, k) : Top” — Chy mod-
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3. Analogous statements hold for the simplicial chain complex (C.(A,k),d,) from
Definition and the simplicial cochain complex (C*(A),d®) from Definition
2.1.13|and for simplicial maps f: A — A’

4. The chain complex (Co(A, M),d,) in A = k-Mod from Definition is called the

Hochschild complex of A with coefficients in M and given by

Cp(A, M) = M@, A®™

d,(MRa1®...Qa,) = m < a;®asR®...Qa, — mR(a1a2)®...0m + mRa;®(aa3)R...Qay,

+. .+ (D" ImRe®...@(a,_1a,) + (=1)"a, > mMRa;®...Qa, 1

The cochain complex (C*(M,A),d*) in A = k-Mod from Definition is called the
Hochschild cocomplex of A with coefficients in M and given by

C"(A, M) = Homy(A®™, M)
dn<¢) (a0®...®an) =ap > ¢<a1®®an) - ¢(a0a1®a2®---®an) + ¢(a0®(a1a2)®a3®...®an)

+ . (D) (a®...Qan—2®an_10,) + (—1)" P(a0®...Q0_1) < ay,.

Every (A, A)-bimodule morphism f : M — N defines (co)chain maps

Cu(A, ) : Co(A, M) = Cuo(A,N)  with Cy(A, f) = f@idS" : Cu(A, M) = Cy(A, N)
C*(A f):C* (A, M) — C*(A,N) with C™(A,f):C"(A,M)— C"(A,N), ¢+ fodg.
This defines functors Ce(A, —),C*(A, —) : A-Mod-A — Chy moa-

5. The chain complex (Co(G, M), d,) and the cochain complex (C*(G, M),d*) in A = k-Mod
from Definition[2.3.1]are called the chain and cochain complex of group cohomology.

Every morphism f : M — N of k[G]-modules induces a chain and a cochain map
analogously to 4., and this defines functors Co(G,—) : k[G]|’-Mod — Chy.nmoq and
C.(G, —) : k[G]—MOd — Chk-Mod'

6. The cochain complex (C*(g,M),d*) in A = Vecty from Definition is called the
Chevalley-Eilenberg complex and given by

C"(g, M) = Homp(A"g*, M)
(d"f)(wg, ..., 1) = S0 (= 1) pla;) f (w0, ..., Ty, .o, )

+ So<icjen (=) F([2i, 5], R0y ooy Tiy oy Ty ovy T
Every morphism f : M — N of g-representations induces a cochain map
C*(g, f) - C*(g, M) = C*(g, N) with C"(g, f) : C"(g, M) = C"(g,N), & = fo¢,
and this defines a functor C*(g, —) : Rep(g) — Chvects-

The (co)chain maps in these examples are structural or canonical in the sense that they are
images of morphisms in the category C under a functor F': C — Chy. We will see later that
this is a general pattern and not specific to these examples. However, there are also less obvious
chain maps that do not arise from such morphisms.
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Example 3.2.6:
Let k£ be a commutative ring, G a group and (M) the free k-module generated by a set M.
Consider the chain complexes

e X, with X,, = (G*"*1), the k[G]-module structure g > (go, ..., gn) = (990, ---, §gn) ON
X,, and boundary operator d,, = X% ,(—1)'d’, : X,, — X,,_; for n € Ny with

d;(.g()) e gn) = (907 e .@7 ) gn)

o X, with X! = (G*")yq, k[G]-linear boundary operator d, = X/ (—1)'d! : X] — X/,_,
for n € Ny with

91> (g2, es9n) =0
dy(g1s s gn) = Q (s Giit1, ) 1<i<n—-1
(917"'7971—1) i =n.

Then the k[G]-linear maps fn : X}, — Xo, (91, --,02) = (1,901,919, -, 9192+~ Gu-10s) define
an invertible chain map f, : X, — X, (Exercise 37).

Example hints at a relation between group (co)homology and singular and simplicial
(co)homology of topological spaces. The chain complex X in Example is similar to the
(co)chain complexes of group (co)homology, whereas the boundary operator of chain complex
X, recalls the face maps f7* : A"™1 — A" that send the standard simplex A"! to the (n — 1)-
face of A™ opposite the vertex e;. We will see later that this is not a coincidence.

After defining chain complexes and chain maps in general abelian categories A, we can now
construct their homologies. For this, we generalise the definitions in Section [2| as follows:

e the inclusion maps ¢, : ker(d,) — X,, for the morphisms d,, : X,, = X,,_; in R-Mod are
replaced by the kernels ¢, : ker(d,,) — X, of the boundary morphisms,

e the images of the morphisms d, : X,, — X,,_; in R-Mod are replaced by the images
o im(d,41) = X,-1 and coimages 7/, : X,, — im(d, ;1) from Lemma (3.1.13]

e the inclusion morphisms ¢, : im(d, ;) — ker(d,) for morphisms d,, : X,, — X, _; and
dpv1 @ Xpe1 — X, in R-Mod with d, o d,,.; = 0 are replaced by the monomorphisms

On, :im(dy 1) — ker(d,) from Lemma (3.1.13]

e the canonical surjections p, : ker(d,,) — ker(d,)/im(d,+1) in R-Mod are replaced by the
cokernels p, : ker(d,,) — coker(¢,) of the monomorphisms ¢,

coker(¢p11) coker(¢y,) coker (¢, 1)
Pn+1 T Pn T Pn—1 T
n+2 & ker n+1 n+1 % ker & ker

MR SN SN -
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Definition 3.2.7: Let X, be a chain complex in an abelian category A

1. The n-cycle object of X, is the kernel object Z,(X,) := ker(d,) of the morphism
dn X, = X1,

2. The n-boundary object of X, is the image object B, (X,) := im(d,1) of the morphism
dn+1 . Xn+1 — Xn

3. The nth homology of X, is the cokernel object H, (X,) = coker(¢,) of the monomor-
phism ¢, : im(d,, 1) — ker(d,,) from Lemma |3.1.13| and .

4. The chain complex X, is called exact in X, if H,(X,) = 0 or, equivalently, if the
monomorphism ¢,, : im(d,;1) — ker(d,) is an isomorphism. It is called exact, or an
exact sequence if it is exact in X, for all n € Z.

That H,(X,) = 0 if and only if the monomorphism ¢,, : im(d,,;+1) — ker(d,) is an isomorphism
follows, because any isomorphism ¢ : X — Y in A is an epimorphism and hence has cokernel
0:Y — 0 by Lemma Conversely, if a monomorphism ¢ : X — Y in A has cokernel
0:Y — 0, then it is also an epimorphism and hence an isomorphism by Exercise This
shows that the homologies of a chain complex measure its failure to be exact.

It remains to investigate how chain maps between chain complexes affect their homologies. As
the nth homology assigns to every chain complex X, in A an object H,(X,) in A, it is plausible
that a chain map f, : X — Y, should induce morphisms H,(f,) : H,(X.) — H,(Y,). This
should be compatible with the composition of chain maps and with identity chain maps. In
other words, homologies should define functors from the category Ch 4 of chain complexes in A
to the underlying abelian category A.

Proposition 3.2.8: Let A be an abelian category. Then the nth homology defines an additive
functor H, : Chy — A that assigns to a chain complex X, its nth homology H,(X,) and to
a chain map f, : Xo — X the unique morphism H,(f.) : H,(X,) — H,(X]) for which the
following diagram commutes

im (st )2 ker(dy,) —22 H,,(X,) = coker(¢,,) (24)
Ia \ |
Tn41 Ln \ |
dn+l ' I
Xn+1 Xn \\ I
|
fn+1 fn }Ellfn |3'H7l(f.)
d, [
X, ——Xx |
|
T tn // |
/3 A

v

im(d;LH)T ker(d}) > H, (X)) = coker(¢),).

Proof:

1. We show that H,(f.) is well-defined:

As f, is a chain map, d, o f,, 0 t,, = fn_1 0d,, 01, = 0. By the universal property of the kernel
i ker(d)) — X! there is a unique morphism f, : ker(d,) — ker(d,,) with ¢, o f,, = fu 0 ty.
From the diagram we have

L;l © f_n o (bn O Tpt1 = fn Olp© ¢n O 41 = fn o dn+1 = d/n+1 © fn+1 = L;l © (b:“L O7T;l+1 © fn+1-
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As ¢/, is a monomorphism, it follows that f, o ¢, o 11 = ¢, o 7, +1 © fag1. The morphism
pl, : ker(d],) — coker(¢!)) is a cokernel of ¢/, and this implies

pizofnoqbnoﬂ—n-‘rl:p;—boqﬁgzo’]r;-t,-lofn-i-l:OOW;_A,_lofn-i-l:O-

Because 7,1 is an epimorphism, this implies p/, o f,, o ¢, = 0. By the universal property of
the cokernel p, : ker(d,) — coker(¢,), there is a unique morphism H,(f,) : Hn,(X.) = H,(X])

2. We prove that this defines a functor:

To show that H,(1x,) = 1u,(x,) it is sufficient to note that diagram (24)) commutes if we set
fk = 1Xk7 d;c = dk, 7'(']/~C = Tk, L;c = L, pz, = Dk, ]?n = 1ker(dn) and Hn(f.) = 1Hn(X.)- To show that
H,(ge o fo) = H,(ge) © Hy(fs) for all chain maps f, : X, — X, and g, : X, — X/ we consider
the commuting diagram obtained by composing diagrams for f, and g,

lgn+1

"
Xn+1

w//
n

— ker(d’

n

I

(
gn+10fnp1 X7/H_1 — ker(dg) — H,
(

) —> Hu(XJ).

with ¢, = ¢, 0 Ty, ¥y, = ¢y, o m, . and ¥, = ¢, o, ;. As the morphism H,(fs) o Hy(gs) is

n

defined uniquely by the commutativity of (24), this shows that H,(ge o fo) = H,(ge) © Hu(fs).

3. That H, : Chy — A is additive follows because the diagram commutes if we set
fo=fr4+ 10 fo =+ f and H,(f.) = Hu(f.) + Hu(f!). As the diagram defines H,(f,)
uniquely, the claim follows. O

Remark 3.2.9: If A = R-Mod for a ring R, the morphisms in diagram are the following:

o 7, X, —im(d,), x — d,(z) is the corestriction of d,, : X,, — X,,_1,

o ¢, :im(d,11) — ker(d,), x +— x is the inclusion map,

e 1, :ker(d,) = X,, © — z is the inclusion map,

e p, : ker(d,) — ker(d,)/im(d,11), x — [z] is the canonical surjection,

o f,:ker(d,) — ker(d,), x — f,(z) is the restriction and corestriction f, : X,, — X!,

o H,(f.) : ker(dy)/im(d,11) — ker(d;,)/im(d,,, ), [z] = [fn(2)] is the induced map between
the quotient modules.

3.3 Chain homotopies

One reason why homologies are powerful is that there is another layer of structure beyond chain
complexes and chain maps, namely chain homotopies between chain maps. The role of chain
homotopies in homology theories is similar to the role of homotopies between continuous maps
in homotopy theory. They define an equivalence relation on the set of chain maps between given
chain complexes that is compatible with the composition of chain maps.

This allows one to form a new category whose objects are chain complexes and whose mor-
phisms chain homotopy classes of chain maps between them. The isomorphisms in this category
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are chain homotopy classes of chain homotopy equivalences. They play a similar role as homo-
topy equivalences for topological spaces. In fact, the first examples of chain homotopies were
constructed from homotopies between continuous maps.

Definition 3.3.1: Let A be an abelian category.

1. A chain homotopy #h, : fo = f, from a chain map f, : X — X, to f. : X¢ = X] in A
is a family (hy,)nez of morphisms h,, : X, — X, with

fo—fh=hy10d,+d, 1 oh, Vné€L

If there is a chain homotopy h, : fo = f., then f, und f. are called chain homotopic,
and one writes f, ~ f..

2. A chain map f, : X, — X/ is called a chain homotopy equivalence if there is a chain
map ¢ : X, = X, with ge 0 fo ~ 1x, and f, 0 ge ~ 1x;. In this case the chain complexes
X, und X/ are called chain homotopy equivalent and one writes X, ~ X|.

Remark 3.3.2:

1. For given chain complexes X,, X/ in an abelian category A, the chain maps f, : X, — X
and chain homotopies between them form an abelian groupoid.

The composite of two chain homotopies h : fo = f. and hl, : f. = f. is the chain
homotopy h, o he = (hy, + h!)nez : fo = [/, the identity morphisms are trivial chain
homotopies 17, = (0),ez and the inverse of he : fo = f is hyl' = (=ho)nez : fL = fo.

2. By 1. being chain homotopic defines an equivalence relation on the abelian groups
Homey , (X, X,). It is compatible with the composition of morphisms:

For all chain maps f,, f. : X¢ — X! and g¢,,q, : X, — X! and chain homotopies
he : fo = fi and hy : go = g,, the family of morphisms ke = (g/,.; © hn + I, 0 fr)nez is a
chain homotopy ke : ge © fo = gL o f. since

gnofn_géof;zz(gn_g;L)ofn"i_g;Lo(fn_fr/L)
:(h;%lod;—i—dgﬂoh'n)ofn—i—g;lo(hn,lodn—l—dlnﬂohn)
= (g;ohn_l—|—h;l_1ofn_l)odn—l—dzﬂo(g;l_'_lohn—{—h;ofn) :kn_lodn—l—dgﬂok‘n.

3. We obtain a category K(.A), called the homotopy category of chain complexes in
A, whose objects are chain complexes in A and whose morphisms are chain homotopy
classes of chain maps in A. The isomorphisms in K(A) are chain homotopy classes of
chain homotopy equivalences.

Although the definition of a chain homotopy looks very different from that of a chain map,
chain homotopies are in fact chain maps. This is analogous to homotopies between continuous
maps f,g: X — X', which are defined as continuous maps h : [0,1] x X — X’ with ho’ = f
and h o' = g for the inclusions /' : X — [0,1] x X, z > (4, z).

Similarly, chain homotopies between chain maps f,, go : Xo — X are chain maps k, : Y, — X
from a certain chain complex Y, constructed from X,. The chain complex Y, is equipped with
inclusions (9, /! : X, — Y, such that k, 00 = f, and k, o ¢! = g,. We illustrate this for the
abelian category R-Mod. In Section we will see that Y, can be viewed as a tensor product
of the chain complex X, with a chain complex that represents the unit interval [0, 1].
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Remark 3.3.3: Let (X,,d,), (X.,d,) be chain complexes in R-Mod and (Y,,d}) given by
V,=X,86X,&X,_1, dY Y, =Y., (v,2,2") — (d(2) + 2", d,(2) — 2", —d,_1(z")).

Then the inclusions (2 : X, — Y, z — (2,0,0) and ¢} : X,, = Y, z — (0,2,0) define chain
maps 0,1l X, =Y,

Chain homotopies he : fo = go between chain maps f,,ge : Xo — X are in bijection with
chain maps k, : Y, — X such that k, 010 = f, and k, 0 1l = g,.

Proof:
A direct computation shows that (Y,,dY) is indeed a chain complex and the inclusions ¢
define chain maps «2,:! : X, — Y,.

OLl

nr ’n

By the universal property of direct sums, an R-linear map k,, : Y,, — X/ is given by a triple
(fus Gns hn—1) of R-linear maps f,, g, : X;, = X, and h,—1 : X;,-1 — X, as

kn(z,2',2") = fo(z) + gu(2") + hp_1(2") v, 7 € X,, 2" € X,,_1.
This states that k, o) = f,, and k, o1} = g, for all n € Z.

The R-linear maps k,, define a chain map if and only if

&, 0 ful) + d, © ga(') + d, 0 hys () = d 0 k(2,2 2")
:kn—l o dx(l’, ZE'/7 I,/) = fn—l © dn(x) + fn—l(x//) + 9n—10° dn<I,) - 9n—1($//) - hn—2 S dn—l(‘r”)'

By setting ' = 2" =0, x = 2” =0 or x = 2’ = 0, one finds that is the case if and only if f,
and g, are chain maps and he : fo = g is a chain homotopy. O

The analogy between chain complexes, chain maps and chain homotopies and topological spaces,
continuous maps and homotopies also manifests itself in their homologies. Just as homotopic
maps between topological spaces induce the same group homomorphisms between the homotopy
groups, chain homotopic chain maps induce the same morphisms between homologies. As a
consequence, chain homotopy equivalent chain complexes have isomorphic homologies. This
allows one to view the homologies as functors H,, : K(A) — A, where K(A) is the homotopy
category of chain complexes from Remark

Proposition 3.3.4: Let A be an abelian category.

1. Chain homotopic chain maps in A induce the same morphisms on the homologies:
if fo ~ go then H,(f,) = H,(gs) for all n € Z.

2. The nth homology induces a functor H, : K(A) — A for all n € Z.

3. Chain homotopy equivalences induce isomorphisms on the homologies:
if Xo~ X/, then H,(X,) = H,(X]) for all n € Z.

Proof:

To prove the first claim, let f,, go : Xo¢ — X be chain maps and h, : fo = g a chain homotopy.
The morphism H,(f,) : H,(X.) — H,(X]) is defined by diagram (24) as the unique morphism
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with Hn(fo) OPn = p;L © fn

im(dnﬂ)& ker(d,,) 2> H,(X,) = coker(¢,)

)

\ |
Tn41 Ln \ |
\
dn+1 I
Xn+1 Xn \\ |
|
frnt1 fn }Ellfn 1 3 Hp (fo)
d '
/ n+1 / |
Xn+1 Xn / I
|
/
! I |
n+1 n /
¥ \

J

im(dy ) > ker(d,,) —= Hn(X) = coker(¢y,).

As p, is an epimorphism, it is sufficient to show that H,(fs — ge) 0 pp = P, 0 (fo — Gn) = 0. As
he : fo = ge is a chain homotopy, we have

L;LO<f7n_gn) = (fn_gn)olfn:hnflodnoLn—i_d;H_lohnoLn:hn7100+d;+1ohnobn
=1, 0¢;, 0T, 1 0hy 0Ly
As (], is a monomorphism, this implies f, — gn = @}, 07} 1 0 by 0 ty. As p), : ker(d],) — H,(X]) is
the cokernel of ¢/,, it follows that p/, o (f, — gn) = pl,0 ¢}, 0o, ,;0hyot, =007, 0hy,0t, =0.

The second claim follow from the first, and so does the third: if f, : X, — X and g, : X, — X,
are chain maps with f, 0 go ~ 1x; and ge o fo ~ 1x,, then one has

H,(fs) o Hy(ge) = Hn(fo0 gs) = Hy(lxy) = Lh,(x1)
Hn(.g') o Hn(f.) - Hn(go o fo) = Hn(lX.) - 1Hn(X.)‘

This shows that H,(f,) : H,(Xe) — H,(X}) is an isomorphism with inverse H,(f,)™! = H,(gs).
O

With Proposition [3.3.4] one can show that a chain complex X, has trivial homologies without
computing them explicitly. For this, it is sufficient to construct a chain homotopy between the
chain maps 1x, : X — X, and 0, : X — X,. The chain maps f: X, — 0, and g : 0, — X,
then form a chain homotopy equivalence between X, and the trivial chain complex 0,, since
they satisfy fo 0 ge = 1o, and ge © fo = Ox, ~ lx,. This implies H,(X,) = H,(0,) = 0 for all
n € Z by Proposition [3.3.4] 3.

Example 3.3.5: Let k be a commutative ring, G a group and A an algebra over k.

1. The chain complex (X,,d,) in A = k-Mod given by

<G><(n+1)>k n e NO
X,=Xk n=-—1

0 n<-—1
dy Xo — Xo1, (9gos s Gn) — Z?:O(—l)i(go, s Giy ooy Gn) n >0
do: Xo—=X_1, (go)—1
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is exact, because the k-linear maps h,, : X,, = X,11, (9o, .-, gn) — (1, 90, -, gn) define a
chain homotopy h, : 1x, = 0x,:

(hn—l o dn + dn+1 o h’n)(g()a ceey gn) = Z?:O(_l)ihn—l(gOa ceey .g/]\ia ceey gn) + dn+1(17 9o, -+ gn)
= E?:O(_l)z(la 9o, ---, g\h ceey gn) + <907 ceey gn) + E?:O(_1>i+l(17 9o, "'7/9\2'7 ceey gn)

= (g()v"'?gn)

(h-yody +dy o ho)(go) = h-1(1) +di(1,90) = (1) + (90) — (1) = (g0)

It is an exact chain complex in k[G]-Mod with the Ek[G]-module structures
9>(90s -y gn) = (990, -+, ggn) on X, for n > —1 and the trivial k[G]-module structure on k.

2. The chain complex (X,,d,) in A = k-Mod given by

v A®(n+2) n>—1
"0 n<-—1

dn : Xn — Xn—l; a0Q...Q0p4+1 —> E?:O(—l)ia0®...®(aiai+1)®...®an+1

is exact, because the k-linear maps h, : X, — X1, (@0®...Qa,41) — 1Q®a®...Qa, 11
define a chain homotopy he : 1x, = 0Ox,:

(hn_10dy + dpi1 0 hy)(ap®...Qa, 1)

=2 (1)1 (0®...0 (a0 41)®... R 11) + dpy1(1RaR...Rap 1)
=Y ) (—1)'1®ae®...2(a;0;41)R...Q0n 11 + A0®...Q0n 11

+ 37 (=1 ®ap®...2(a;0:41)R...Qn 11 = Ax®...Dp 1.

This chain complex becomes an exact chain complex in A-Mod-A with the (A, A)-
bimodule structure b > (ap®...Ra,11) < ¢ = (bag)Ra1®...00, @ (a1 1¢) on APMH2),

Although these examples of chain complexes look similar to the cochain complex of group
cohomology from Example |3.2.6| and to the Hochschild complex from Example [3.2.5] 4. there
is a fundamental difference, namely the absence of the k[G]-module or (A, A)-bimodule M. In
fact, the chain complexes of group cohomology and Hochschild (co)homology are obtained by
applying the functor Hom(—, M) to this chain complex or tensoring with the module M. This
will allow us to view group cohomology and Hochschild (co)homologies as the homologies of
certain functors rather than homologies of chain complexes.

Important examples of chain homotopies originate in topology, and this motivates the name
chain homotopy. Every homotopy between continuous maps induces a chain homotopy between
the associated chain maps in singular homology.

Proposition 3.3.6: Let k be a commutative ring and Co(—, k) : Top — Chy_p0q the functor
from Example that assigns to a topological space X the singular chain complex Co(X, k)

Cn(X,k) = (0 : A" — X continuous)y dn(0) = S y(=1)'o o f"
and to a continuous map f : X — Y the chain map

Co(f k) : Co(X, k) = Co(Y k), Cu(f,k)(o)=foo: A" =Y.
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1. Every homotopy h : f = g between continuous maps f,g : X — Y induces a chain
homotopy Ce(h, k) : Co(f, k) = Co(g, k).

2. Homotopic maps f,g : X — Y induce the same morphisms between the singular
homologies: f ~ g = H,(f, k) = H,(9,k) : H,(X, k) — H,(Y, k) for all n € Z.

3. Homotopy equivalent topological spaces have isomorphic singular homologies:
X~Y = H,(X,k)= H,(Y, k) for all n € Z.

Proof:

The second and the third claim follow from the first and from Proposition [3.3.4 The chain
homotopy Co(h, k) : Co(f, k) = Cs(g,k) induced by a homotopy h : [0,1] x X — Y from
f: X =Y tog: X —Y is given by the prism maps, the affine linear maps

(0,€k) OSkS]Sn

T A= 0,1] x A", T (ep,) = ,
(Ler—1) 0<j<k<n+1l

The prism maps have a direct geometric interpretation. They decompose the set [0, 1] x A"
into (n + 1) different (n + 1)-simplexes.

X3

X2

T2
x

X1

The prism maps 77 for n = 1, 2.

A direct computation shows that the prism maps satisfy the relations

Tio fi* = (dpy x f) o Ty Vi >i Tiofi*! = (idoy x fly) 0T Vj<i-1

Tioff' =T o i Vie{l,..,n} Too fit =iy, TV o fiH] =io, (25)
where iy : A" — [0,1] x A",z (t,z) is the inclusion map and f7*' : A" — A"*! the face
map from Definition 2.1.1] By composing the prism maps with the homotopy h : [0,1] x X — Y
one obtains k-linear maps

Co(hy k) : Co(X, k) = Copa (Vo E), 0 = S o(=1)h o (idjg x o) o TV (26)

A direct computation using and the identities h(0,z) = f(x) and h(1,z) = g(x) for all
x € X shows that the maps C,,(h, k) define a chain homotopy Ce(h, k) : Co(f, k) = Cu(g, k)
(Exercise [45)). O

Proposition [3.3.6| relates homotopy classes of continuous maps to chain homotopy classes of
chain maps. Hence, we can view singular homology as a functor hCs(—, k) : hTop — K (k-Mod)
from the category hTop with topological spaces as objects and homotopy classes of continuous
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maps as morphisms to the homotopy category K (k-Mod) from Remark , 3. with chain com-
plexes in k-Mod as objects and chain homotopy classes of chain maps as morphisms. Denoting
by Ce(—, k) : Top — Chy.noq the singular homology functor and by Pey, : Chyyoa — K (k-Mod)
and Pr,, : Top — hTop the projection functors that send each object to itself and each mor-
phism to its homotopy class, we obtain a commuting diagram

Co(—,k)

Top Chy-Mod

lPTop l/PCh

3.4 The long exact homology sequence

As chain complexes and chain maps in an abelian category A form an abelian category Ch 4
and the homologies are functors H,, : Ch4 — A, it is natural to ask if these functors are exact
or, more generally, how they behave with respect to exact sequences in Ch 4. We will see in the
following that the homology functors H,, : Ch4 — A are in general not ezxact.

Instead, there is an exact sequence, the long exact homology sequence, that relates the homolo-
gies H, for different n € Z of an exact sequence of chain complexes. This long exact homology
sequence appears in many applications in algebra and topology and is one of the most useful
tools for computing homologies. To derive this result, we require the concept of a short exact
sequence in an abelian category A, which can be viewed as an alternative description of kernels
and cokernels and the relation between them.

Definition 3.4.1: Let A be an abelian category. A short exact sequence in A is an exact
chain complex of the form 0 - X Y 5 Z — 0.

Short exact sequences are the shortest exact sequences that carry information that cannot
be stated in a much simpler way. A chain complex of the form 0 — X — 0 is exact if and
only if the object X is isomorphic to the zero object in A, and a chain complex of the form
0 — X — Y — 0 is exact if and only if the morphism in the middle is an isomorphism. The
information contained in short exact sequences is less trivial. The following example shows that
they are generalisations of quotient modules.

Example 3.4.2: A short exact sequence 0 — L = M 5 N — 0 in the abelian category
A = R-Mod corresponds to a triple (L, M, N) such that L C M is a submodule and N = M /L
the associated quotient module.

This follows because for any submodule L C M, the inclusion map ¢ : L — M is a monomor-
phism in R-Mod and the canonical surjection 7 : M — M /L is an epimorphism in R-Mod with
ker(m) = im(¢). Conversely, given a monomorphism ¢ : L — M and an epimorphism 7 : M — N
with ker(7) = im(¢), one has L = im(:) C M and N = M /ker(m) = M/im(:) = M/ L.

Short exact sequences are important because they are the basic building blocks of abelian cat-
egories. Instead of kernels and cokernels, we can take short exact sequences as the fundamental
structures that characterise abelian categories and exact functors. A functor between abelian
categories is exact if and only if it sends short exact sequences to short exact sequences. Left
and right exact functors satisfy similar but weaker conditions.
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Lemma 3.4.3:

1. A chain complex 0 — X Ly % Z - 0in an abelian category A is a short exact
sequence if and only if one of the following equivalent conditions holds:

(i) f is a monomorphism and g a cokernel of f.

(ii) g is an epimorphism and f a kernel of g.

2. An additive functor F' : A — B between abelian categories A, B is

e left exact if and only if 0 — F/(X) LON F(Y) o,

for all exact sequences 0 = X =Y 5 7 in A,

e right exact if and only if F/(X) 0, g (Y) o, g (Z) — 0 is an exact sequence in
B for all exact sequences X =Y 5 Z — 0 in A,

e exact if and only if 0 — F(X) o, F(Y) o, F(Z) — 0 is an exact sequence in B

for all short exact sequences 0 = X =Y 5 Z — 01in A.

F(Z) is an exact sequence in B

Proof:
1 As ix : 0 — X is a monomorphism and hence an image of itself by Definition [3.1.10] and
: Z — 0 has the kernel 15 : Z — Z, we obtain the commuting diagram

| ker(f (—> ker(g im(g)C¢2—> Z

\/ N TN

g

e The commuting triangle on the left shows that ¢, is an isomorphism if and only if 0 — X is
a kernel of f, which by Lemma |3.1.9|is the case if and only if f is a monomorphism.

e The commuting triangle on the right shows that ¢, is an isomorphism if and only if
ly : Z — Z is an image of g, which is equivalent to the statement that Z — 0 is a cokernel of
g. By Lemma [3.1.9] this is the case if and only if g : Y — Z is an epimorphism.

e The commuting triangle in the middle states that ¢, is an isomorphism if and only if the
image ¢y : im(f) — Y is a kernel of g.

If f is a monomorphism, it is an image of itself and ¢, is an isomorphism if and only if f : X — Y
is a kernel of g : Y — Z.

Similarly, if ¢ is an epimorphism, it is a cokernel of its kernel, and Llf is a kernel of ¢ if and
only if. g is a cokernel of L’f. As f = L} oms and 7r} 'is an epimorphisrr} by Lemma 3..1.13, the
morphisms L/f and f have the same cokernel by Exercise Hence, if ¢ is an epimorphism, then
¢ is an isomorphism if and only if ¢ is a cokernel of f.

This shows that (i) and (ii) are satisfied, if the sequence in 1. is exact, and that (i) and (ii)
guarantee the exactness of the sequence.

2. The proof of 1. shows that the exactness of a sequence 0 — X = Y 5 Z is equivalent to
the statement that ¢ is a kernel of w. Thus, an additive functor F' is left exact, i. e. preserves
kernels, if and only if it preserves the exactness of such sequences.

Similarly, the proof of 1. shows that a sequence X =Y 5 Z — 0 is exact if and only if 7 is a
cokernel of +. Thus, an additive functor F' is right exact, i. e. preserves cokernels, if and only if
it preserves the exactness of such sequences.
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This also shows that an exact functor F': A — B preserves short exact sequences. To show the
converse, suppose that F' preserves short exact sequences and consider a morphism f: X — Y
in A, its kernel ¢ : ker(f) — X and its cokernel 7 : Y — coker(f). By Lemma we
can factorise f as f = i} o m} with a monomorphism ¢} : im(f) — Y and an epimorphism
7+ X — im(f). By Exercise [27] the morphisms f and ¢} have the same cokernel and the
morphisms f and W} the same kernel. This yields two short exact sequences

O—)ker(f)%Xgim(f)AO 0—>im(f)i>Y1>coker(f)—>O,

whose images under F' are again short exact sequences. The exactness of the image of the first
sequence states that F'(7) is an epimorphism and F(:) a kernel of F(7)). The exactness of
the image of the second sequence states that F'(¢};) is a monomorphism and F(7) a cokernel of
F'(¢;). This implies that F'(f) = F(¢/}) o F/(7}) is the canonical factorisation of F'(f) and with
Exercise 27| that F(¢) is a kernel of F(f) and F(m) a cokernel of F(f). Thus, F is exact. O

Lemma [3.4.3| motivates the names left exact functor, right exact functor and exact functor. A
left exact functor preserves exactness of a short exact sequence only in the first two objects on
the left, whereas a right exact functor preserves it only it the first two objects on the right. The
former belong to kernels and the latter to cokernels.

The alternative definition of left exact, right exact and exact functors in terms of short exact
sequences has many advantages. One of them is that it is easier to combine with natural
transformations than the criteria in Definition [3.1.10} In particular, it shows directly that left
exactness, right exactness and exactness are preserved under natural isomorphisms.

Corollary 3.4.4: Let F,G : A — B be additive functors between abelian categories. If F'
and G are naturally isomorphic, then F' is left exact, right exact or exact if and only if G is.

Proof:
Let n : F — G be a natural isomorphism. For every short exact sequence 0 — X Ly %z 50
in A the following diagram commutes by naturality of n

0——F(X) 2L poyy 2L pz)——0 (27)

Elﬂx %lm’ glnz
—_—

0——G(x) 2L

As the vertical arrows are isomorphisms, the first row is exact in F'(X), F(Y) or F(Z), respec-
tively, if and only if the second row is exact in G(X), G(Y) or G(Z). Hence, by Lemma [3.4.3]
F is left exact, right exact or exact if and only if this holds for G. O

Lemma [3.4.3] is a strong motivation to investigate how the homology functors H, : Chy — A
interact with short exact sequences in the category Ch 4. Another morivation is that short exact
sequences of chain complexes arise in many applications in group and Lie algebra (co)homology,
Hochschild (co)homology and singular (co)homology. Examples are group (co)homologies with
coefficients in submodules and singular homologies of subspaces.
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Example 3.4.5: Let k be a commutative ring.

1. Let G be a group and 0 — L = M = N — 0 a short exact sequence of k[G]-modules.
Then we obtain a short exact sequence of chain complexes

C*(G) C*(G,m)
— —

0— C*(G,L) C*(G,M) C*(G,N)—0
where C*(G, L) and C*(G, M) are the cochain complexes for group cohomology from

Definition and C*(G, ) and C*(G, ) the chain maps from Example 5.

2. Let X be a topological space and A C X a subspace. Then the inclusion map ¢ : A — X
defines a short exact sequence of chain complexes

0= Co(A k) U X k) T Cu(X, A k) = 0

where Co(A, k) and Co(X, k) are the singular chain complexes from Definition [2.1.4]
C.(t, k) the chain map from Example 3.2.5 1. and C,(X, A, k) the chain complex with
Co(X, A k) = Co(X, k) /CL(A k) and d, : Co(X, A k) — Cp1(X, A k), [0] = [dn(0)]
for all singular n-simplexes ¢ : A" — X.

The first example can be used to compute group (co)homologies with coefficients in submodules
or quotient modules, once one is able to relate the homologies for a short exact sequence of
chain complexes. This is useful since group cohomologies with coefficients in free k[G]-modules
are often particularly simple to compute and every k[G]-module can be written as quotient of
a free k[G]-module by an appropriate submodule.

The second example is relevant for the computation of singular homologies of quotient spaces.
One can show that if ) # A C X is closed and a deformation retract of a neighbourhood of a
point x € X, then H,Co(X, A, k) = H,(X/A, k), where X/A is the topological space obtained
from X by collapsing A, see for instance [H, Theorem 2.13]. Once one is able to relate the
associated homologies for a short exact sequence of chain complexes, one can then compute the
homologies of the space X/A from the homologies of X and A.

We now derive the exact sequence, the long exact homology sequence, that relates the homologies
of a short exact sequence of chain complexes. To do so, we need the following technical lemma
known as the snake lemma. It is called snake lemma, because it involves a morphism that is
represented by a snakelike arrow in a commuting diagram.

Lemma 3.4.6 (snake lemma): Let A be an abelian category and

0 L M’ N'.

a commuting diagram in 4 with exact rows. Then there are unique morphisms f, g, f’, g that
make the following diagram commute
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ker(a) — 2 kez(ﬁ) e, ker(7) (28)

la 1% Ly
L ! M—7 N 0 d
o B o
0 r— I e N’
Ta T3 Ty

coker () ETa coker(f3) e coker ()

and a unique morphism 0 : ker(y) — coker(«), the connecting morphism, such that

ker(a) EN ker(3) % ker(y) RN coker(a) 7, coker(f3) 7, coker(7y).

is exact. If f : L — M is a monomorphism, then f : ker(a) — ker(f) is a monomorphism. If
g : M'" — N’ is an epimorphism, then g’ : coker(/3) — coker(y) is an epimorphism.

Proof:

We prove the lemma for A = R-Mod. The general claim then follows from the embedding
theorem, since we can restrict attention to a small full abelian subcategory of A. A proof that
does not use the embedding theorem is given in [McL2, VIII.4, Lemma 5.

1. As the commutativity of the diagram implies foa = o f, we have
Bofoiy,=foaol,=f0o0=0 mgo floa=mgofof=00f=0,

and by the universal properties of 15 : ker(8) — M and 7, : L' — coker(a), there are unique
morphisms f : ker(a) — ker(3) and f’ : coker(a) — coker(f) with 150 f = f o, and
f'om, = mgo f'. Similarly, the commutativity of the diagram implies ¢’ o 8 = yo g, which yields

vogow=gofo=g00=0 mogof=moyog=00g=0.

By the universal property of ¢, : ker(y) — N and 73 : M’ — coker(f), there are unique
g : ker(B) — ker(vy) and g’ : coker(3) — coker(vy) with t,0g=goz and g omg=m,0g.

If f: L — M is a monomorphism, then for all morphisms &k : X — ker(a) with fok = 0 we
have tgo fok = foui, 0k = 0. Because f o, is a monomorphism, this implies k¥ = 0 and shows
that f is a monomorphism as well. If ¢’ : M’ — N’ is an epimorphism, then for all morphisms
k : coker(y) = X with ko g = 0 we have 0 = ko g’ omg = k om, o g. Because 7, o g is an
epimorphism, this implies k& = 0 and that ¢’ is an epimorphism.

2. We show that the first and fourth row of the diagram are exact:

The commutativity of the diagram (28) implies ¢, 0go f=gowgof=go foi, =001, =0,
and because ¢, is injective, this implies g o f = 0 and im(f) C ker(g). Conversely, for any
m € ker(g) = ker(f) Nker(g) C ker(g), by the exactness of the second row there is an [ € L
with m = f(I). The commutativity of implies f' o a(l) = B o f(I) = B(m) = 0. As
f'+ L' — M’ is a monomorphism, it follows that a(l) = 0 and [ € ker(«). Then we have
f'(1) = f(I) = m and m € im(f), which shows that ker(g) = im(f).
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Similarly, g'o f'om, = g'omgo f' = m,0g'c f' = 0 implies g'o f' = 0 and im(f’) C ker(g') because
To 1s an epimorphism. If x € ker(g’) C coker(/3), there is an element m' € M’ with m3(m') = z,
since 7g is an epimorphism, and it follows that 7, 0¢'(m’) = g’omg(m’) = §’(x) = 0. This implies
g'(m’) € ker(n,) = im(7y). Hence, there is an element n € N with y(n) = ¢’(m’), and because g
is an epimorphism, an element m € M with g(m) = n. This implies yog(m) = ¢'oB(m) = ¢'(m/)
and m’ — B(m) € ker(¢’) = im(f’). Hence, there is an element I’ € L' with f'(I') = m' — 5(m),
and f'(mo(I")) = ms(f(I')) = mg(m’ — B(m)) = ws(m’) = x. This shows that ker(g') = im(f").

3. We construct the morphism 0 : ker(y) — L' /im(«):

Consider an element n € ker(y) C N. Then by surjectivity of g there is an m € M with
g(m) = n. For any other element m’ € M with g(m') = n, the exactness of the second row
implies m—m' € ker(g) = im(f), and there isan [ € L with m’ = m+ f(I). By commutativity of
(28) we have g’ o f(m) = yog(m) = y(n) = 0. This shows that 5(m) € ker(g’), and analogously
B(m’) € ker(¢'). By exactness of the third row one has ker(¢') = im(f’), and there is an I’ € I’
with f/(I') = B(m). As f’ is injective, this element [’ € L is unique. Similarly, we obtain a
unique element ["” € L' with f(I") = g(m/) = B(m)+ Bo f(l) = f/(I')+ foa(l) = f/(I' +a(l)).
As f’ is injective, this implies I” = I' + a(l), and 7, (l) = 7, (). We obtain a well-defined map

d:ker(y) = L'/im(a), nw mo (') where n=g(m),f'(I') = B(m). (29)

It is R-linear by construction, since n = g(m), f(I') = p(m) and n' = g(m'), f(I") = B(m’)
imply n +n' = g(m +m') and f(I' +1") = f(m + m') and hence d(n + n') = 7, (I' +1") =
Tao(l') + 7o (I”) = O(n) + 9(n').

4. The connecting homomorphism in yields a sequence

ker(a) 5 ker(8) 2 ker(y) & L' fim(a) L5 M /im(8) &5 N’ /im(y).

which is already exact in all entries except ker(y) and L' /im(«). To show the exactness in ker(7),
consider an element n € im(g). Then there is an element m € ker(3) with n = g(m), and (29)
yields an element I" € L with f'(I') = B(m) = 0. The injectivity of f’ implies I’ = 0, and by
definition of the connecting homomorphism in (29)) we have d(n) = 0. Hence, im(g) C ker(9).

Conversely, if n € ker(0d), then by there are elements m € M, I’ € L’ with n = g(m),
B(m) = f'(I') and m,(I") = 0. This implies I’ € ker(m,) = im(«), and there is an [ € L with
' = «(l). This yields S(m) = f'oa(l) = Bo f(I), and hence m — f(I) € ker(53). By exactness
of the second row of (2§), this yields g(m — f(1)) = g(m) — g o f(I) = g(m) = n, and we have
n € g(ker(f)) = im(g). This shows that ker(d) C im(g) and proves exactness in ker(7y).

The proof of the exactness in coker(a) = L' /im(«) is analogous. If € im(9), then by definition
of 9 in (29), there are elements m € M and I’ € L' with = 7,(I') and f'(I') = B(m). This
implies f'(z) = f' oo (l') = 750 f'(I') = w50 B(m) = 0 and x € ker(f’). Conversely, if
x € ker(f'), then there is an I’ € L' with z = m,(I') and 750 f'(I') = f' omo(I') = f'(x) = 0.
Hence, we have f'(I') € ker(mg) = im(f), and there is an m € M with f'(I') = S(m). This
implies d(g(m)) = mo (') = x by definition of the connecting morphism in (29), and hence
x € im(9). This shows that im(d) = ker(f’) and proves the exactness in coker(a) = L'/im(a).
(]

By applying the snake lemma, we can determine the image of a short exact sequence of chain
complexes in A under the homology functors H,, : Ch4 — A. Although the individual homology
functors H,, are not exact, it turns out that the homologies for different n € Z can be combined
into an exact sequence in A.
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Theorem 3.4.7: Every short exact sequence of chain complexes 0 — L, ELN M, 2 N, =0
in an abelian category A induces an exact sequence

Hn (/) Hn-1(fs)

o)y g (NG) 2 H, (L) 2t

) b (N 2 H (L) Ha (M)

the long exact homology sequence. The morphisms 0, : H,(N,) — H,_1(Ls) are called
connecting morphisms.

Proof:
We prove the theorem for A = R-Mod. The general case then follows with the embedding
theorem. For all n € Z the short exact sequence defines a commuting diagram with exact rows:

0—— Ln+1 fL_H)— Mn+1 o Nn+1 0
ldﬁﬂ ldﬁl ld;ﬁl
0 Ly~ My~ Ny ——0.

From the snake lemma, we obtain unique morphisms

s ker(dy ) = ker(dp'y), U fua (D), Gt < ker(dply) — ker(dply), m v guya(m),
fh: Coker(dﬁﬂ) — coker(d%rl), 1] — [fu(D)], g, : coker(d%rl) — coker(dﬁfﬂ), [m] = [gn(m)]

for which the diagram

ﬂlfn+1 Gn41

" M N
ker(dy, ) — == =ker(d,,,) - = = =ker(d; )
) M )
L£+1 L%H L2]+1
L LSS N s
O n+1 n+1 n+1 0
d’f;#»l d71\1/1+l d’ﬁg»l
0 L, M,, N, 0
fn gn
7.‘.L 7TN[ 7.‘.]\1

coker(d%, ) i coker(d. ) " coker(d¥, ;)

commutes and a unique morphism 9,41 : ker(d, ;) — coker(d%, ;) that makes the sequence

ker(d~ . ;) LILEN ker(d2. ) LIEEN ker(dX, ) Onit, coker(d~. ;) LN coker(dX ;) o, coker(d2 ;)

exact. As f,41 is a monomorphism and g, an epimorphism, the morphism f,; is a monomor-
phism and the morphism g/, an epimorphism for all n € Z.

The morphisms d2 : coker(d=X, ;) — ker(dX_,), [z] = d,(z) induced by d¥ : X,, = X,,_; and
the universal property of the quotient coker(d;.,,) = X, /im(d;, ) satisfy the identities

Famr 0 dy([1]) = famr 0 dy(l) = dy' o full) = dy' ([fu(D)]) = dy o £ ([1])
Gn-10dy' ([m]) = gny 0 dy (m) = dyy 0 ga(m) = d ([gu(m)]) = dy, © g, ([m])

for all [ € L,,, m € M, and hence we obtain the following commuting diagram with exact rows

coker(dL, ) n coker(d ;) I coker(dY ;) —=0

0 —ker(d-_ )~ ker(dM |) 2" ker(dY ).
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We construct the long exact homology sequence by applying the snake lemma to this diagram
for all n € Z. For this, note that the homologies of the three chain complexes are given by

H,(X,) = ker(df)/im(dfﬂ) = ker(d) = coker(cifﬂ)

and satisfy the conditions

Mo Hy(fa) = fioik tn © Hi(ge) = g0 17
H, 1(fs) o 7TnL—1 = 7724—1 0 fa1 H,—1(gs) 0 Wr]l{l = erbv—l © Gn-1

where X : ker(d)) /im(d;\, ;) — X, /im(d,) and 75, : ker(d;y_;) — ker(d;_,)/im(d;\) are the
inclusions and canonical surjections. The snake lemma then yields for all n € Z commuting
diagrams and unique morphisms 0, : H,(N,) — H,_1(L,) such that the sequences

]i;l(l;.) }{n(f;)

Hn—l(f')

Hy(M) 9 g (N 2 |, (L) Hyo (M) 9 g ()

are exact. Combining these exact sequences for different n € Z yields the long exact homology
sequence. Explicitly, the connecting morphism 0y : Hg(Ne) — Hg_1(Ls) is given by

Ok([n]) = [I] where n = gr(m), fr_1(l) = di(m) for some m € My,l € Z,_1(L,).  (30)

Hn(fe)

Hy,(No) ————— (31)

L M N
n n

H, (L)
coker(dL, ) e, coker(dM) I, coker(dY) —=0

dL M N

0 ——ker(d: ) I, ker(dM |) —2—"~ ker(d®_,)

n—1 n—1
7.‘.L 7.‘_I\J 7TN
n—1 n—1 n—1
Hn—l(Lo) Hn_l(af.)Hn—l(Mo)Hn_l(;.)Hn—l(No)

As the connecting morphism is constructed implicitly by a diagram chase, it does not appear
very intuitive at first. Nevertheless, it has nice properties and a conceptual interpretation. In
particular, it is compatible with chain maps between short exact sequences of chain complexes.
As a consequence, every chain map between short exact sequences in Ch 4 defines a chain map
between the associated long exact homology sequences in A.

Theorem 3.4.8: Let 0 — Lo 2% M, % N, — 0 und 0 — L, 2% M. % N7 = 0 be short
exact sequences of chain complexes in an abelian category A and «aq : Ly — L., Be : My — M,
and 7, : Ny — N/ chain maps such that the following diagram in Ch4 commutes

00— Ly —*~ M, -2~ N, 0 (32)
kT
0— =L, Lo p %N,



Then we obtain the following commuting diagram with exact rows

) Y g o) T () <2 i (), n) e (v,
Hp(ae) LHn(B-) lHn(%) lHnl(a-) LHnl(ﬂ-) Lan(%)
a/ /

1 n : n ‘ ;z n— ‘ n— ‘ an—
S i () ) ) R (g = (1) gy (v

where 0, : H,(Ns) — H,_1(Ls) and 0/, : H,(N]) — H,_1(L}) are the connecting morphisms.

Proof:
The squares in the diagram that do not involve the connecting morphisms commute by the
commutativity of and because the homologies are functors. It is sufficient to show that

commutes for all £ € Z. We prove this for A = R-mod. The general proof follows from the em-
bedding theorem. By the connecting morphisms 0 : Hy(N,) — Hy_1(L,) are characterised
by the condition

Or([n]) = [I] where n = gr(m), fr_1(l) = di(m) for some m € My,l € Zp_1(L,).  (33)

Together with the commutativity of and the fact that £, is a chain map this implies

(n) & 5 0 g(m) = gl 0 Bi(m) (34)
M o Bu(m) = Ber 0 dM(m) By o fur(l) = f1_y 0 s (D).

By definition of the connecting morphism ), we then have for all [n] € Hi(N,) and k € Z

9, o He(ve)([n]) = 34(e(m)]) 2 [an 1 ()] B Hi1(aw) 0 04([n). 0

Remark 3.4.9: The result in Theorem (3.4.8] is sometimes called the naturality of the
connecting morphism and allows one to view the connecting morphisms as natural trans-
formations between certain functors.

Denote by Shcy, the full subcategory of Chey, whose objects are short exact sequences in
Ch 4. Then Theorem [3.4.8|states that the connecting morphisms define natural transformations
On : H> — H}_| between the functors H? : Shcy,, — A and H} | : Shey,, — A that assign to a
short exact sequence 0 — L, — M, — N, — 0 in Chy the homologies H,, (N,) and H,_1(Ls),
respectively, and to a triple of chain maps as in the morphisms H,(v,) : H,(No) — H,(N])
and H,_1(ae) : Hy1(Le) = Hy—1(L)).
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4 Derived functors and (co)homologies

By comparing the results from Section [3| with the examples of (co)homologies in Section , we
see that the concrete approach from Section [2 has certain drawbacks and difficulties. Although
it was shown in Proposition that the homologies of a chain complex depend only on its
chain homotopy equivalence class, all definitions of (co)homology theories in Section [2|involved
concrete choices of chain complexes. As it is difficult to see if two given chain complexes are
chain homotopy equivalent, the consequences of these choices are hard to control.

There could be other chain complexes that are chain homotopy equivalent to the singular
chain complex, the Hochschild (co)complex or the chain complexes for group and Lie algebra
cohomology in Section [2| and give rise to much simpler computations of (co)homologies. In fact,
it is nearly impossible to compute Hochschild (co)homologies from their definition in Section
for any non-trivial examples. With a better understanding of the possible choices of chain
complexes one can compute (co)homologies more efficiently and treat more examples.

The concrete definitions in Section [2| are also conceptually unpleasant because they involve
arbitrary choices. The (co)homologies in Section [2| encoded properties of an object in a certain
category, namely a topological space, a bimodule over an algebra, a module over a group ring or
a Lie algebra representation. However, these (co)homologies were defined as (co)homologies of
certain (co)chain complexes constructed from this object. It is not clear if there are alternative
choices of chain complexes for each of these objects that would define other (co)homologies.

Moreover, the definitions of (co)homology theories in Section 2| did not systematically incorpo-
rate morphisms into the picture. We showed in Example that morphisms such as contin-
uous maps between topological spaces, morphisms of bimodules over an algebra or morphisms
of modules over group rings or morphisms of Lie algebra representations give rise to chain
maps between the associated chain complexes. It was also shown in Example that these
assignments define functors. However, it is not clear if this is a general pattern. We do not have
a general formalism that systematically assigns chain complexes to objects in a category C and
chain maps to morphisms between them.

In this section, we develop a more systematic approach that associates homologies not to chain
complexes in abelian categories but to certain additive functors between abelian categories. The
idea is the following:

e Associate to each object A in an abelian category A an ezact chain complex A,, a
so-called resolution of A. Suppose that the resolutions A, are unique up to chain
homotopy equivalence and constructed in such a way that any morphism f: A — A" in
A extends to a chain map f, : A, — A’ that is unique up to chain homotopy.

e Apply an additive functor F' : 4 — B into an abelian category B to the resolutions of
objects in A and chain maps between them. This associates to each object A in A a
chain complex F'(A,) that is again unique up to chain homotopy equivalence. To each
morphism f : A — A’ it associates a chain map F(f,) : F(A,) — F(A,) that is unique
up to chain homotopy.

e The homologies H,, F'(A.) depend only on the chain homotopy equivalence class of F(A,)
by Proposition and Exercise Hence, they are independent of the choice of the
resolution A, and depend only on the object A.
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e The chain maps F(f,) : F(A,) — F(A,) that extend morphisms f : A — A" in A
induce morphisms H,F(f,) : H,F'(As) — H,F(A,) in B that depend only on the chain
homotopy class of F'(f,) by Proposition . Hence, they depend only on the morphism
f:A— A" and not on the choice of the chain map f, : Ay — AL.

e If this construction is compatible with the composition of morphisms in A, it defines a
collection of functors H,F : A — B that send an object A to the homology H, F(A,)
and a morphism f : A — A’ to the morphism H,F(f,) : H,F(A,) — H,F(A,).

We will see in the following that most examples from Section namely Hochschild
(co)homologies, group cohomologies and cohomologies of Lie algebras can be realised as
homologies of functors in this way. This viewpoint has several advantages:

e It does not depend on non-canonical choices of chain complexes to define (co)homologies
but defines them intrinsically, as homologies of functors.

e [t brings different notions of homology and cohomology into a common framework and
hence allows one to investigate them more systematically.

e It allows one to compute (co)homologies more efficiently through the choice of appropriate
resolutions. This is a major advantage since the definitions in Section [2| can lead to very
cumbersome computations.

4.1 Resolutions

To determine under which assumptions this idea can be implemented, we investigate the ex-
istence and uniqueness of resolutions and the extension of morphisms to chain maps between
them. In this, we restrict attention to (co)chain complexes that are bounded below, like the
(co)chain complexes from Section [2l More specifically, in agreement with the standard conven-
tions in the literature, we require that all objects with index < —1 are zero objects and that
the objects under consideration occur in the (co)chain complex with index -1.

Definition 4.1.1: Let A be an abelian category and A an object in A.
1. A left resolution of A is an exact sequence in A of the form
A, By A I A A0
2. A right resolution of A is an exact sequence in A of the form
0 AL A0 L g1 4y 248
A left or right resolution is called projective or injective if A, or A" is projective or injective

for all n € Ny. If A = R-Mod, then a left or right resolution is called free if A, or A" is a free
R-module for all n € Ny and flat if A, or A" is a flat R-module for all n € Nj,.
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Example 4.1.2: (Bar resolution for group (co)homology)

Let k be a commutative ring and G a group. Consider the chain complex X, in k[G]-Mod with

X = <Gxn>k[G] nZO
" k n=-—1

dn(gb >gn> =0 > (.927 ,gn) + 2?;11<_1)l(917 <y 9i9i+1, 7gn> + (_1>n(glu ”"7gn—1)
do(g1) = 1,

where k carries the trivial k[G]-module structure and X,, = 0 for n < —1.
This chain complex is exact, since the k-linear (but not k[G]-linear) maps
h_y:k—k[G], 11, hn: Xn = Xnt1, 90> (91,-,9n) = (90, .-, 9n) for neNy

define a chain homotopy h, : 1x, = Ox, in k-Mod. As the homologies of X, as a chain complex
in k-Mod and k[G]-Mod are the same, X, is also exact in k[G]-Mod.

This shows that X, is a free and hence projective left resolution of the trivial k[G]-module k
in k[G]-Mod, the bar resolution of k.

Example 4.1.3: (Hochschild resolution)

Let k£ be a commutative ring and A an algebra over k. We consider the chain complex X, in
A-Mod-A from Example [3.3.5] 2. with

X, = A®(+2) n>-—1
dp: Xp = Xp 1, 0®...Q0py1 — X o(—1)'a0®...2(a;0i41)R... Q4 1,

X, =0 for n < —1 and the (A, A)-bimodule or A®A°?-module structure

> AQA? x X, — X, (b®c) > ap®....Ra,11 = (bag)®a1®...Ra,R(ay110)
> A®AOP X X_1 — X_l, (b@C) >ag = b(loC.

This chain complex is exact, because the k-linear maps
hn X, = Xn+17 ...Qap4+1 — 1®a0®...®an+1

define a chain homotopy 1x, = 0Oy, in k-Mod by Example [3.3.5] As the homologies of X, in
k-Mod and in A-Mod-A are the same, X, is also exact as a chain complex in A-Mod-A.

This shows that X, is a resolution of A in A-Mod-A, the Hochschild resolution of A. As
(A, A)-bimodule structures on a k-module M are in bijection with A®A°’-module structures
via a > m <1 b = (a®b) > m, we can also view this as a resolution of A in A®A°’-Mod.
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Example 4.1.4: (Chevalley-Eilenberg resolution for Lie algebra cohomology)

Let g be a Lie algebra over F. Then A"g is a free U(g)-module with the module structure
induced by the adjoint representation ad : g — Endr(A"g), ad(z)y = [z, y]. The chain complex
X, in U(g)-Mod with

X,=U(g)®eA"g, X ,=F
Ay (Y21 A o A y) = 20 (=) Ty @ A AT A ATy,
+ 21§i<j§n(—1)i+j y®[l‘“1‘]] VAN T N A f’z N A lL/‘\] VANPIRAN Tn

and U(g)-module structure &> : U(g) X X,, = X, 2> (yQz1 A ... Axyp) = (29)Qx1 Ao Axy is a
projective left resolution of the trivial U(g)-module F in U(g)-Mod. The proof of this statement
can be found in [HS| VIL.4].

Example 4.1.5: If R is a principal ideal domain, every finitely generated R-module N has a
free left resolution that is a short exact sequence 0 — L = M 5 N — 0.

This follows because the classification theorem for finitely generated modules over principal
ideal domains states that N is of the form N = R" x R/¢1R X ... X R/qxR with n, k € Ny and
prime powers ¢; € R. We can choose the free R-modules L = R* and M = R"** and

t:L— M, (ri,...,rg) = (0,...,0, 171, .., qxTk)

7: R & N, (71, ey Prak) = (1, ey Py Pt 1y ooy Pritk) -

To implement the idea outlined at the beginning of this section, we need resolutions that allow
us to extend every morphism between objects to a chain map between their resolutions. We
determine for which resolutions this is possible.

For this we consider two objects A, A’ in A with left resolutions A,, A, and a morphism
f:A— A’ The aim is to extend f: A — A’ to a chain map f, : Ay — A, with f_; = f

ds da2 dy do

A2 A1 Ao A 0
| | |

1 3fo 13f1 1 3fo jf

;A Iy L Sy A By

This should be done step by step from the right. In the first step, we require that for any
morphism f : A — A’ and epimorphisms dy : Ag — A and d;, : Aj — A’ there is a morphism
f02A0—>A6 with dgofOZdeo.

If we replace the morphism fody : Ag — A’ in this condition by a general morphism g : Ag — A’
in A, this is equivalent to the projectivity of Ay by Lemma [3.1.21] Hence, we should consider
left resolutions with projective objects Ay. We then attempt to extend f : A — A’ to a chain
map f, : Ae — A, by iterating the construction of fy : Ay — Ajf. For this, we should impose
that each object A,, in the left resolution A, except A_; = A is projective.

Indeed, we find that these conditions are sufficient to extend f : A — A’ to a chain map
fo : Ae — AL and to ensure that f, is unique up to chain homotopy. The corresponding
conditions and results for right resolutions are obtained by identifying right resolutions and
injective objects in A with left resolutions and projective objects in AP.
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Theorem 4.1.6: (fundamental lemma of homological algebra)

Let A be an abelian category.

d dl
L IfA, =... - Ay = A" — 0is exact and A, = ... LN Ao By A4 5 0 a chain complex
in A with A,, projective for all n € Ny, then for every morphism f : A — A’ there is a
chain map f, : Ae — A, with f_; = f, and this chain map is unique up to chain homotopy.

/—1 70 -1 0
2 IfA=0— A L A0 L s exact and A* =0 — A L A9 L | a chain complex
in A with A™ injective for all n € Ny, then for every morphism f : A — A’ there is a chain
map f®: A® — A’ with f~! = f, and this chain map is unique up to chain homotopy.

Proof:

We prove the first statement, since the second statement is the first one for A°P.

1. Construction of f,:

As Ay is projective and df, : Aj — A’ an epimorphism, by Lemma [3.1.21] there is a morphism
fo: Ao — Aj for which the following diagram commutes

Ag—2 A0

|
I'3fo lf
Y

dO
As dyody; =0 and dj o d} = 0, by the universal property of the kernels ¢o : ker(dy) — Ap and
vy « ker(dy) — Ap there are unique morphisms d; : Ay — ker(dp) and d : A} — ker(dj,) with
wody =d and (yod; = dj. As Aj is exact, we have ker(dy) = im(d}) and d} = ¢ o d is the
canonical factorisation of d} from Lemma [3.1.13] It follows that d} is an epimorphism. As we
have df, o fo 019 = f odyoiy =0, by the universal property of the kernel ¢ : ker(d) — A,
there is a unique morphism f; : ker(dg) — ker(dpy) with ¢ 0 fo = foou. As A; is projective and
d} : A} — ker(df)) an epimorphism, there is a morphism f; : A; — A} with d} o f; = flod;.

A, il Ay 4 0
IS
| ker(dp)
| |
3f11 13y fo f
| %
| ker(dj)
: 3!7/1 //7 x
vy 7
! ! /
Al Z A} Z A 0

Iterating this procedure yields a chain map f, : A, — A, with f_; = f.

2. Uniqueness of f,:

It is sufficient to show that any chain map f, : Ay — A, with f.; = 0: A — A’ is chain
homotopic to 0, : A, — A,. We iteratively construct morphisms h,, : A, — A, ., forn > —1
with f, = hy,—10d, +d, ., o h,. For this, we set h_; = 0: A — Aj and consider the commuting
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diagram from 1:
dy

ker(dy) 0

/\

As djo fo = 00dy = 0, by the universal property of the kernel 1y : Ag — ker(d;) there is a
unique morphism fJ : Ay — ker(d}) with tjo fi/ = fo. As Ay is projective and d} : A} — ker(d})
an epimorphism, by Lemma m 1| there is a morphlsm ho 1 Ag — Al with hgod| = fJ

A 0.

dy

A, Iy | 0
3ho 7 ///
// l—/E”f”
S ker(d) o o
/ "
/ .
¥ i
/ / /
Al Z A z A 0.
Thlslmphesd ohy+h_1o0dy =djohy+00d; =d] Oho—LOOd ohg =y0 f] = fo and

o(fi—hoody) =d,ofi— food; =0=00d;. We can apply the same argument again and
obtain the commuting diagram

d2 dl

A, ——= A Ap 0
- 7
Jh1 -~ - P <
e =
// ker(d’l) fi—hood1 |0
// 4
vy, dy
Al A’ Al 0
1
d/2 a0

It follows that dohy =) o d oh;y =djof'=fi—hood; and f; = d, o hy + hg o d;. Iterating
this procedure yields a chain homotopy h - f = 0,. O

Theorem [4.1.6] shows that projective resolutions of objects in an abelian category A have the
required extension properties for morphisms. They allow one to extend every morphism between
objects in A to a chain map between their resolutions that is unique up to chain homotopy.

We now determine under which conditions each object A in A has a projective left or injective
right resolution

A= BA, B4, B4, %% 450 or A =0 AL 08 gl 2 E

For this, note that the exactness of these chain complexes in A is equivalent to the statements
that dy is an epimorphism and d~! a monomorphism. We therefore must require at least that
for each object A in A, there is a projective object Ag and an epimorphism dy : Ag — A or an
injective object A° and a monomorphism d= : A — AY.
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Definition 4.1.7:

1. An abelian category A has enough projectives if for every object A in A there is a
projective object P in A and an epimorphism 7 : P — A.

2. An abelian category A has enough injectives if for every object A in A there is an
injective object I in A and a monomorphism ¢: A — I.

It turns out that the conditions in Definition are not only necessary for the existence of
projective and injective resolutions but also sufficient. They guarantee the existence of projective
or injective resolutions for all objects in A. Their uniqueness up to chain homotopy equivalence
then follows directly from Theorem [4.1.6]

Theorem 4.1.8: If an abelian category A has enough projectives (injectives), then every
object in A has a projective left (injective right) resolution, unique up to chain homotopy
equivalence.

Proof:
We prove the claim for projective left resolutions. The claim for injective right resolutions
follows, since injective right resolutions in A are projective left resolutions in A°.

Let A be an object in A. As A has enough projectives, there is a projective object Ay and
an epimorphism dy : Ay — A. For the kernel ¢y : ker(dy) — Ao there is a projective object
Ay and an epimorphism d} : A; — ker(dy). The morphism d; = (god} : Ay — Ay satisfies
im(d;) = ker(coker(god))) = ker(coker(tg)) = im(¢p) = ker(dp) since d} is an epimorphism and
Lo @ monomorphism and hence its own image.

This shows that the sequence A, 4, AO A — 0 is exact. Iterating this procedure yields a
projective resolution of A

dn+1 d3

IRV

ker(d,) ker(dp).

A—0

Let now A,, A, be two projective resolutions of A. Then by Theorem |4.1.6) m there are chain maps
fo:Ae — A, and f]: A, — A, with f 1 =14 = f’,. Their composites go = f. 0 fo : Ae — A,
and g, = feo f. : A, — A/ are chain maps with g_; = 14 = ¢’ ;. As the identity chain maps
la, + Ae — Aq and 14, : A, — A, also satisfy this condition, we have f, o fo ~ 14, and
fo o f{ ~ 14, by Theorem [£.1.6] Hence, f, : A, — A, is a chain homotopy equivalence. O

Theorems [4.1.6] and [4.1.§| guarantee that in an abelian category A with enough projectives
(injectives) every object has a projective (injective) resolution, unique up to chain homotopy
equivalence, and every morphism lifts to a chain map between resolutions, unique up to chain
homotopy. We can thus implement the idea at the beginning of this section in any abelian
category with enough projectives (injectives).

4.2 Projectivity and injectivity criteria

Our main examples of abelian categories are the categories R-Mod of modules over a ring R. To
apply the formalism from the last section to R-Mod, we need to check that R-Mod has enough
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projectives or injectives. We also need to verify that our standard resolutions, the bar resolution
for group cohomology, the Hochschild resolution and the Chevalley-Eilenberg resolution for Lie
algebra cohomology, are indeed projective resolutions and to derive derive general criteria for
projectivity and injectivity in abelian categories.

To do so, we recall the results on projectivity and injectivity from Section [3.1]

e By Definition [3.1.20] an object A in an abelian category A is projective and injective,
respectively, if the functors Hom(A, —) : A — Ab and Hom(—, A) : A — Ab are exact.

e By Lemmal[3.1.21]projectivity of A is equivalent to the existence of a morphism f': A — X
with 7o f/ = f for every morphism f : A — Y and epimorphism 7« : X — Y. Injectivity
of A is equivalent to the existence of a morphism [’ :Y — A with f' ot = f for every
morphism f : X — A and monomorphism ¢: X — Y.

e By Example|3.1.22|every free module over a ring R is projective. The abelian group Z/nZ
is neither injective nor projective, while the abelian group Z is a projective, but not an
injective Z-module.

The fact that every free module in R-Mod is projective implies immediately that the category
R-Mod has enough projectives. By Remark , 1. every R-module M is a quotient M = F/L
of a free and hence projective R-module F' by a submodule L. C F', and the canonical surjection
7w F'— M is an epimorphism. The proof that R-Mod has enough injectives is more involved,
see for instance [JS, Satz E.9] or [W], pp 39 —41].

Example 4.2.1:

1. For any ring R, the category R-Mod has enough projectives.
2. For any ring R, the category R-Mod has enough injectives.

The fact that free R-modules are projective implies directly that the bar resolution of group
cohomology from Example is a projective resolution, since it is a resolution by free k[G]-
modules. However, for the Hochschild resolution and the Chevalley-Eilenberg resolution from
Examples|4.1.3|and [4.1.4} the situation is more complicated. It is a priori not guaranteed that the
A®AP-modules and U(g)-modules in these resolutions are free. In fact, finite tensor products
A®" = A®y... Q1A of a k-algebra A with itself need not even be projective k-modules. In order
to derive good criteria for the projectivity of these standard resolutions, we need criteria for
the projectivity of products, direct sums and tensor products in R-Mod.

Criteria for the projectivity of coproducts and the injectivity of products can be derived in
more generality from the original definition of projective and injective objects in terms of ex-
actness of the functors Hom(A4,—) : A — Ab and Hom(—, A) : A®” — Ab. For this it is
sufficient to notice that the functors Hom(Il;e; X;, —), I;e;Hom(X;, —) : A — Ab are naturally
isomorphic, and so are the functors Hom(—, IT;c; X;), II;e;Hom(—, X;) : A®? — Ab. The ex-
actness of Hom(IT;c; X;, —) and Hom(—, IT;c; X;) amounts to the projectivity of the coproduct
and the injectivity of the product, whereas the exactness of the functors II;c;Hom(X;, —) and
II;c;Hom(—, X;) amounts to the projectivity and injectivity of all objects X; for ¢ € I.
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Lemma 4.2.2: Let A be an abelian category and (X;);e; a family of objects in A whose
(co)product exists. Then:

1. The coproduct I;c; X; is projective if and only if X; is projective for all ¢ € I.
2. The product IL;c; X; is injective if and only if X; is injective for all + € I.

Proof:
We prove the second claim by considering

e the functor F' = Hom(—, I1;c; X;) : A°? — Ab that assigns to an object A in A the abelian
group Hom 4 (A, I1;c;X;), and to a morphism f: A — B in A the group homomorphism

F(f) = Hom(f,IL;c;X;) : Homa(B, ;er X;) = Homa (A, ILies X;), g— go f,

e the functor G = Il;c;Hom(—, X;) : A” — Ab that assigns to an object A the abelian
group Il;c;Hom 4 (A, X;) and to a morphism f : A — B the unique group homomorphism

G(f) = WietHom(f, X;) : IlieHomu(B, Xi) — T/ Hom 4 (A, X;).
with 7; o IL,e;Hom(f, X;) = Hom(f, X;) o, for all j € I.
By the universal property of the product we have isomorphisms of abelian groups
na : Homa(A, Il X;) — e Homu(A, X;), g+ (70 9)ier

for each object A in A. The isomorphisms 1,4 define a natural isomorphism 7 : ' — G, since
for any morphism f : A — B the following diagram commutes

HOIHA(B, HielXi) 15 HielHomA(Ba Xi)

g (miog)ier

Hom(f,HieIXi):gHgofl

Hom 4 (A, ;e X5) 2 ;e Hom 4 (A, X5).

g—(miog)ier

lHiEIHom(ﬂXi):(gi)iEIH(giOf)iel

As I and G are naturally isomorphic, F' is exact if and only if G is by Corollary By
Definition [3.1.20] the exactness of F' is equivalent to the injectivity of II;c;X;. Exactness of G
is equivalent to the statement that for each short exact sequence 0 - A = B 5 C —0in A

HieIHOn’l(ﬂ',Xi) HieIHOm(L,Xi)
_ —_

0— HielHom(C, Xl) HieIHOHl(B, Xl) HiEIHom(A7 Xl) — 0
is an exact sequence in Ab = Z-Mod. From the concrete definition of the product in Z-Mod in

Definition [1.1.12} one finds that this is equivalent to the exactness of the sequence

0 — Hom(C, X;) 20X pom(B, X,) 222N Hom(A, X;) — 0
for all « € I and hence to the injectivity of X; for all © € [. O

By applying Lemma to finite coproducts in the abelian category A = R-Mod, we obtain a
useful projectivity criterion in terms of direct sums. The compatibility between tensor products
and direct sums then yields a criterion for the projectivity of tensor products over commutative
rings that can be applied to the Hochschild resolution and Chevalley-Eilenberg resolution.

Corollary 4.2.3: Let R be a ring.
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1. An R-module A is projective if and only if there is an R-module B with A & B free.

2. If R is commutative and A; and A, are projective, then A;®gA, is projective.

Proof:

1. By Example|3.1.22] 2. free R-modules are projective and by Lemma a direct sum A® B
is projective if and only if A and B are projective. Hence, if A @ B is free, it is projective and
A and B are projective by Lemma [4.2.2]

Conversely, every R-module A is a quotient A = F'/L of a free module F' by a submodule L C F,
and the canonical surjection 7 : F' — A is an epimorphism. If A is projective, there is an R-linear
map f: A — F with 7o f =id4 by Lemma[3.1.21] As id, is injective, f is injective as well and
hence an isomorphism onto its image A = im(f) C F. Hence A@ker(n) = im(f) @ ker(m) = F.

2. If A; and A, are projective, then by 1. there are R-modules B; and free R-modules F; = &, R
with A; @ B; = F;. The R-module A;®gzA, is then projective by 1, since the compatibility of
tensor products and direct sums implies

(A1®@rAs) & (A1QpBy ® B1®QrAs & Bi®@rDBs)
=~ (A1 @ B1)®r(As @ By) = Fi®pFy = (&, R) @r (L R) = ®n,x,ROrR = @R 0O

A similar reasoning can be used for flat modules. With an argument analogous to the proof of
Lemma [4.2.2] one can show that a direct sum of R-modules is flat if and only if each summand
is flat. By combining this with Corollary one finds that every projective R-module is flat

(Exercise [55)).

Corollary 4.2.4: Let R be a ring and (M;);c; a family of R-modules.

1. The direct sum @;c;M; is flat if and only if M; is flat for all 7 € I.
2. Every projective R-module is flat.

Inductively, the second claim in Corollary implies that all finite tensor products of pro-
jective modules over a commutative ring are projective. In particular, if A is an algebra
over a commutative ring that is projective as a k-module, then all finite tensor products
AP = ARpAQy ... QA are projective k-modules. Hence, under the assumption that A is
projective as a k-module, the Hochschild resolution is a projective resolution of A in k-Mod.
We show that it is a projective resolution in A®;A”?-Mod = A-Mod-A. By specialising to
A = U(g) we obtain an analogous result for the Chevalley-Eilenberg resolution.

Corollary 4.2.5: Let k be a commutative ring and F a field.

1. For any k-algebra A that is a projective k-module, the Hochschild resolution from
Example [4.1.3]is a projective resolution of A in A®;A°P-Mod.

2. For any Lie algebra g over I, the Chevalley-Eilenberg resolution from Example 4.1.4]is a
projective resolution of I in U(g)-Mod.

Proof:
1. We show that for any projective k-module M the module A®, M ®; A is a projective A®y AP-
module with the canonical A®;AP-module structure (b®c) > (a@m®ad’) = (ba)@m®(a’c). The

107



claim then follows because the A®;A°’-modules in the Hochschild resolution for n € Ny take
this form with M = A®" and A®" is a projective k-module by Corollary |4.2.3}

Projectivity of the k-module M implies that the functor Homy (M, —) : k-Mod — Ab is exact.
By applying the forgetful functor F : A®;A’-Mod — k-Mod, it follows that the functor
Homy (M, F(—)) : A®rAP-Mod — Ab is exact as well, because forgetting the A®;A°P-module
structures does not change the kernels or cokernels.

Projectivity of the A®;AP-module A®,M®;,A is equivalent to the exactness of the functor
Hom yg a0 (AR M @1 A, —) 1 ARrAP-Mod — Ab. By Corollary this follows, if the functors
Hom g aor (AR M ®; A, —) and Homg (M, F'(—)) are naturally isomorphic.

For this, note that for any A®,A’-module N, the map

Ny : Hom g, aor (AR M@y A, N) — Homy (M, F(N)), f+ [ f'(m) = f(1eam®1)

is an isomorphism of k-modules with inverse

ny' : Homy (M, F(N)) — Hom g, a0r (AR M@ A, N), g+ ¢ g (a@m®ad’) = (a®ad")>g(m),

and for every A®Q A°P-linear map f : N — N’, the following diagram commutes

Hom ag, or (AR M@ A, N) ™ 27¢ Hom, (M, N)

ngogl lg’b—)fog’

Hom g, aor (AR M ®, A, N') — Homy (M, N')
nn’:g—9g

This shows that the group isomorphisms 7y define a natural isomorphism

n : Hom g aer (AR M ®; A, —) — Homg (M, F(—)).

2. The claim follows from 1. by specialising to k = F, A = U(g) for a Lie algebra g over F and to
trivial U(g)-right module structures. The results in 1. imply that the U(g)-module U(g)®A"g
is a projective U(g)-module, since A"g is a free F-module. O

We have thus established that projective and injective resolutions exist for all objects in the
abelian category R-Mod and that the bar resolution and Chevalley-Eilenberg resolution are
indeed projective resolutions. For the Hochschild resolution, this holds if the k-algebra A is a
projective k-module, which is always the case if k£ is a field. In contrast, the bar resolution of
group cohomology is projective for any commutative ring k since it is a free resolution and free
modules are projective.

4.3 Derived functors

Given an abelian category A with enough projectives, we assign to each object A a projective
left resolution A,, unique up to chain homotopy equivalence, and to each morphism f: A — A’
a chain map f, : Ae — AL between the resolutions, unique up to chain homotopy.

An additive functor ' : A — B sends chain complexes A, to chain complexes F'(A,), chain maps
fo : Ae = A, to chain maps F(f,) : FI(As) — F(A,) and chain homotopies h, : fo = ge to chain
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homotopies F(he) : F(fe) = F(gs) (Exercise [A7)). It follows that for each object A in A and
projective resolution A, with A_; = A, the homologies H, F(A,) do not depend on the choice of
A,. Similarly, for a morphism f: A — A’ the associated morphism H, F(f,) : F(A,) — F(A,)
depends only on f and not on the choice of f,. Hence, we can view the objects H,(A,) and
morphisms H,(f,) : H,(As) — H,(A,) as quantities assigned to A and f: A — A’

The assignment of the morphisms H,, F'(f,) : H,F'(As) — H,F(A,) to morphisms f: A — A’
is compatible with the composition of morphisms and the identity morphisms. If f, : A, — Al
and f, : A, — A, are chain maps with f.1 = f: A — A" and f', = f': A — A”, then their
composite flof, : Ag — AJis a chain map with (flofe)_1 = f jof 1: A— A" AsF: A— Bis
an additive functor and H,, : Chg — B a functor, one has H,F(f, o fo) = H,F(f.) o H,F(f.).
Similarly, the identity chain map 14, : As — A, extends 14 : A — A, and the functor
H,F : A— Bsends it to H,F(14,) = 1y, r(a.)-

To ensure that the Oth homology is the object F'(A), one modifies the chain complex F'(A,) by
removing the object at index -1 and considers the homologies of the resulting chain complex
F(As)>o. That this indeed ensures that Hy(F(As)) = F(A) is shown in Lemma below.

The construction then defines functors L,F : A — B, the left derived functors of F. An
analogous construction for injective resolutions yields the right-derived functors R"F : A — B.
As they are useful and of interest mainly for functors F' : A — B that are left or right exact,
we restrict attention to these cases.

Definition 4.3.1: Let A, B be abelian categories.

1. If A has enough projectives and F : A — B is a right exact functor, the left derived
functors L, F : A — B for n € Ny are defined by:

o [,F(A) = H,F(As)>o, for a projective left resolution A, of A € Ob.A, where
F(As)>o is the chain complex

F(A)so = ... 20 prgy D T pgy P9 pag) o,

o L,F(f) = H,F(fs)>o for a morphism f : A — A’, where f, : Ae — A, is a chain
map between projective resolutions A, of A and A, of A’ with f_; = f.

2. If A has enough injectives and F' : A — B is a left exact functor, the right derived
functors R"F : A — B for n € Ny are defined by:

e R"F(A) = H"F(A®)s, for an injective right resolution A®* of A € Ob.A, where
F(A*)>g is the chain complex

dl)\

F(A%)s0 = 0 — F(A%) 29 peary 24D F@TD, g qmy 260,

e R'"F(f) = H"F(f*)>o for a morphism f : A — A’, where f*: A* — A’* is a chain
map between injective right resolutions A® of A and A" of A’ with f=! = f.

109



Remark 4.3.2:

1.
2.

The left (right) derived functors of a right (left) exact functor F' are additive (Exercise [59)).

If F: A— Bis eract, then R"F = 0 and L,F = 0 for all n > 0. In this case, F'(P,) is
exact for all projective resolutions P, of A and hence L,F(A) = H,(F(P,)) = 0 for all
n > 0 and A € A. The reasoning for the right derived functors is similar.

More generally, for any ezact functor G : B — C one has L,(GF) = G(L,F) for all
n € Ny and right exact functors F': A — B and R*(GH) = G(R"H) for all n € Ny and
left exact functors H : A — B (Exercise [60)).

. If A is a projective (injective) object in A4, then one has L,F(A) = 0 for all n > 0

(R"F(A) =0 for all n > 0) for all right (left) exact functors F': A — B.

This follows because A, =0 — A MA 5 0isa projective (injective) resolution of A.
As F(A,) is exact for any additive functor F' : A — B all (co)homologies of the chain
complex F(As)>o except the 0th (co)homology vanish.

. Any natural transformation 7 : F' — F’ between right (left) exact functors F' : A — B

induces a family (L,n)nen, of natural transformations L,n : L,F — L,F’ (a family
(R™)nen, of natural transformations R"n : R"F — R"F’) (Exercise [58).

We now compute the Oth left (right) derived functors for a right (left) exact functor F' : A — B
and show that they coincide with F'. This is the main motivation for defining the left and right
derived functors with the chain complexes F'(Aq)>o and F(A®)s¢ instead of F'(A,) and F(A®).

Lemma 4.3.3: Let A, B be abelian categories such that A has enough projectives (injectives)
and F : A — B right (left) exact. Then there is a natural isomorphism LoF — F' (R'F — F).

Proof:
We prove the claim for right exact functors. Let A, be a projective resolution of A. Then the
homology Hy(F'(As)>0) = LoF(A) is defined by the diagram

im(FT(dl))L ,— N ~ker(0) = F(Ay) o coker(¢o) = Ho(F(As)>0)
F(A) F(Ap) ] 0.

As 19 is an isomorphism and 7} an epimorphism, we have

LoF(A) = coker(gg) = coker(tg o ¢g) = coker(r]) = coker () o 7}) = coker(F(dy)).

As F': C — D is right exact, it preserves cokernels, which implies coker(F'(d;)) = F'(coker(dy)).
As A, is a projective resolution of A, we have coker(d;) = A and coker(F(d;)) = F(A).
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The naturality of the isomorphism LoF(A) — F(A) follows, because the diagram

im(F(dy))e - —— - 2% - o - = ker(0) “ coker(¢g) = Ho(F(Ad)s0) = LoF(A)
F(Al) W F<AO)FW F(A) = COkGI‘(F(dl))
F(f1) lF(fo) lF(f) LoF(f)|=Ho(F(fe)>0)
P ,Fldy) N ,
F(A}) ——— F(Ay) —> F(A") = coker(F(d}))
im(P(d])e - - - -0~ Zker(0) ——2 - coker(}) = Ho(F(AL)sy) = LoF(A')

commutes for any morphism f : A — A’, projective resolutions A, of A and A, of A" and chain
map f,: Ag — A, with f_; = f. O

Short exact sequences of chain complexes and the associated long exact homology sequences
are important tools for the computation of homologies. As the left and right derived functors
are defined as the homologies of certain chain complexes, it is natural to relate their values on
short exact sequences in A. The first step is then to extend short exact sequences of objects
in A to short exact sequences of projective (injective) resolutions. As injective resolutions in A
correspond to projective resolutions in A it is sufficient to consider projective resolutions.

Lemma 4.3.4: (Horseshoe Lemma)

Let A be an abelian category with enough projectives, 0 — L — M = N — 0 a short exact
sequence in A and L, and N, projective resolutions of L and N. Then there is a projective
resolution M, of M and chain maps i : Le — M, and m, : My — Ny with t_1 =cand n_; =«
such that 0 — Le = M, = N, — 0 is a short exact sequence in Chy.

Proof:

1. We construct M, inductively. For this, we set M_; = M and My = Lo IT Ny. As coproducts
of projective objects are projective by Lemma [£.2.2] the object M is projective. Denote by
vy : Lo = My, 1§ : No — M, the canonical injections and by mj : My — Lo and 75 : My — N

the canonical surjections for the factors in My = Lo IT Ny. Then we have ker(7)) = im(s) for
i # j and obtain a short exact sequence

0= Lo LoII Ny =% Ny — 0.

We now construct the boundary morphism d}! : My — M. As Ny is projective and 7 : M — N
an epimorphism, there is a morphism df¥ : Ny — M with 7 o dj¥ = d}’. By the universal
property of the coproduct, there is a unique morphism d) : Ly IT Ny — M with d}f o1} = 1o dk
and d)f o2 = d}. This implies

1 2 1

M _ L _q_ N M2 _ IN _ N _ N 2 2
mody og=morody =0=4dy omyoy mody owg=mody, =dy =dy omyou

and with the universal property of the coproduct 7o d}f = d) o 72. We have the following
commuting diagram with exact rows

Ll 7T2
0 — L= Ly II Ny === Ny —=0
| 7
7
db M . idgy
i y .7 3dN

0 L———>M N 0.

s
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By applying the snake lemma to this diagram we obtain an exact sequence

0 — ker(db) N ker(d3") o, ker(dl) LN coker(d}) — coker(d)') — coker(d)) — 0. (35)

As L, and N, are exact, we have coker(d:) = 0 = coker(d)’). This yields a short exact sequence

7 =2
0 — ker(dy) 2% ker(d)’) =% ker(d)) — 0 (36)
and implies coker(d}?) = 0. Hence d}! : My — M is an epimorphism.

2. We now consider the short exact sequence (36 and for X = L, N the chain complexes X
with X', = ker(d), X/, = Xn41 for n € Ny and boundary operators given by /X = &\, for
n € N and d5* : X; — ker(dY) induced by df : X; — X, via exactness and the universal

property of the kernel. Then L] and N/ form projective resolutions of ker(d}) and ker(d)).

By applying step 1. to these projective resolutions and the short exact sequence ([36]), we obtain
a projective object M; = Ly IT Ny and an epimorphism d}M : M; — ker(d}!). By composing it
with the inclusion morphism ¢ : ker(d)’) — My, we obtain a morphism d¥ = cod™ : M; — M,
and the following commuting diagram with exact rows and columns

ot w2
0—>L1(4L1HN11—»-N1ﬁ0

e w| e
2
L,

5 e
0—>L0(4L0HN00—»-N0—>0

idé d%l idév

0 L——M N 0.

™

As in step 1, applying the snake lemma to its upper two rows yields a short exact sequence
o 72
0 — ker(dl) = ker(d)') =% ker(dy) — 0. (37)

Iterating step 2 then yields a short exact sequence of chain complexes 0 — Lo = M, = Ny — 0
such that M, is a projective resolution of M. O

Using this lemma and the long exact homology sequence from Theorem |3.4.7] we can relate the
values of left and right derived functors on a short exact sequence of objects in A. This yields a
long exact sequence of derived functors. Morphisms of short exact sequences in A induce chain
maps between these long exact sequences.

Theorem 4.3.5: Let A, B be abelian categories, I’ : A — B an additive functor.

1. If A has enough projectives and F' is right exact, then for every short exact sequence
0+ A5 B5 C—0in A one has a long exact sequence of left derived functors

LB ey BED L re) 2y LoFA) 2P LorB) 2P Lopo) <o,

and for every chain map between short exact sequences

0—>A—+>B-—"+>C—>0 (38)

bbb

0 A ——~= B "= 0
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one has a commuting diagram

O A Y L p )y D o) O Y (39)
LuF() L.F(5) le ) an V()
9, L n 4 n—1
g R r oyt DL p(ery <2 L, R ()Y

2. If A has enough injectives and F' is left exact, then for every short exact sequence
0=+ A5 B5 C — 0 one has a long exact sequence of right derived functors

0 L 0 s 1 L 1 s
0 ROP(A) 21, poppy 25O, popoy & RUp(4) BEY, pipp) 210,

and for every chain map between short exact sequences

0 A—=B-—-"=C 0

bbb

0—s=A =B T (' ——=0

one has a commuting diagram
n— n T n n—+1 .
O Rrp(A) Y gy P e 0y 2 g p(a) T
R"F(a) R"F(B) R"F(v) LR"HF(Q)
F(u RMF(r

/m—1 i n+1
O pn (A D e p (B D pe pcry 2% prtp(ony )
Proof:
By Remark [£.3.2] left and right derived functors are additive. We prove the remaining claims
for right exact functors. The claim for left exact functors then follows by considering A.

By Lemma there are projective resolutions A,, B, and C, of A, B,C that form a short
exact sequence of chain complexes 0 — A, = B, = C, — 0. By applying the functor F and
removing the terms in degree -1 in this sequence, we obtain an exact sequence

F(LO) F(WO)

0— F(A.)zo _— F(B,)zo — F(C.)ZO — 0.

The exactness of this sequence follows from the construction of 0 — A, = By, = Cy — 0
in Lemma [4.3.4} For n > 0, we have B, = A, II C,, with the inclusion and the projection
morphisms ¢, =} : A, = A, 11 C, and 7, = 72 : A, 11 C,, — C, of the (co)product. As F is
additive, it preserves finite (co)products and hence the sequence

F(l)=

0 = F(A,) U= o4, 11C,) = F(AL) TF(C,) D=

2
~ F(Cp) =0
is exact for all n € Ny. The first statement then follows from Theorem about the long

exact homology sequence, since the left derived functors are given by L, F'(X) = H,,(F(Xe)n>0)
for X = A, B, C.

Given two short exact sequences 0 =+ A =+ B 5 C — 0 and 0 — A’ LSBT0 50
and morphisms a : A — A', : B — B’ and v: C — C’ as in (38), we can choose projective
resolutions A,, B,, C, and A',, B',, C’, that form two short exact sequences of chain complexes
by Lemma [4.3.4, Theorem then yields chain maps a, : Ay — Ao, fe : Be — B’y and
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Yo : Co = C'y with a1 =, f_1 = § and y_; = . Applying F' and omitting the lowest terms
gives the following commuting diagram with exact rows

F(Le F(me
00— F(As)>0 L) F(Bs)>o ) F(Cy)>0—=0
lF(ao)m lF(ﬁo)>o jF(%)>o
F(e) F(my)

0——=F(A')s0—>F(B's)>0 —> F(C"s) 50 —0,

and Theorem m yields the commuting diagram (39)). O

Remark 4.3.6: Theorem implies that L, =0 for alln > 0 (R"F = 0 for all n > 0) of
a right (left) exact functor F': A — B if and only if F is exact.

The only if-statement follows direct from the definition. Theorem [4.3.5| implies that if all left
derived functors L, F' vanish, we have short exact sequence

0= LoF(A) 29 popBy 2% 1opo) — 0.

As LoF = F, this implies the exactness of 0 — F/(A) o, F(B) o, F(C) — 0 for each short
exact sequence 0 — A = B 5 C' — 0 in A and hence the exactness of F' by Lemma [3.4.3|

4.4 The functors Tor and Ext

The results from the last subsection allow us to consider the left (right) derived functors of right
(left) exact functors F' : A — B whenever the category A has enough projectives (injectives).
In particular, these conditions are satisfied for the category R-Mod for any ring R. The most
important examples of right and left exact functors are the functors M®g— : R-Mod — Ab
and Hompg(—, N) : R-Mod” — Ab for a fixed R-right module M and R-left module N, which

are right and left exact by Corollary 3.1.16| and Lemma |3.1.17]

Definition 4.4.1: Let R be a ring, M an R-right module and N an R-left module.

1. The left derived functors of the right exact functor M ®g — : R-Mod — Ab are denoted
Tor® (M, —) := L,(M®g—).

2. The right derived functors of the left exact functor Homg(—, N) : R-Mod” — Ab are
denoted Ext(—, N) := R"Hompg(—, N).

Remark 4.4.2:

1. To compute the value of the functors Tor and Ext on an R-module A, one uses projective
resolutions of A. For Tor, this holds by definition of the left derived functors. For Ext
this holds because an injective resolution of A in R-Mod” is the same as a projective
resolution of A in R-Mod.

2. One has Ext(M,N) = 0 for all n > 0 and R-modules M if and only if NV is injective
and Tor®(M, N) = 0 for all n > 0 and R-modules N if and only if M is flat.
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3. All R-linear maps f: M — M’ and g : N — N’ define natural transformations
f®r— : M®r— — M'®r— and Hom(—, g) : Hom(—, N) — Hom(—, N’). By Remark
, 5. they induce natural transformations Tor(f, —) : Tor®(M, —) — Tor (M’ —)
and natural transformations Ext,(—, g) : Extl(—, N) — Extpx(—, N).

It turns out that most of the (co)homology theories in Section [2 are nothing but the functors
Tor and Ext for specific choices of rings. This gives a simpler description of these cohomology
theories and places them in a common framework.

Example 4.4.3: (Group (co)homology)

Let k£ be a commutative ring and G a group. The bar resolution from Example [4.1.2
x, = 4G e n 20
k n=-—1

dn(Qla 7gn) =0 > (927 agn) + 2?2_11(_1)1<gla vy 9iGi+1, '-'7gn) + (—1)n(91, ~-'-agn—l)
dO(gl) =1.

is a free and hence projective resolution of the trivial k[G]-module k.

Applying the functor P®yg— : k[G]-Mod — k-Mod for a k[G]-right module P to the chain
complex (Xq)>o with X_; replaced by 0 yields the chain complex C(G, P) for group homology

C(G, P)n = PR (G™" )ric) = POR(G™" )k
Ay (PD(91, -, 9n)) = (P <D g1)® (G2 s Gun) — PR(G1925 s Gn) £ -+ (=1)"PR(g1, s G-

Applying the functor Hom(—, M) : k[G]-Mod” — k-Mod for a k[G]-module M to the chain
complex (X,)>o with X_; replaced by 0 yields a cochain complex C*(G, M) of group cohomology

Cn(G,M) = HOIHHG](<GX”>]€[G], M) = Map(Gxn, M)
d"(0)(go, -, Gn) = Go> (g1, -y Gn) + 201 (= 1) DGy vy Gio1Gis s Gn) F (= 1) D( G0y -y Groo1)-
Hence, we have

H,(G, P) = Tor"l“(P, k) H™(G, M) = Extyg (k, M).

Example 4.4.4: (Hochschild (co)homology)

Let k be a commutative ring, A an algebra over k that is projective as a k-module. Then by
Example and Corollary the chain complex X, with

X, = A®(”+2) n>—1
dn X, = Xn—l; ap®....Q0p4+1 > Z;n:o(—]_)z a0®...®(aiai+1)®...®an+1.

is a projective resolution of A in AR A°’-Mod.

Applying the functor M® gga0r— : A®AP-Mod — k-Mod for an (A, A)-bimodule M to the
associated chain complex (X,)>o with X_; removed yields a chain complex Y, in k-Mod with

Y, = M®A®AOPA®(n+2) n € Ny
dn(m®a0®...®an+1) = Z?ZO(—l)im®ao®...®(aiai+1)®...®an+1,
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and the k-linear maps
fr: M@ g4 APF2) 5 M@, A", m@ap®...0n41 — (Anpr B> m < ag) Qa1 ®...Qa,

define an invertible chain map in k-Mod from Y, to the Hochschild complex Ci(A, M) from
Definition [2.2.3| If we let the Tor functors for A® A take values in k-Mod, we obtain

H,(A, M) = Tor2®4™ (M, A).

Applying the functor Homagaor(—, M) : ARAP-Mod” — k-Mod to (X,.)s>o yields a cochain
complex Z° in k-Mod with

Z" = Hompgaor (A®"H2 M) ne N,
dn(¢)(a0®...®an+1®an+2) = E?:O(—1)igb(a0®...®(aiai+1)®...®an+1),
and the k-linear maps
fn : Hom g aor (AP M) — Homy (A®", M), fo(d)(a1®...0a,) = d(1Qa;1®...Qa,D1)

define an invertible cochain map in k-Mod from Z°® to the Hochschild cocomplex C*(A, M)
from Definition [2.2.4] This implies

H™(A, M) = Ext’y yor (A, M),

Example 4.4.5: (Lie algebra cohomology)

Let g be a Lie algebra over F. Then the Chevalley-Eilenberg complex X, from Example 4.1.4
X,=U(g)®A"g, X ,=F
dp(yRx1 A o Ay) = B0 (= 1) yz @01 A AT A LA Ty,
+ Elgi<j§n(—1)i+j y@[.’lﬂ'“&lj] A\ T VANPVAN f@ AN .f/U\] FANAN Tn

with U(g)-module structure > : U(g) x X,, = X,,, 2> (y®@x1 A ... Axyp) = (2y)@x1 A ... A Xy, 1S
a projective resolution of the trivial U(g)-module F in U(g)-Mod.

Applying the functor Hom(—, M) : U(g)-Mod — Vecty to X, for an U(g)-module M and
omitting the term X _; yields the chain complex W, in Vecty with

Wn - HomU(g)(U(g)(g)Anga M) = HOIHF(Ang, M)
dn(f) (w0, .oy 2n) = S0 (=1) 2 > f(21, .00, Ty, ooy T
+ 20§i<j§n(—1)i+j f([xl, iL'j], Loy «eny l/’\i, ceny .Z/'\j, l'n)
This is the cochain complex of Lie algebra cohomology, and we have

This allows us to give an alternative definition of the (co)homology theories from Section
in terms of the functors Tor and Ext. This is more conceptual as it does not rely on concrete
choices of chain complexes. It is also much better for computations, because it allows one to
compute (co)homologies from any projective resolution of the objects under consideration. In
many cases, there are much simpler projective resolutions than the standard resolutions.
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Definition 4.4.6: Let k£ be a commutative ring and [ a field.

1. Group homology of a group G with coefficients in a k[G]-right module M and group
cohomology of G with coefficients in a k[G]-left module M are given by

H,(G, M) = Tor* (M k) H™(G, M) = Exty(k, M).

2. Hochschild homology and cohomology of an algebra A that is a projective k-module with
coefficients in an (A, A)-bimodule M are given by

H, (A, M) = Tor, " (M, A) H"(A, M) = Ext’ig 0 (A, M).

3. Lie algebra homology of a Lie algebra g over F with coefficients in a right U(g)-module
M and Lie algebra cohomology of g with coefficients in a U(g)-module M are given by

H,,(g, M) = Tor, " (M,F) H"(g, M) = Extg g (F, M).

Example 4.4.7: (Group (co)homologies of cyclic groups)
We compute H,(Z/mZ,7Z) and H"(Z/mZ,Z) for the trivial Z|Z/mZ]-module Z.

To distinguish the group multiplication in Z/mZ from the addition in the group ring R :=
Z|7./mZ] we identify Z/mZ with the subgroup Z/mZ = {e*>™*/™ | k =0,1,...,m — 1} C C*.

e We consider the following chain complex in R-Mod

B 7212)m7) B 2T mZ) D T2 /mZ) L Z[Z/mZ) 2 7 — 0
1 n=>0
dn(627rik/m) = { e2mik/m _ 2mi(k+1)/m n odd (40)
14 e2m/m 4 e2ritm=D/m () even,
where + stands for the addition in R = Z[Z/mZ]. This is a free (and hence projective) resolution
of Z in R-Mod since im(dy) = Z and
ker(dgni1) = {A1 + e2™/™ 4 4 2Mn=D/mY | X € Z) = im(dap o)
ker(don) = {14+ A e¥™/™ 4 4 X 2T D/M N e Mg+ o+ A = 0} = im(dany1)-

e To compute H,(Z/mZ,Z), we apply the functor Z&gr— : R-Mod — Ab to the free resolution
and omit the last entry on the right. As ¢ : Z&QrR — 7Z, z®r + z < r is an isomorphism
in Ab with inverse ¢! : Z — Z®grR, z — 2®1 and

(idz®d2n+l)<z®e2wik/m) _ z®(€27rik/m . 627ri(k—&-1)/m) =201 — 201 =0

(idz®d2n)<z®62wik/m) — z®(1 + 627ri/m 4.+ eZﬂ'i(Tnfl)/m) = mz®l = (b*l(m . ¢(z®e2ﬂik/m))’

we have an isomorphism of chain complexes

7R U 79 RS 75 R 7o RN 7o R 20

P N N

Z Z Z Z Z 0

z—mz 0 z—=mz 0
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and the group homologies are given by

ker(0)/im(0) = Z n=0
H,(Z/mZ,Z) = Tor“2/m2(7, 7)) = { ker(z — mz)/im(0) = 0 n > 0 even
ker(0)/im(z — mz) = Z/mZ n odd.

e For the cohomologies H"(Z/mZ,Z), we apply Homg(—,Z) : R-Mod” — Ab to the free
resolution and omit the first term on the left. As the R-module R is cyclic with generator
1 and Z is equipped with the trivial R-module structure, the map ¢ : Homg(R,Z) — Z,
f — f(1) is an isomorphism in Ab with inverse ¢! : Z — Hompg(R,Z), z — f. with the
constant map f, : R — Z, r — z. The coboundary operators satisfy

¢ o Homp(dani1, Z)(f) = f(donsa(1)) = f(1) — f(/™) =0
¢ o Homp(dony2, Z)(f) = f(dania(1)) = f(1 + ™™ + 4 2D/ = f(1) = m - ¢(f),

and we obtain an isomorphism of cochain complexes

0 —— Homg(R. Z) "2 Homp(R, 2) "% Homp(R, 2) "% Homp(R, 2) 22
gl¢ gl¢ gl¢ glgs
0 Z 0 Z P Z 0 Z z—mz

The group cohomologies H"(Z/mZ,Z) are the cohomologies of this cochain complex:

ker(0)/im(0) = Z n=0
H™(Z/mZ,Z) = Exty 1,7/ (Z, Z) = { ker(z — mz)/im(0) = 0 n odd
ker(0)/im(z — mz) = Z/mZ n even.

We now consider Hochschild (co)homologies. We already established in Exercise (19| that for
any separable algebra A over a field & and any (A, A)-bimodule M all Hochschild homologies
H,(A, M) and cohomologies H"(A, M) for n € N vanish. This applies in particular to any
finite-dimensional semisimple algebra A over an algebraically closed field k such as matrix
algebras and group algebras k|G| with char(k) { |G|. Hence, Hochschild (co)homologies are of
interest mainly for non-semisimple algebras with a more complicated structure. They are rather
difficult to compute in practice, so we treat only a simple example.

Example 4.4.8: (Hochschild homologies of the tensor algebra)

Let V be a vector space over a field F. The tensor algebra T'(V) of V is the vector space
T(V) =& ,V® with V¥° := F and the multiplication given by concatenation

(11®...0U,) * (Vpr1®...QUp k) = V... QUp 1k Vn,k € Nyv; € V.

e We consider the chain complex X, given by

0= T(V)@pVerT (V) L T(V)@sT(V) L T(V) = 0
di(z@v®y) = (- v)®y — 1@(v - y), do(r®y) =1 - y.
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It is a free resolution of the T'(V)®T(V)P-module T'(V') in T(V)®T(V)°P-Mod, since we have
dy o d; = 0 and the F-linear maps

hey: T(V) = T(V)@FT(V), z 5 2®1
ho : T(V)@]FT(V) — T(V)@FV@)FT(V), ZE@(’Ul cee ’Un) — —E?:lxvl V1 QU QU1+ - Upy

define a chain homotopy from 1x, : X, — X, to Ox, : Xo = X,.

e To compute the Hochschild homologies, we omit the first term on the right and apply the
functor T(V)®g— : R-Mod — Vecty for R := T(V)®T (V). To simplify the resulting chain
complex, we consider the F-linear isomorphisms

¢: T(V)@r(T(V)2rVeET(V)) = T(V)QFV, WR(TRUVRY) = Yywr®U

b T(V)@R(T(V)2ET(V)) > T(V), we(a@y)  yu.

with inverses

o T(V)2pV — T(V)Rr(T(V)2rVRT(V)), wRU - wR(1Rve1)
v T(V) = TV)Rp(T(V)RT(V)), w = wR(1R1).
As we have

Yo ([d®d;) (wRzRuvRYy) = Y(w(1v)RY — wRrR(vy)) = ywr - v — v - yw,
we obtain an isomorphism of chain complexes

id®dq
—

0——=T(V)@r(T(V)@sV&ET(V))

lqs :lw

T(V)orV

IR

dy: zQu—zv—v-z

The Hochschild homologies of T'(V') are the homologies of this chain complex. Denoting by
Tp o VO = VO 0®...Qv, — 1,Q01R...Qv,_; the linear map that cyclically permutes the
factors in the tensor product V®" we obtain

T(V)/im(d’l) n=>0 FeV e @k22v®n/(idv®k — Tk)V®n n=~0
H,(T(V),T(V)) = q ker(d}) n=1~2V®G{r € V& | 1(x) =z} n=1
0 n>1 0 n > 1.

For V' =T we obtain the polynomial algebra F[z] = T'(IF) and its Hochschild homologies

Flz] n=0
H,(Flz],Flz]) =< 2F[z] n=1
0 n > 1.

While we clarified the interpretation of Tor and Ext in the context of Hochschild (co)homology,
group (co)homology and Lie algebra (co)homology in Section 2, we do not know what properties
of the R-modules are encoded in Tor and Ext for a general rings R.
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By considering the functors Torff : R-Mod — Ab for finitely generated modules over a principal
ideal domain, we find that they are related to the torsion of the modules, which motivates the
name Tor. For this, recall that every finitely generated module over a principal ideal domain R
is isomorphic to a module M = R"x R/p{* x...x R/p;* with n € Ny, n; € N and prime elements
pi € R. By Lemmal(l.1.21] we have M = R"® Torg(M) with Torg(M) = R/p{"Rx ...x R/p;*R,
and by Lemma every submodule of a free R-module is free.

Example 4.4.9: (Tor” for finitely generated modules over principal ideal domains)

1. Let R be a principal ideal domain. We compute Tor?(R/qR, R/pR) for p,q € R.
By Lemma we have

Torf(R/qR, R/pR) = Lo(R/qR®r—)(R/pR) = R/qRRrR/pR = R/gcd(p, q)R.

To compute the higher homologies, we use the free (and therefore projective) resolution

dy:r—pr

0— R

R 2= R/pR — 0. (41)

By applying the functor R/¢R®r— : Ab — Ab, omitting the last term on the right and
using the isomorphism R/qR®rR = R/qR, we obtain the chain complex

0— R/qR 7 R/qR — 0.
Its first homology is given by
Tor{(R/qR, R/pR) = ker(d) = {z € R/qR | q|p -z} = R/gcd(p, )R,
while all higher homologies vanish. This yields

R/ged(p, )R k=0,1
Tor®(R/qR, R/pR) =
Ork( /q /p ) {0 E> 9

2. We compute Tory(R/qR, R). By Lemma m Torf(R/qR,R) = R/qR ®r R = R/qR.
As R is a free R-module, it is projective by Example [3.1.22] and Remark 4. implies

R/qR k=0
0 k> 1.

Torf(R/qR, R) = {
3. We compute Torf(R, R/pR) and Torf (R, R). By Lemma we have
Torf(R, R/pR) = R®rR/pR = R/pR  Torf(R,R) =~ R®r R = R.
As R is a projective R-module, it is flat by Corollary and Remark [£.4.2] 2. implies

R k=0
0 k>1.

R/pR k=0

Tor®(R, R)
0 kzl, Ork(7 ) {

Torf(R, R/pR) = {

As the left derived functors are additive and every finitely generated R-module is of the form
M = R™ x Torg(M) with the torsion submodule given by Torg(M) = R/¢:R x ... X R/q.R for
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prime powers ¢; € R, Example shows that Tor(M, N) = {0} for all n > 0 if M or N are
torsion free. Hence, Tor? is related to the torsion of the modules M, N.

This example also shows a more general pattern. For any ring R and R-left module N that has
a short exact sequence as a projective resolution, all torsion functors Torf(M ,N) for n > 2
and arbitrary R-right modules M vanish. If NV is projective, then Torf‘(M ,N) =0 as well.

By a similar computation, we can determine the functors Ext} : R-Mod — R-Mod for principal
ideal domains R (Exercise . To motivate its name, we show that it classifies extensions of
modules. This holds more generally for abelian categories A, since Hom(—, A) : A — Ab and
Ext"y = R"Hom(—, A) : A — Ab are defined for any abelian category .A. For our purposes, it
is sufficient to consider the case A = R-Mod for some ring R and the functor Extp 4.

Definition 4.4.10: Let R be a ring and N an R-module.

1. An extension of N by an R-module L is a short exact sequence 0 — L = M 5 N — 0.

2. Two extensions 0 = L % M 5 N = 0und 0 — L 5 M 5 N — 0 are called
equivalent if there is an isomorphism f : M — M’ for which the following diagram
commutes

0—L—>M-—"+N—=0

LidL %jf Lid]\/

0 L——-M -"+N 0.

3. One says an extension splits, if it is equivalent to an extension of the form
0-LS5 LN N0,

where 11 : L - L& N and m : L& N — N denote the inclusion map for the first and
the projection map for the second factor in the direct sum.

Proposition 4.4.11: Let L, N be modules over a ring R. Then equivalence classes of exten-
sions of N by L are in bijection with elements of Exty(N, L). Extensions that split correspond
to the element 0 € Extp (N, L).

Proof:
1. We define a map ¢ : Ex(N, L)/~ — Extg(N, L), where Ex(N, L)/~ is the set of equivalence
classes of extensions of N by L.

For every extension 0 — L = M 5 N — 0 the long exact sequence of derived functors from
Theorem yields an exact sequence

0 — Homp(N, L) 222°% Homp(M, L) £20% Homp(L, L) &5 ExtL(N, L) — ... (42)

By assigning to the extension 0 — L = M 5 N — 0 the element 0°(id;) € Extyp(N, L) we
obtain a map ¢ : Ex(N, L) — Extk(N, L) from the set of extensions of N by L to Exth(N, L).

10— L% M ™ N = 0is another extension equivalent to 0 - L = M 5 N — 0, then
there is an R-linear isomorphism f : M — M’ with fo. = and 7’ o f = 7. The naturality of
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the connecting morphism then yields the following commuting diagram with exact rows

g—got

.. — Homp(M, L) =% Homp(L, L) -2~ Ext}(N, L) —— . ..

gHQOfT% idT ]id

g—rgot’

.. —=Homp(M', L)">2% Homp(L, L) L= ExtL (N, L) — ..

*)

which implies 0°(id;) = 0°(id.). This shows that ¢ : Ex(N, L) — Ext(N, L) is constant on
equivalence classes of extensions and induces a map ¢ : Ex(N, L)/~ — Extg(N, L).

2. We show that ¢ is surjective by constructing for each element m € Exty (N, L) an extension
me=0—L M N =0 with ¢(me) = m.

2.(a) We construct an auxiliary exact sequence o, =0 — Y L x & N = 0 with projective X
and surjective connecting homomorphism @9 : Homg(Y, L) — Extp(N, L):

As R-Mod has enough projectives, there is a projective R-module X and an epimorphism
P: X — N. With Y = ker(P) and the inclusion [ : ker(P) — X, we obtain an exact sequence

0o Y =ker(P) 5 X 5 N 0.

As X is projective, we have Ext (X, L) = 0 for all R-modules L. As Ext%(A, L) = Homg(A, L)
for all R-modules A Theorem [4.3.5] yields the long exact sequence of right derived functors

o o 0
0 — Homp(N, L) 27%°% Homp(X, L) 2% Homp(V, L) 2 ExtL(N, L) — 0 — ...
This implies that 8% : Hompg(Y, L) — Extp(N, L) is surjective: for every m € Exty (N, L) there
is an R-linear map f:Y — L with m = 9%(f).

2.(b) We construct an extension me =0 — L = M = N — 0 with ¢(m,) = m by setting
M= (X & L)/im(g) with g=id0l—isof:Y > X&L, (43)

where iy : X - X & L and iy : L — X @ L are the inclusions. We denote by p; : X & L — X
and py : X & L — L its projections and by p : X & L — M the canonical surjection.

By the universal property of the direct sum, there is a unique morphism 7" : X @& L. — N with
7" o4y = P and 1" oiy = 0. As P is an epimorphism, 7" is an epimorphism as well, and it
satisfies 7" o g = " 017 01 = P oI = 0. By the universal property of the cokernel p, there is a
unique morphism 7 : M — N with 7 o p = 7", and 7 is an epimorphism

ilT ™ I3l
I P v
0 Y X N 0.

Composing the inclusion 7 : L — X @ L with the canonical surjection p yields an injection
t=poiy: L — M due to the definition of ¢ in (43]). By definition of ¢ and of g, p in (43)), we
have 1o f =poigo f = poiyol. By definition of 7” and 7, we have ropoi; = 7" o0iy = P.
Hence, we have a commuting diagram




Its first row is exact by construction, and the second, because 7 is surjective, ¢ is injective and

ker(m) = {[(,])] | # € X,1 € L,m(z) = 0} “""=" {[((y),1)] : yeY,le L}
{014 )] : 1€ Ly e Y} ={[(0.])]: I €L} =im(u).

The naturality of the connecting morphism then yields the commuting diagram

0
Homp(Y, L) —2=~ ExtL(N, L)

[\hr—ﬁwf idT

Homp(L, L) ~L~ExtL(N, L),

which implies m = 0%(f) = 8°(idy, o f) = 8°(idy). Hence, m¢ = 0 — L 5 M = N — 0 is an
extension of N by L with ¢(me) = m, and ¢ is surjective.

3. We prove injectivity of ¢. For this, we show that every extension 0 — L = M’ =5 N — 0
with 9°(id) = m is equivalent to m,.

As X is projective and P an epimorphism, there is an R-linear map A’ : X — M’ with
7' oh' = P. This implies 7' o h’ o [ = Po I = 0. By the universal property of the kernel ¢/ there
is a unique R-linear map f':Y — L with /o f' = I/ o I. We obtain the following commuting
diagram with exact rows

0 LM -~sN 0
f’T h’] idy

0 y L PN 0
: mj »|

0 L 0.

As 9°(idg) = 9°(f) = 9%(f") = m = 9"°(id), we have f — f" € ker(9?). By the exactness of the
long exact sequence of derived functors for x,, there is an R-linear map k : X — L with
f—f =kol. We consider the R-linear map

r=(MN+dok)opr+lopy: XBL— M, x+1—h(x)+ok(z)+ /(). (44)
By definition of ¢ in it satisfies
(43)

rog.h/oplog—l—L okopiog+iopyog Nol+i/okol—1iof

=Vo(f'+kol—f)=1/00=0.

By the universal property of the cokernel p : X & L — M, it induces a unique R-linear map
r': M — M’ with " o p = r. By definition of 7" and by definition of ¢, p in step 2. we have

r"or=1"opoiy=roiy =1
#orop=nor=aohop+7olokop+7olopy=n"0ohop,=Pop, =mop.

As p is an epimorphism, the second identity implies 7’ o 7/ = 7, and we obtain a commuting
diagram with exact rows

L——M-—"=N—=0

EN b e )

L——M -"+=N 0.
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By the 5-Lemma (Exercise r': M — M’ is an isomorphism. This shows that the extension
0—> L M Z5 N —0is equivalent to me =0 — L = M =5 N — 0 and ¢ is injective.

4. We prove that an extension X, = 0 — L = M = N — 0 splits if and only if ¢(X,) = 0.

If X, splits, then it is equivalent to an extension of the foorm 0 — L < L& N = N — 0.
The map Hom(ey, L) : Hompg(L & N,L) — Hompg(L,L), f — f o is surjective, and this
implies 9° = 0 in the exact sequence (42). Hence, we have ¢(X,) = 8°(id;,) = 0. Conversely, if
¢(X,) = 9°(idy,) = 0, we have id;, € ker(9°) = im(Hom(¢, L)) by the exactness of (42). Hence,
there is an R-linear map f : M — L with fo:=1idy, and X, splits by Exercise O

4.5 Tor and Ext as bifunctors

To get a full understanding of the functors Tor and Ext, it remains to clarify one issue. The
functors Tor and Ext were introduced in Definition [4.4.1] as, respectively, the left derived func-
tors Tor®(L, —) = L,(L ®g —) : R-Mod — Ab for an R-right module L and the right derived
functors Extl,(—, M) = R"Hompg(—, M) : R-Mod” — Ab for an R-left module M.

This involved arbitrary choices, namely tensoring with L on the [left and considering R-linear
maps into the module M. Instead of the right exact functor L&g— : R-Mod — Ab and the left
exact functor Hompg(—, M) : R-Mod” — Ab, we could have considered the right exact functor
—®rM : R°’-Mod — Ab and the left exact functor Homg(M, —) : R-Mod — Ab, with their left
and right derived functors Tor’*(—, M) = L, (—®rM) and Ext})"(M, —) = R"Homp(M, —).

To determine how Tor’ and Ext’ are related to Tor and Ext, we consider the functors
®g : R®-Mod x R-Mod — Ab and Hom(—,—) : R-Mod” x R-Mod — Ab. It turns out
that they send a pair of chain complexes to a chain complex in the abelian category Chg.poq Of
chain complexes in R-Mod. However, working in Chpg_10q breaks the symmetry between the two
arguments and obscures some of the structures. For this reason, one works with an equivalent
concept, double compleres in R-Mod, in which both arguments appear on an equal footing.

Definition 4.5.1: Let A be an abelian category.

1. A double complex in A is a family Xee = (X ;)i jez of objects in A together with two
families (de)i,jeZ and (dy ;)i jez of morphisms de Xy Xiyand df 0 X — X,
the horizontal and vertical differentials, such that for all ¢, € Z:

dh

7,7—1

i—1,7

h . h
-O(hJ .A&J —%<X%,1J,1 d;

1_17.7

odgj =0 dv

i,5—1

2. A morphism of double complexes foo : Xee — Yao is a family (f;;) jez of morphisms
fij: X;; =Y, in A that satisfy for all ¢, j € Z

h,Y h, X 24 Y
diy o fij = ficrgody; diy © fiz=fijr0diy .

A double complex X,, is called bounded on the left (bounded below) if there is an n € Z
with X;; =0for all i <n and j € Z (with X;; =0 for all j <n and i € Z).

Remark 4.5.2:

1. Double complexes and morphisms of double complexes in A form a category DCh 4.
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2. We can regard double complexes X,, in A as chain complexes in Chy and vice versa.
Every double complex X,o in A defines a family of chain complexes X/ = (X; ;);cz with
differentials d’ = (d!;)iez. The morphisms d;”’ = (—1)'d}; : XM — X7 define chain
maps dJ : X — Xhi—1,

&9 0 = (-1

h i 1h i—1,h g o
i-1,5 © di,j = (_1)Zdz’,j—1 o d;},j = Z o dgj Vi, j € Z.

Hence, we have a chain complex (X,,d?) in Chy with X; = X7 and boundary operators
dy =d37 - X — X771 A morphism foe : Xee — Yoo of double complexes yields chain
maps fI = (fi;)ijez : X079 — X871 that define a chain map f, : X, — Ya.

Conversely, every chain complex (X,,d?) = (X7,d¥);cz in Chy with X7 = (X7, d)ics
defines a double complex X, = (X; ;)i jez in A with X, ; = X7, i = d, dj; = (—1)idY.
The minus sign in the vertical differential is sometimes called the Koszul sign trick.

dh dh dn dh
2oL g 41,541 i = 1,541
i1l — X 1.
v v v
dita 41 ) j+1 41541
h h h h
di'vo 41,5 0% d;'; D% 41,5
— ij i1 —>
v v v
di1; d di_1,5
h h h h
divo i1 divy 1 dii_1 di_y,51

- T Ay -1 —>Xz',j71—>X'71

Double complexes are relevant for our question, because tensoring a chain complex L, in R-
Mod and a chain complex M, in R-Mod yields a double complex in Ab. The same holds if we
apply the functor Hom(—, —) : R-Mod” x R-Mod — Ab to chain complexes M, in R-Mod”
and Ny = (N;);e; in R-Mod. For the latter, we can also view M, as a chain complex in R-Mod
by replacing M; — M_; and d; — d_;.

Example 4.5.3: Let R be a ring.

1. If L, is a chain complex in R°’~-Mod and M, a chain complex in R-Mod, then we obtain
a double complex X,, in Ab with

X, ; = Li®rM,;, d; = df ®idyy,, dY; = (—1)"idg,@d}.
2. If M,, N, are chain complexes in R-Mod, we obtain a double complex Y,, in Ab with

Y; ; = Homp(M_;, N;), dgfj Cfe fod”, ), di;: f = (—1)Z‘d§Vof.

In constrast to chain complexes in Ch 4, double complexes in A clearly exhibit the symmetries
between their rows and columns. They also allow one to construct chain complexes in A by
taking diagonal complexes. For this, one combines all objects X;; with fixed ¢+ j into a product
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or coproduct and their horizontal and vertical differentials into a new chain map. This yields
the so-called total complexes. To define them for general double complexes, one has to require
that countable products and coproducts exist for all chain complexes in A. If one restricts
attention to double complexes bounded on the left and below, this is not necessary.

Lemma 4.5.4: Let A be an abelian category in which products and coproducts exist for all
countable families of objects in A.

1. Every double complex X,, in A defines two chain complexes TotL (X,,) and TotL (X,,)
in A, the total complexes of X,,, given by

II o 11 n __ n 1 h n—1 v
Tot, (Xes) = Wit j=n Xi j, dyoul; =" 0d+u  od;,
II _ n—1 1T h
TOtn (X°°> - Hi—&-j:nXi,j? T © d dz+1 g ° 7Tz+1 J + dz J+1 © 7T7, NESE

where (7', : X; ; — Tot} (X..) and Ly : Tot)! (Xee) — X, ; are the inclusion and projection
morphisms for the coproduct and product

2. Every morphism foe : Xeo — Yee 0f double complexes induces chain maps
fE Totl(X,.) — Totl(Ya,) fH ot =10 fij
' Tot(Xee) = ot (Yee) i © ff = figomy

3. This defines functors Tot™, Tot" : DChy — Ch..

Proof:
We prove the claims for the chain complex Tot?(X..). The proof for Totlf(X..) is analogous.

1. From the definition of d" : Tot!' — Tot. | we obtain for all 4,j € Z and n = i + j

n+2 n+1
dn+1 © dn+2 © Lz+1 J+1 — dn+1 © Lz j+1 ° dz+1 J+1 + dn—l—l © Lz+1 J © dz—i—l ,J+1

_ v
= Lifl,jJrlOdi,jJrlOdi+1,j+1+62j (dfj41 0 di' ]+1+dl+1]od’t+1 )t odiy jodly i = 0.

By the universal property of the coproduct, this implies dy o dy,; = 0 for all n € Z.

2. If foo : Xeo = Yee is a morphism of double complexes, then we have

Y1l Xn Y1 Yn-1 _ jYh Yn—1  jYv
Mo o =d Mo f o fiy= i o d o fuy i 0 dY o iy
Yn—1 Xh Yn—1 Xv _ eI Xn—1 Xh Xn—1 Xh
—zljofz 15 © d +nglofi,jflodi,j— 1O(Li—1,g d +Lz]10di,j)
11 XII _  Xn
_fn 1Od OL'LJ

for 4,7 € Z and n = i + j. This implies d¥ "o fI = fII o @XM by the universal property of the
coproduct and shows that fI : Tot],l(X..) — Tot{l(Y..) is a chain map. As this is compatible
with the composition and the identity morphisms, we obtain a functor Tot" : DChy — Chou.
O

The total complexes of a double complex allow one to describe double complexes in an abelian
category A in terms of chain complexes in A. Moreover, one has sufficient conditions on the
double complexes that imply the exactness of the associated total complexes in A. Whenever
a double complex is bounded from below or from the left, the exactness of the row or column
complexes guarantees that its total complexes are also exact.
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Lemma 4.5.5: Let X,¢ = (X; ;)i jez be a double complex in an abelian category A in which
products and coproducts exist for all countable families of objects. Then:

1. The total complex TotL (X,.) is exact if all row complexes X = (X ;, d”)zez are exact

and X,, is bounded below or if all column complexes X! = (X, dY J) jez are exact and
Xee 1s bounded on the left.

2. The total complex Totl (X,,) is exact if all row complexes X} = (X, d" )iz, are exact
and X,. is bounded on the left or if all column complexes X! = (X, ; d7 )jez are exact
and X,e is bounded below.

Proof:
We prove the claims for A = R-Mod and for exact row complexes. The proof for exact column
complexes is analogous.

1. It is sufficient to prove exactness in Tot(]f(X..) = ez X 1 = pen, X_pn for a double
complex X, with X;; = 0 for all j < 0. All other cases can be obtained from this by renum-
bering the rows and columns. Let © = (2,)nen, With 2, € X _,,,, be in ker(d') C Totg (Xea).
Then dg (x) = (d",, ,(xn) +d*,,_1 11 (Tnt1))nen, = 0, and by definition of the coproduct there
is an ¢ € Ny with z,, = 0 for all n > 4. This implies

—Z'L

d". (z;) =0, d}inn(a:n) +d?, 1 (Tng1) = 0for 0 <n <, d&o(mo) = 0.

We construct an element i = (y,)nen, € Tot](Xee) With v, € X_, 11, and d¥(y) = 2. For this,
we set y, = 0 for n > ¢ and inductively construct elements vy;_,,, € X_;mi1,i—m for m € No.

For m = 0, the exactness of the row complexes and the identity d”, ;(x;) = 0 imply that there is
an element y; € X_;1; with d”,, ;(y;) = x;. Suppose we constructed for k € {i,i—1,..,j+1}
elements y € X_jy1 that satisfy z, = d", . . (yx) + d* 411 (Y1) Then we have

dlijj(xj - dzijjJrl(ijrl)) = d}ij 7j(xj) + dﬂijﬂ J+1© dfij,j+1(yj+1>
_d}ij @) +dY (g =AYy e (Yi2)) = df”(xj) +d% (i) =0,
and by exactness of the row complex thereisa y; € X_j 1 ; with d" ;| ;(y;) = 2;—d"; ;1 (Yj41)-

For j = —1, we obtain 2_y = 0 and d} _, od} ;(yo) = —d§ o(9) = 0. Hence we can choose y, = 0
for n < —1 and obtain an element y = (y, )nen, € Tot} with df(y) = z.

2. It is sufficient to prove exactness in Totf (Xee) = ez Xn—n = HpenyXn,—n for double
complexes Xqo with X;; = 0 for ¢ < 0. All other cases are obtained from this by renumbering
the rows and columns. Let 2 = (2,,)nen, € ker(dl)) C Toty (Xee) with z,, € X,, _,,. Then

dh w(@n) +dy i (2no1) =0 for n>1 d’&o(:vo) = 0.

We construct an element y = (y,)nen, € Tot] (Xee) with 4, € X1, and dii(y) = = by
induction over n € Ny. For n = 0 the exactness of the row complex and the identity d&o(a:) =0
imply that there is an element yo € X; o with d’io(yo) = xo. Suppose we constructed elements
Yr € Xpyr,—k With z = djf ) (k) +d}) 1 (yr—1) for all 0 <k < n. Then

dy (=) (Yn1)) = di () +dy o d i (Yn1)
= dh w(Tn) +d; 1, n+1(37 -1 dfbfl,*n+2(yn*2)) = dﬁ,fn(:cn) + dqrjzfl,fn+1<xn*1) =0.

As the row complexes are exact, there is a y, € Xpy1,—p with d, ) (Yn) = 20— df 1 (Yn—1).
Hence we constructed an element y = (¥, )nen, € Tot]'(Xee) with dil(y) = z. O
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We can now apply these results to the double complexes from Example By tensoring
a projective resolution L, of an R-right module L and a projective resolution M, of an R-
left module M and omitting the terms with L_; = L or M_; = M, we obtain bounded
double complexes with, respectively, exact rows or columns. By Lemma the associated
total complexes are exact. Tensoring the resolution L, with M or the resolution M, with L
over R yields a short exact sequence of chain complexes. The associated long exact homol-
ogy sequence then relates Tor?(L, M) = L,(L ®g —)(M) to Tor’™(L, M) = L,(—®rM)(L).
An analogous procedure for R-left modules M, N relates Ext, (M, N) = R"Hompg(—, N)(M)
and Exty (M, N) = R"Hompg(M, —)(N).

Theorem 4.5.6: Let R be a ring. Then for all R-left modules M, N and R-right modules L
Torf(L, M) = Tor’®(L, M)  Ext}(M,N) = Exth (M, N) Vn € Ny.
and for all R-linear maps f: L — L', g: M — M and h: N — N’

Tor,'(f,9) = La(=®9)(f) = La(f&—)(g) = Tor,(f,9)
Exts (g, h) = R"Homg(g, —)(h) = R"Hom(—, h)(g) = Ext}(g, h).

Proof:
We prove Torf(L, M) = Tor’?(L, M). The proof of Ext’,(M, N) = Ext/7*(M, N) is analogous.

We choose projective resolutions L, of L and M, of M in, respectively, R°’~-Mod and R-Mod
and denote by L, = Le>¢ and M, = M,>( the associated chain complexes with L_; = L and
M_, = M replaced by 0. Let X,, and Y,, be the double complexes in Ab from Example

Xij=L®rM;,  Yij=L®&M;,  d},=d/®idy,, d;=(-1)id,®d}". (45)

As L; and M; are projective for all i > —1, they are flat by Corollary and Exercise .
As L, and M, are exact, it follows that all column complexes Y = L;®M, and row complexes
X] = L® RMJ- are exact as well. As X,, and Y,, are bounded from the left and from below, it
follows that the total complexes Tot];[(X..) and Tot,H(Y..) are exact by Lemma m

Denoting by L, and M the chain complexes with L' | = L, M', = M and L, = M/ = 0 for
1 # —1, we have short exact sequences of chain complexes

/Lf ﬂ—f T /Liw 7r£\/1 —
0 =L, =Ly — Le—0 0—+ M, — My — M, — 0.

As L; and M; are projective for all j € Ny, this defines short exact sequences of chain complexes

, 1e ®@ida; Ty ®iday;
0 = Ly @rM; —— L@pM; ——— Le@rM; — 0

idLj(X)L]W idg, ®7|’M

0 — Li@gM, —— Li@gM, —— L;@gM, — 0
in Ab for all 7 € Ny and short exact sequences of double complexes
L oL M oM
0= L., =% Xeo =2 Z4o — 0 0— M,y =% Yoo =% Zoo — 0, (46)

where I/

o0

M|, and Z,, are the double complexes with

L' ;=LerM;, Li;=0fori# -1, M | =L®gM, M];=0fori# -1, Z;=L®zM,.
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The differentials of these double complexes are given by the differentials of L., M!, L, and M,,
as in ([45). Lemma yields short exact sequences of total complexes

TOt ( o) TOt (7‘—00)
Rt LN ey

0 — Totl(L.,) Tot!(X..) Tot!(Zea) — 0 (47)

TotLl (:11) Totl (72)

0 — Totl(M,) Tot (Ye) Totl (Zee) — 0.

As X,,Y, are bounded below and on the left, TotH(X .) and Tot?(Y..) are exact by Lemma
4.5.5, all homologies H,(Tot!(X,,)) and H,(Tot(Y,,)) vanish. Their long exact homology
sequences from Theorem take the form

.0 = Hy 1 (Tot(Za,)) LiTIN H,(Tot(LL,)) = 0 — H,(Tot:(Z.,)) O, H, 1 (Tot(L.,)) — 0...
.0 = Hy,yi(Tot(Z,,)) LEN H,(Tot(M.,)) = 0 — H,(Tot}(Z,,)) o, H,_1(Tot(M.,)) = 0...

and 0F : H,(Tot)(Ze)) — H,-1(Tot(L.,)), OM : H,(Tot;(Zes)) — H,_1(Tot(M.,)) are
isomorphisms for all n € N. By definition, we have

Tot, ,(Ly,) = L&OrM, = (Log—)(M,)  Toty, 4(M.,) = Ly,®@rM = (—@M)(Ly,)
and hence

Tor’®(L, M) = L,(~®@rM)(L) = H,_,(Tot(M.,)) = H,(Tot}(Z..))
> H,-1(Tot, (L,,)) = Ln(L&r—)(M) = Tor, (L, M).

All R-linear maps f : L — L' and g : M — M’ extend to chain maps f, : L, — L, and
Je : My — M| between the projective resolutions, to chain maps between the associated short
exact sequences of double complexes in and to chain maps between the associated short
exact sequences of total complexes in . By Propositionthey induce chain maps between
the associated long exact homology sequences, and this implies

Tor,'(f, 9) = Lu(=®9)(f) = La(f®—)(9) = Tor;/(f,g),

where Tor” f —) = L,(f®—) : Tor®(L,—) — Tor’(L/, —) is the natural transformation from
Remark [4.4.2 3. and Tor’”(—, g) = L,(—®g) its counterpart for Tor’?, O

Theorem 4.5.6| shows that the choices involved in the definition of Tor and Ext, namely the
decision to tensor on the left and to take R-linear maps into a given module are of no con-
sequence, since tensoring on the right and taking R-linear maps from a module lead to the
same functors. Moreover, it shows that Tor and Ext are functors in both arguments and that
applying morphisms in the first and in the second argument commutes. In other words, they
define functors from the product categories R°-Mod x R-Mod and R-Mod” x R-Mod. Such
functors are also called bifunctors.

Corollary 4.5.7: For any ring R, the functors Tor and Ext define a family of functors

Tor® : R’-Mod x R-Mod — Ab Ext% : R-Mod” x R-Mod — Ab.
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4.6 Tensor products of chain complexes

Total complexes of double complexes have other interesting applications beyond Tor and Ext.
In particular, they allow one to define tensor products of chain complexes in R-Mod. In this
section, we investigate the properties of such tensor products and derive a general formula that
relates the homologies of two chain complexes to the homologies of their tensor product, the
Kiunneth formula. This formula has important applications in singular homology. It allows one
to compute the homologies of product spaces and characterises the homologies H, (X, k) of a
topological space X for a commutative ring k in terms of the homologies H,,(X,Z).

Definition 4.6.1: Let X, be a chain complex in R°’-Mod and X a chain complex in R-Mod.
The tensor product X,®X] is the total complex of the double complex in Example 4.5.3] 1:

(Xe®X()n = Brez XiQrX,_p,
df? C(Xe®X))p — (Xe®X L )n1,
d% 0 tpp—k = th1n—k © (e®idyxr )+ (=1) 1pn__1 0 (idx, @d, ;)

where (g, 1 Xp®rX] . — (Xe®X]), are the inclusions for the direct sums.

Tensor products of chain complexes give a more intuitive description of chain homotopies that
is closer to the definition of homotopies between continuous maps. Although chain homotopies
were defined by a technical condition in Definition it was already shown in Remark
that a chain homotopy he : fo = ge between chain maps f,, ge : Xe — X in R-Mod can be
viewed as a chain map h, : Yo — X| for a certain chain complex Y, constructed from X, with
he 0t = f, and h, ol = g, for inclusion chain maps (2,:! : X, — Y,. By using the tensor

product of chain complexes, we can show that the chain complex Y, in Remark is just the
tensor product of X, with a standard chain complex in R-Mod-R.

Example 4.6.2: Let R be a commutative ring and consider the chain complex

AE:O%RMR@R—W

in R-Mod-R with the module structures given by left and right multiplication. Then for any
chain complex X, in R-Mod the tensor product Al®X, is given by

(A®Xa)n = Aj®pX, & A{@rX,—1 = (R® R)®pX, ® ROpX,1 = X, ® X, ® X,
and the boundary morphism d% : (Al®X,), — (Al®X,), 1 take the form
d2: X, X, & X, 1 = X0 1D X1 ® Xpo, (z,2,2") = (dy(x) + 2", dp(2)) — 2", —d,_1(2")).
This is the chain complex Y, from Remark |3.3.3]
Together with Remark [3.3.3] this shows that a chain homotopy from a chain map f, : Xo — X

to ge : Xo — X! can be viewed as a chain map h, : Al®prX, — X! with h, 0/ = f, and
he o 1t} = g, for the canonical inclusions :2,:! : X, — Al®X, from Remark . This is the

Chpg.mog-counterpart of the definition of a homotopy in Top, where a homotopy h : f = ¢
between continuous maps f,g : X — X' is defined as a continuous map h : [0,1] x X — X’

with h oY = f and h o' = g for the inclusions ¢* : X — [0,1] x X, z > (i, z).
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The chain complex Al in Chp.oq plays the role of the unit interval [0,1] in Top. This is more
than just an analogy. We can view unit interval [0, 1] as a simplicial complex that consists of
two O-simplices representing its endpoints and a single 1-simplex. Then the associated simplicial
chain complex from Definition becomes precisely the chain complex Al

We will now derive a formula for the homologies of the tensor product X,®X] in terms of the
homologies of X, and X/. For this we need the assumption that all R-modules X,, and also
their images d,,(X,,) are flat. Note that the first assumption is satisfied if all objects in X, are
projective and, in particular, if all modules X, are free. If the underlying ring R is a prinicpal
ideal domain, the condition that each module X, is free also ensures d,(X,) C X, is free by
Example [I.1.16] 3 and hence flat. Note that this holds in particular for the chain complexes
Co(X, k) in singular homology if k is a principal ideal domain.

The key idea is to view the flat chain complex X, as the middle term in a short exact sequence of
chain complexes. This short exact sequence is obtained by taking the modules Z,, = ker(d,,) and
B, = d,(X,) and combining them into two chain complexes Z, and B, with trivial boundary
morphisms. The inclusions and the boundary morphisms then define a short exact sequence
0 — Zy —» X¢ — B, — 0. By tensoring this short exact sequence of chain complexes with X
one obtains a short exact sequence of double complexes and a short exact sequence of their
total complexes. The result then follows by computing its long exact sequence of homologies.

Theorem 4.6.3: (Kiinneth formula for chain complexes)

Let X, be a chain complex in R’-Mod and X a chain complex in R-Mod. If X,, and d,,(X,,)
are flat for all n € Z, then there is a short exact sequence

0 — @ Hi(X)@r (X)) 2 Hy(Xe® X)) 2 @ Torf (Hy(X.), Hy—1(X1)) = 0

keZ kEZ

Proof:

1. To compute the homologies H,(X.®X.), we consider the chain complexes Z,, B, with
Z, = ker(d,) C X,, B, = d,(X,) C Z,1 and with zero boundary morphisms. Then the
inclusions ¢, : ker(d,) — X, and the corestrictions d,, : X,, — d,(X,) define a short exact
sequence of chain complexes

0= Zoe 2 X, 2 B, 0. (48)

For any R-module M, the functor —®@zrM : R°’-Mod — Ab is right exact with left de-
rived functors Tor/(— M) = L,(—®rM) : R*-Mod — Ab, and by Theorem we
have Tor(L, M) = Tor//'(L, M) for any R°’-module L. With this, one finds that the long
exact sequence of left derived functors from Theorem for the short exact sequence

0— Zy 2 X, & B, = 0 in R°’-Mod takes the form
- Torf (B, M) 2% Torf(Z,, M) — Torf(X,,, M) — Tor®(B,, M) 2
= TorR(B,, M) 2 Z,@pM 229 X @M 229 B @ p M — 0.

As the R’-modules X,, and B,, are flat, we have Tory(X,,, M) = Tort(B,,, M) = 0 for all k € N
and n € Ny by Remark [£.4.2] 2. The long exact sequence of left derived functors simplifies to
e 0 2 T (Z M) = 0 o = 02 Zy@pM 22EM X @M S B e M 0.
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The exactness of this sequence implies that Tory(Z,, M) = 0 for all k& € N and hence Z, is flat
for all n € Ny by Remark [£.4.2] 2. The last terms on the right form the short exact sequence

0— Z,@pM 2E8 x o M &9 B oL M — 0. (49)

2. To compute the homologies H,(X,®X|) we tensor the short exact sequence with the
chain complex X|. This yields a short exact sequence of double complexes

lee doo

0= Zeo — Xeo — Bee — 0

with Zy; = Zy®pX], Xk, = Xk®rX], Bry = Br®pX] and the morphisms tee and dee given
by ik = Lk®idxlx, di; = dk®idxl/. Its exactness follows by setting M = X] in the short exact
sequence . It induces a short exact sequence of the associated total complexes

e ®
0 = Zu@X, 5 Xo@ X 5 By@X, = 0
with (& and d? given by (& (z®2!, ) = w(zr)®x),_, and d2(zx@z), ) = di(zp)@2],_, for
all x, € Xy, 2z € Zy and «],_, € X, _,. Because the chain complexes B, and Z, have trivial
boundary morphisms, the differentials of Z,@X. and B,®X. are given by
dn (207, ) = (=1 m@d, (2, ) da(bp@a;,_;) = (1) "bp@d,_y (27, ;) (50)

for all z, € Zy, by, € By, x!

! € X! _,. The associated long exact homology sequence reads

i Hn(19) (&)

th(Z.®X£)—>Hn(X.®X:)an(B.@)Xi) ﬁnlln_l(Z.(X)Xi)—>H"71 . (51)
Because By is flat by assumption, Zj, is flat by 1. and due to (50)) we have

Hy(Be@X,) = (B®Ho(X,))n  Hn(Ze®X,) = (Ze@Ho(X,))n-
and the R-linear maps H,(t.) and H,(d,) are given by

Hn(Lo) : @kGZZk®RHn—k(X:) - HTL<XO®X:)7 Zk®[z7/’b—k] = [Zk@zg—k] (52)
Hn(do) : Hn(Xo®X:) — @kEZBk@)RHn—k(X:)) [xk®z':z—k] = dk(xk)®[2;1—k}

The connecting homomorphisms 92 in (51]) are determined by and given by the inclusions
02 : ®rerBr@rHpn 1(X)) = OrezZr1@rH,£(X0), k®[z,_j_1] — be®[2)_1_1]. (53)

Using that coker(02,,) = H,(Z,®X)/im(02,,) and im(H,(:Y)) = H,(Z.2X])/ker(H,(:3))
we see that is exact if and only if for all n € Ny we have exact sequences

0 — coker(9,,) 2 H,(X.®X.) 2 ker(92) — 0, (54)
where ¢/ and d], are induced by H,(¢J) and H,(d?).

3. To compute Torf(Hy.(X,), H,_r_1(X.)) we consider the short exact sequences

0 = Bt 2 Z, 25 Hy(X,) = 0 (55)
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with the inclusions 4y : dg11(Xki1) — ker(dy) and canonical surjections py : Z — Hy(X,). As
Tor (M L) = Tor’®(M, L) by Theorem the long exact sequence of left derived functors
for and —®@rH,, (X)) : R°?~-Mod — Ab reads

—"i1—>T0r R(Bjyr, Hyn (X)) = Tor?(Zy,, H,,, (X1)) — Torf (Hy(X,), Hm(X:))%

1 ®id

- —>Tor1 (Hk’(X')aHm(X:))—gBk-i-l@RHm(X,) ZyQpH, (X, )M)Hk(X-)®RHm(X:)_>O-

As By and Z;, are flat, we have Tor®(Byi1, Hyn (X)) = Tor?(Z;,, H,, (X)) = 0 for all k € N.
The exactness of the sequence then 1mphes Torf(H(X,), Hp(X.)) = 0 for n > 1, and its last
six terms on the right form an exact squence

0— Tor( (Hy(Xa), Hn(X))) ﬁ>Bkﬂ(@}z[fm(x ) LN Zy@rH (X)) M>Hk(X-)@’I%Hm(xi) —0.

Setting m = n — k, summing over k and comparing with the expression for the connection
morphism, we obtain an exact sequence

0 — ®pezTor (Hy(Xa), Hu-i(X))) “— ®pez Ber1@rHp—1 (X)) (56)
[a;?ﬂ
8
0 EBkEZHk (X°)®RHn—k(X£) @kez Zk@RHn_k’(Xi>

The exactness of implies

ker(974,) = lm( ) = @reznTory (Hy(X.), Hy-i (X)) (57)
coker(9%,,) = 1im(B) = ®rezHi(Xo)QrHn—1(X0),

and inserting this into (b4)) yields the exact sequence in the theorem

0 — BrezHp(Xo)@Hn (X)) = Ho(Xe@X]) 2 ez Tort (Hy(Xo), Hyp-1(X])) — 0.
From the expression for H,(te), we find that ¢/, is given by
b, OrezHp(Xo)QpHy—1(X]) = Ho(Xe®X,), [24]|®[z),_4] = [2:Qx;,_]. O
The Kiinneth formula in Theorem [4.6.3|also exists in a reduced version where the chain complex
X! is replaced by an R-module M. This is obtained by taking for the chain complex X/ in
Theorem a trivial chain complex of the form X, = 0 — M — 0. As its only non-trivial

entry is X = M, we have Hy(X]) = M and all other homologies vanish. Inserting this into
Theorem yields the following corollary.

Corollary 4.6.4: (Kiinneth formula for modules)

Let X, be a chain complex in R°’-Mod such that X,, and d,(X,,) are flat for all n € Z. Then
for every R-module M, there is a short exact sequence

0 = Ho(X)®rM 2 Hy(Xo@pM) 22 Tor(H,_(X.), M) — 0

with i, : H,(Xe)@rM — H, (X ®@pM), [z]@m — [z@m)].
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This reduced Kiinneth formula can be used to compute singular and simplicial homologies of
a topological space from its homologies with coefficients in Z. By Definitions and
2.1.9] these homologies depend on the choice of a commutative ring k. This was also apparent in
Example 3. where it was shown that the second simplicial homology H,(RP?, k) vanishes
if 2 1 char(k), whereas Ho(RP? Z/2Z) = 7 /2Z. Corollary not only establishes that all
singular and simplicial homologies with coefficients in a ring k can be reduced to singular and
simplicial homologies with coefficients in Z, but also gives a way to compute them. For singular
homologies this is known as the universal coefficient theorem.

Theorem 4.6.5: (universal coefficient theorem for singular homology)

Let X be a topological space, k a commutative ring and H, (X, k) the nth singular homology
of X with coefficients in & from Definition [2.1.4] Then one has a short exact sequence

0 = Ho(X,Z)®zk 2 Hy(X, k) 2 Tor?(H,_1(X,Z), k) — 0.

Proof:

We consider the singular chain complexes Co(X, k) from Definition and Example |3.2.5]
As C,(X, k) is a free k-module, k = Z®yzk for any ring k and due to the compatibility between
tensor products and direct sums, we have C,(X, k) = C, (X, Z)®zk.

The chain complex X, = C(X, Z) satisfies the assumptions of Corollary . Because all mod-
ules C,, (X, Z) are free, they are projective by Example[3.1.22] 1. and hence flat by Corollary[1.2.4]
and Exercise [55] As Z is a principal ideal domain, the submodules d,,(C,,(X,Z)) C Cp,_1(X, Z)
are also free by Example|1.1.16| 3. and hence flat as well. As we have Co(X, k) = Co(X, Z)®zk,
the result then follows from Corollary with R=7Z, M =k and X, = Co(X,Z). O

The Kiinneth formula for chain complexes in Theorem [4.6.3|also allows one to compute singular
homologies of product spaces X x Y from the homologies of X and Y. The main ingredient is
the Eilenberg-Zilber Theorem, which states that the singular chain complexes Co(X x Y, k) and
Co(X, k)21, Co(Y, k) are chain homotopy equivalent for any commutative ring k& and topological
spaces X, Y. We prove it in Section [5.5| following [McL1l, VIIL8], [tD), 9.7] and [D VI.12].

By restricting attention to principal ideal domains and combining the Eilenberg-Zilber Theo-
rem with Theorem we obtain a short exact sequence that relates the homologies of two
topological spaces to the homologies of their products.

Theorem 4.6.6: (Kiinneth theorem)

Let XY be topological spaces and k a principal ideal domain. Then for all n € Z there is a
short exact sequence relating the singular homologies

n n—1
0 — @D Hi(X, k)@kH,—; (Y, k) = Ho(X x Y, k) — @ Tor} (H; (X, k), Ho_j_1 (Y, k)) = 0.
§=0 §=0

Proof. This follows by applying the Kiinneth formula from Theorem to the chain com-
plexes X, = Co(Xo, k) and X, = C,(Y, k) for singular homology. As C,,(X, k) is a free module,
it is projective and hence flat. As k is a principal ideal domain, d,(C,(X,k)) C C,_1(X, k)
is free as a submodule of a free module and hence flat as well. The Eilenberg-Zilber Theorem
ensures that H,(X x Y, k) = H,(X.®X]). O
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5 Simplicial methods

In the last section, we derived a unified description of certain (co)homologies in terms of
the functors Tor and Ext. These functors are obtained as the left derived functors of the
functor L&gr— : R-Mod — Ab for an R-right module L and the right derived functors
of the functor Hom(—, M) : R — Mod” — Ab for an R-left module M. This descrip-
tion of (co)homologies in terms of Tor and Ext includes Hochschild (co)homologies, group
(co)homologies and (co)homologies of Lie algebras and does not rely on specific choices of
chain complexes. The standard chain complexes that were used to define these (co)homologies
in Section [2| were just specific examples of projective resolutions.

That the resulting description is independent of the choice of resolutions is conceptually nice
and very helpful in computations. However, it does not explain the origin and mathematical
structure of the standard resolutions such as the Hochschild resolution, the bar resolution for
group cohomology and the Chevalley-Eilenberg resolution for Lie algebra cohomology. Although
they are just specific choices of resolutions, they are distinguished by the fact that they work
globally, for all possible algebras, groups or Lie algebras under consideration.

Another interesting feature of the standard chain complexes from Section [2] is that they have
a very similar combinatorial structure. In all examples from Section [2 the boundary operators
of the relevant chain complexes C, are alternating sums d,, = X' (—1)'d’, for certain R-linear
maps d', : C, — C,_;. In all cases, these R-linear maps d’ : C, — C,_; exhibit similar
commutation relations, derived in Lemma [2.1.3] and [2.2.5] These commutation relations ensure
that the boundary operators satisfy the identities d,, o d,,;1 = 0 and define a chain complex.

In the case of singular and simplicial homology, the boundary operators have a geometrical
interpretation. They are defined by the face maps, that send the standard (n — 1)-simplex
A" to the face opposite the vertex e; in the standard n-simplex A”. However, in the end
the description is purely combinatorial and relies only on the ordering of the n + 1 vertices
in A™. The geometrical interpretation of the face maps in singular and simplicial homology
also does not explain why similar combinatorial structures arise in the context of Hochschild
(co)homology, group (co)homology and (co)homology of Lie algebras.

This suggests that the combinatorial structure and the associated commutation relations be-
tween the maps d’ could be a global pattern that characterises chain complexes. One could
then define chain complexes in any abelian category A by identifying a collection of morphisms
d, : X, - X,_1 in A with similar commutation relations and defining the boundary oper-
ators as alternating sums d, = X (—1)'d’. The question is how to find such collections of
morphisms d’, and which chain complexes in A can be obtained in this way.

In this section, we investigate this construction systematically and show that up to chain
homotopy equivalence all positive chain complexes in an abelian category A can be obtained
from this construction. This is the famous Dold-Kan correspondence. It is not an isolated result,
but the foundation of a general combinatorial approach to homologies that also incorporates
chain maps and chain homotopies into the picture. Among others, it leads to a systematic
construction of resolutions from (co)monads and adjoint functors.
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5.1 The simplex category

The first step to understand the common patterns in the boundary operators from Section
is to understand their combinatorics. The suitable framework is a category. This category
must encode the combinatorics of the standard n-simplexes A™ for all n € Ny, and of all maps
between them that are obtained by composing face maps. Hence, we require a category with
one object for each n € Ny that describes the standard n-Simplex A”. To account for the n+ 1
ordered vertices of A™ we choose for this object the finite ordinal [n + 1] = {0,1,...,n}. Face
maps between standard n-simplexes are maps f, : A"~ ! — A" that are determined by their
behaviour on the vertices and respect their ordering. Hence, we can describe them as strictly
monotonic maps f : [n] — [n + 1] that skip exactly one element of [n 4 1] in their image.

For reasons that will become apparent later, it makes sense to introduce an additional object
[0] = 0 and to consider all weakly monotonic maps between finite ordinals. This yields the
augmented simplex category or algebraist’s simplex category. The simplex category or topologist’s
simplex category is the full subcategory obtained by omitting the object [0] = 0.

Definition 5.1.1:

1. The augmented simplex category A has as objects the finite ordinal numbers
[n] ={0,1,...,n—1} for n € Ny with [0] = (). The morphisms f : [n] — [m] are monotonic
maps f : {0,...,n—1} — {0,...,m—1}, and their composition is the composition of maps.

2. The simplex category AT is the full subcategory of A with objects [n] for n € N.

To understand the simplex category and apply it to homological algebra, we need a more
detailed understanding of its morphisms, in particular the morphisms that generalise face maps
between standard n-simplexes. Clearly, the face maps correspond to the injective morphisms
8! i [n] — [n + 1] that skip the element ¢ € [n + 1]. There are also surjective counterparts of
the face maps, the degeneracies o7 : [n + 1] — [n] that send j and j + 1 to j. It turns out that
any morphism in A can be expressed uniquely a product of these maps, with 63 : [0] — [1]
corresponding to the empty map.

Proposition 5.1.2: (factorisation in the simplex category)
1. Every morphism f : [m] — [n] in A can be expressed uniquely as a composite

— Sh ik J1 Ji
f=6,0..08" ;o0 jo. 00} (58)

n=m-—-Il+k 0y <..<i1<n 0<p<..<jp<m-—1

of the face maps &) : [n] — [n + 1] and the degeneracies o : [n + 1] — [n] for
i €{0,..,n}and j € {0,....,.n — 1}

. E 0<k<i | E 0<k<j
5 (k) = = i (k) = ShS
(k) {k+1 i<ken O {k—l j<k<n.
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2. The morphisms ¢’ : [n] = [n + 1] and o7 : [n + 1] — [n] satisfy the relations

0t 00l =5t od! for i<}y

olocgl,  =a'oalt] for i<y
8,100} i <j

03,00, =4 1 i€{j,j+1} (59)
otool | > 7+ 1.

Proof:
1. Every monotonic map f : [m] — [n] is determined uniquely by the sets

Ms = {iy, ...ie} =[] \im(f) Mo ={j1,...5} ={z e [m—1]| f(z) = f(z + 1)}

withn—k=m—-1LH0<i<..<ip<n 0<ji<..<ji<m-—1landim(f)={l1,....0L,—x}
with 0 < [} < ... < l,_g, then f factorises uniquely as f = g o h with an injective monotonic
map ¢ : [m — l] = [n] and a surjective monotonic map h : [m| — [m — ] given by

r r <
g(r) =l h(r)y=<r—s Js<7r < Joqr -
r—10 g <.

. . . Y ik _ jl
This implies g =9, ;0...06,) ,and h =0, _,0..00,, ;.

2. The relations between the maps 4% : [n] — [n + 1] and o : [n + 1] — [n] follow by a direct
computation. For 0 <7 < j <n — 1, we have

k 0<k<1
E+1 1 <k<y
(k+2 j<k<n-1

k 0<k<i

: . o7+ (k) 0<k<i
o8t (k) = { il = = < ;
" (EF+2 j<k<n-1

0Ly (k) 0<k<y -
0hyy(k+1) j<k<n—-1

&b 068 (k) = {

The computations for the other relations are similar. O

Remark 5.1.3: As the relations allow one to transform any composite of the morphisms
6! and o? into the form and the factorisation in is unique, there can be no further
relations between the morphisms ¢! and o. All relations between them are obtained by com-
posing with other morphisms in A. One says that A is generated as a category or
presented as a category by the morphisms ¢’ and ¢/ with the relations (59).

The relations between the face maps in resemble the relations between the face maps f
from singular and simplicial (co)homology from Lemma and the relations between the
maps d’, and d? from Hochschild (co)homology in Lemm. More precisely, the relations
for the cohomologies coincide with the relations while the composition of the face maps is
reversed for homologies.
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Any functor F': AT — C into a category C preserves the relations between the face maps, and
any functor F : AT — (C reverses them. This suggests to construct chain complexes in an
abelian category C from functors F': AT — C and F : AT — C, respectively. Such functors
are called cosimplicial and simplicial objects in C. It will be useful in the following to consider
such functors for general categories C, not just abelian ones.

Definition 5.1.4: Let C be a category.

1. A simplicial object in C is a functor F' : AT — C. An augmented simplicial object
in C is a functor F': A®? — C.

2. A morphism of simplicial objects from F' : A*™ — C to G : AT™ — C is a natural
transformation n : F — G. A morphism of augmented simplicial objects from
F: A% — CtoG: A% — C is a natural transformation n : F' — G.

3. A cosimplicial object in C is a functor F' : AT — C. An augmented cosimplicial
object in C is a functor F': A — C.

4. A morphism of cosimplicial objects from F : AT — C to G : AT — C is a natural
transformation 7 : F¥ — G. A morphism of augmented cosimplicial objects from
F:A —CtoG:A — Cis anatural transformation n: F' — G.

Remark 5.1.5:

1. Simplicial objects in a category D and morphisms of simplicial objects form a category,
namely the category Fun(A*° D). Cosimplicial objects and morphisms of cosimplicial
objects in D form the category Fun(A™, D). Analogous statements hold for augmented
(co)simplicial objects and morphisms of augmented (co)simplicial objects.

2. Let G : C — D be a functor. Then for any simplicial object F' : AT — C the
functor GF : AT — D is a simplicial object in D, and for any simplicial morphism
n : F — F’ the natural transformation Gn : GF — GF’ with component morphisms
Gy = G(npy) @ GF([n]) — GF'([n]) is a simplicial morphism in D. Analogous
statements hold in the cosimplicial and in the augmented case.

Remark 5.1.6:

1. As the morphisms &) : [n] — [n+ 1] and ¢ : [n + 1] — [n] from Proposition
generate the simplex category A* subject to the relations (59)), a (co)simplicial object is
determined uniquely by the images of the objects [n] for n € Ny and the images of the
morphisms ¢/, and o7, which must satisfy relations analogous to (59).

Hence, a simplicial object in C can be defined equivalently as a family (C),),en, of objects
in C together with morphisms d¢ : C,, — C,_1, the face operators, and s : C,, — C, 1,
the degeneracies, for 0 < ¢ < n that satisfy the simplicial identities

dod ,=d odt  for i<}

Sflﬂosfl—silillos for i<y
nlod’ 1<

dyyiy © 8 le, i€{jj+1} (60)
s? L odi! j+l<i<n+1.
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They correspond to a functor F' : A*? — C with C, = F([n + 1)), d, = F(d%) and
st = F(o%,). The shift in indices is a standard convention.

2. Similarly, one can define a cosimplicial object in C as a family (C"),en, of objects in C
together with morphisms d? : C"~! — C™ and s? : C"*1 — C™ for 0 < ¢ < n that satisfy
the cosimplicial identities

ditt o d) = djf odf for i<

3?71 osl = 5?71 o S?Jrl for 1<y
d? o 3;‘__11 1< 7

sjodi™ = { 1o ie{ii+1} (61)
dl o 3?_1 > 7+ 1

They define a functor F': A* — C with C" = F([n +1]), d} = F(8},), s? = F(0},,4).

As expected, the (co)chain complexes for singular and simplicial (co)homology, for Hochschild
(co)homology, group cohomology and cohomology of Lie algebras from Section [2 all arise from
(co)simplicial objects in k-Mod, where k is a commutative ring. The additional information
contained in an augmented (co)simplicial object defines the associated standard resolution.

Example 5.1.7: (Hochschild homology and cohomology)
Let A be an algebra over a commutative ring k£ and M an (A, A)-bimodule.

1. The functor F : A®? — A®A°’-Mod with
C, = F([n+1]) = A2 +2) n>-—1
dﬁl = F(5fl) D A®(H2) _y g8l ApR...Q00n11 > ... (A;4;11)R... Q11
sh=F(ol ;) AP0 o AP0 i@, . Ra,41 > @@, ®0;R1®0;41®... @y 1.

is an augmented simplicial object in A®A”-Mod. The (A, A)-bimodules C,, and the
morphisms d : C,, — C,,_; are the ones of the Hochschild resolution in Example 4.1.3]|

2. Composing its restriction F* : AT? — A®AP-Mod with M ® gg 00— : AQAP-Mod —
k-Mod yields a simplicial object (M®agaor—)F* in k-Mod that defines the chain
complex of Hochschild homology from Definition [2.2.3

3. Composing F'™ : AT? — AR A-Mod with Hom agaor(—, M) : AQA?-Mod” — k-Mod,
yields a cosimplicial object Homugaor(—, M)FT in k-Mod that defines the cochain
complex of Hochschild cohomology from Definition [2.2.4

4. By specialising to the case A = k[G] for a group G and bimodules with trivial k[G]-right
module structures, we obtain the corresponding statements for group (co)homology. By
considering the algebra A = U(g) for a Lie algebra g and bimodules with the trivial
U(g)-right module structures, we obtain Lie algebra (co)homology.

The categories k-Mod and A®AP-Mod in Example [5.1.7 are abelian, and we will see later that
any (co)simplicial object in an abelian category gives rise to a (co)chain complex. To obtain
(co)chain complexes from (co)simplicial objects in non-abelian categories such as Top or Set,
one has to compose the (co)simplicial objects with functors into an abelian category. These
functors are often very simple and obtained from a functor into the category Set.
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Example 5.1.8: (Singular homology and cohomology)

1. The family of standard n-simplexes (A"),en, with the face maps and degeneracy maps

d?:fi”:A”_lﬁA” s?’:A”“HA”

e 0<k<1 e 0<k<u1
ffley=4" = sie) =4

CL+1 ZSI{?STL Cr—1 Z§k§n+1

form a cosimplicial object Fa : AT — Top with

Fa([n]) =A™, Fa(6l)=f",  Fa(ol)=s""

7 7

More generally, for a morphism « : [m + 1] — [n + 1] in AT the morphism F(«) is the
affine-linear map Fa (o) : A™ — A" with Fa(a)(er) = eqn for all k € {0, ..., m}.
2. Let X be a topological space and Homr,,(—, X) : Top — Set® the functor that assigns

e to a topological space Y the set Homro, (Y, X) of continuous maps f:Y — X
e to a continuous map o : Y — Z the map

Hom(o, X)) : Homrop(Z, X)) — Homrep (Y, X), g — goo.

By composing Homr,(—, X') with the functor Fa from 1., we obtain a simplicial object
C* = Hom(—, X) o Fa : AT — Set given by

C¥([n +1]) = CX = Homryy (A", X),
CX(6)y =d¥ . Cf — X

n X i _ JXi, X X n
n—l’gHgofi’ & (0n+1)_8n .C’n—>Cn+1,o~—>oosi.

3. This defines a functor Sing : Top — Fun(A*°P, Set) that assigns

e to a topological space X the simplicial object Sing(X) = C¥* : At — X in Set
e to a continuous map f : X — Y the simplicial morphism Sing(f) : C* — CY with
component morphisms Sing(f)j41: CX = CY, 0 foo.

4. Let k be a commutative ring and ( ), : Set — k-Mod the functor that assigns

e to a set X the free k-module (X);
e toamap f: X — Y the induced k-module homomorphism (f)s : (X)r = (Y ).

By composing this functor with the functor C* from 2. we obtain a simplicial object
CX* = () oHom(—, X) o FA : A*? — k-Mod. This simplicial object defines the chain
complex of singular homology from Definition [2.1.2;

CHE([n +1]) = Cu(X, k) = (Hompop (A", X)),
CHM,) = d), 2 Co(X k) = Cua (X, k), 0 00 f
C*F (1) = st Co(X, k) = Cpia (X, k), 0+ g osl.

5. By combining the functors Sing : Top — Fun(A™ Set) from 3. and ( ) : Set — k-Mod,
from 4. we obtain a functor Top — Fun(A*°? k-Mod) that assigns to a topological space
X the functor C** : At — k-Mod and to a continuous map f : X — Y the natural
transformation f** : CX* — CY* 5+ foo. This is the functor that defines the chain
complex of singular homology from Definition [2.1.2]
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6. By composing CX* : AP — k-Mod with Homy(—, k) : k-Mod — k-Mod, we obtain a
functor Homy(—, k) o CX* : AT — k-Mod for each topological space X and a functor
Top — Fun(A™, k-Mod) that defines the chain complexes of singular cohomology from

Definition R.1.12

This example motivates the shift in indices in Remark and the topologist’s version of the
simplex category without the object [0] = (). There is no need to include the empty topological
space as a standard (-1)-simplex. However, the algebraist’ s version of the simplex category has
other advantages that will become apparent in the next section.

Simplicial objects in the category Set are called simplicial sets and natural transformations
between them are called simplicial maps. They play an important role in modern approaches
to topology. In particular, they allow one to systematically construct semisimplicial complexes,
for an accessible introduction see [F]. The information in a simplicial set S : AT — Set is
precisely the data needed to construct a semisimplicial complex by gluing n-simplexes.

Example 5.1.9: (Geometric realisation)

e The geometric realisation of a simplicial set S : AT — Set is the topological space
Geom(S) obtained as follows. One equips all sets S, = S([n + 1]) with the discrete
topology and forms the quotient space

Geom(S) = (Hpen, S x A™)/ ~

with the equivalence relation (S(a)z, p) ~ (x, Fa(a)p) for all &« € Homa+es ([n+1], [m+1]),
where Fa(a) : A™ — A", e, — eqq is the affine map from Example [5.1.8

e The topological space Geom(S) is a semisimplicial complex (Exercise |73]).

The simplicial set S : AT? — Set describes the construction of Geom(.S) by gluing stan-
dard simplexes. The elements of the sets S,, label the n-simplexes in the semisimplicial
complex, and the maps S(a) : S,, = S, for a morphism « : [m + 1] — [n + 1] in AT
specify the gluing pattern, as shown in Figure

e For any simplicial map  : S — S’ with component morphisms 7,41 : S, — S5}, one
obtains a continuous map Geom(n) : Geom(S) — Geom(S’) given by

Geom(n)[(x, p)] = [(nn11)(2), p)] V(z,p) € Sp x A",

It is a simplicial map between the semisimplicial complexes Geom(S) and Geom(S’) in

the sense of Definition 2.1.8]

e As these assignments are compatible with the composition of morphisms and unit mor-
phisms in Fun(A™, Set), they define a functor Geom : Fun(A*°?, Set) — Top.

It should be noted that (co)simplicial objects and (co)simplicial morphisms are not the only
structures investigated in simplicial approaches to homological algebra. There is also a notion of
a simplicial homotopy that defines an equivalence relation on the set of simplicial morphisms
between fixed simplicial objects S, S" : AT — A and generalises the notion of chain homotopy.
Moreover, there is a concept of simplicial homotopy groups for simplicial sets that satisfy certain
additional conditions. These simplicial homotopy groups behave like the homotopy groups of
topological spaces and are related to them by the geometric realisation functor. Details on these
constructions can be found in [W], Chapter 8.3].
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Figure 1: The gluing pattern for a simplicial set S : AT — Set.
5.2 Dold-Kan correspondence

Our main motivation to consider simplicial objects is that simplicial objects in abelian categories
A define chain complexes in A. As suggested by the simplicial relations , the chain complex
for a simplicial object S : AT — A is obtained by taking an alternating sum over the face
maps d’, = S(8°). The degeneracies do not enter the definition of this chain complex, but they
also carry relevant information. Their images define a subcomplex with trivial homologies that
can be removed to obtain a more efficient description.

To describe this construction in a general abelian category A, we consider for each finite family
(fi)ier of morphisms f; : X — Y the morphisms f : I;c; X — Y with foy = fi: X =Y
and ' : X — ;Y with m; 0 f/ = f; for all @ € I induced by the universal property of
the (co)product. We define the objects +;c/im(f;) := im(f) and N;erker(f;) := ker(f’) as their
image and kernel object. For A = R-Mod, they are the sum +;c/im(f;) C Y and the intersection
Nierker(f;) C X of the submodules im(f;) C Y and ker(f;) C X, as suggested by the notation.
Proposition 5.2.1: Let S : AT — A be a simplicial object in an abelian category A and
Spi=S8(n+1]), d :=80%):S, =S, s =5 ):S,— Suia
forn € Ny and 0 <i <n.
1. The following are positive chain complexes in A:
e The standard chain complex S, with
S, = S([n+1]) dp = X0 o(=1)"d, : S, — Sp_1.
e The normalised chain complex NS, with
NS, =N ker(d’) C S, d, = (=1)"d: NS, = NS,_1.
e The degenerate chain complex DS, with
DS, =+"Jim(s,_,)C S,  d,=3X",(-1)d, : DS, — DS, ;.
2. They are related by the identity S = NS, II DS,.

3. The chain complexes S, and NS, are chain homotopy equivalent, and the chain complex
DS, is chain homotopy equivalent to the trivial chain complex. This implies for all n € Ny

H,(S.) = H,(NS,) H,(DS,) = 0.
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Proof:
We prove the claims for A = R-Mod.

1. That S, is a chain complex in R-Mod follows directly from the simplicial relations . They
imply forn € N
dpr0dy = S S5 (=) d),_ o d,
= Socicjan1(=1)d,_y o d, + Socjcicn (1), o d,
o qNitd i j+1 i+ i
= Do<i<j<n—1(—1)"d,_y o dlT + Bogjcicn(—1)d}_ o d,
= Yocicjen(—1)Hd, 0 d + Sogjcicn(—1) T, o di, = 0,
2. We show that NS, and DS, are chain complexes in R-Mod. From the simplicial relations
(60) we have d!,_, o d*(x) = d'"jod (v) = 0 forall 0 < i < n and z € NS,, and this
implies d,(NS,) C NS, _1. This shows that NS, is a chain complex. Similarly, we obtain for
all0<i<n—-—1landx €S,
dp(s3,-1(7)) = Ti_o(—=1)*dy 0 57, (x)
il (C1)rsil o dh 1) )ity 4oy 1) g1
= Uiso(—1) sy ody i (2) + (=1)'z + ( D™+ Do (1) shp 0 dy (x)
= 22;10(_1)]{:3; 12 © dk () + EZ:Hz(_l) n—2 © dk 1( ) € +iZ Olm(sn 2)
This shows that d,,(DS,,) C DS,_; and DS, is a chain complex in R-Mod.
3. We show that S, = NS, ® DS, for all n € Ny. To see that DS,, N NS = {0}, let 0 #

v € DS, N NS, and set j = max{k € {0,...,n —1} | z € +Z —im(s’,_;)}. Then we have
=" (z;) with s/ (z;) #0. As x € NSn, we have

=7 Sn—1
Ozdiz( ) Z?jldzzos (JZ'Z)—I']—FEZ ]+18n 2Odj( )
If j =n — 1, it follows that x,,_; = 0 and x = st@n_l) =0.If j <n—1 it follows that
sh_y(xy) = =Sp) 8] josihod (1) =—S12 sl o8l yod(x;) €+, im(s)_,)

and z € —l—Z;;Him(sﬁhl), in contradiction to the maximality of j. Hence, NS, N DS,, = {0}.

To show that S,, = NS, + DS, let x € S, and j, = min{k € {0,...,n} | di(x) # 0}. If j, = n,
thenz € NS,. If j, =j <n,wehavez =11 +y; = (x —s’_,od)(x)) + s,_; o dl(x)

d(11) = &) (z — 5,_y o &} (2)) = &) () — d}(2) = 0 (62)
dy(21) = dy(x — 55y o d) (w)) = dy(2) — 5,0 dy_y o di(x) = s, o d, "y od(x) =0

for k € {0,...,j — 1}. We thus decomposed = as x = x; + y; with y; € DS, and an element
x1 € S, with j,, > 7, + 1. By iterating this procedure, we obtain elements y1, ..., yx € DS,, and
T1, ..., 7 € S, with z; = z;11+¥y,+1 and 7, € N'S,,. This shows that x = z,+XF_,y;, € NS,+DS,
and hence S,, = NS, + DS,,.

4. We show that the chain complex NS, is chain homotopy equivalent to S,. For this, we set
NS;1 =S, and consider for j € Ny the subcomplexes NS? = (NS?),en, C Se in R-Mod with

NS — N?_ ker(d’) n>j+2
" INS, =nker(dl) 0<n<j+1.
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That NS? is indeed a chain complex follows because d,(NS?) C NSfL_1 forn < j+1 by 2,
and the simplicial relations imply for j +2 <n,z € NS and 0 <i < j

d,,_jody(z) = EZ:O(_l)kd;—lodl:L< ) =X ]+1( )kd;_lodﬁ( ) =X ]+1( )kdﬁ:llodﬂx) =0.
This shows that d,,(NS7) ¢ NS?_| for all n,j € Ny and NSJ C S, is a subcomplex.

As NSiT1 Cc NSJ for all j > —1, the inclusion maps ¢/, : NSIT' — NSJ define chain maps
i) NSItt — NSJ. We show that ] : NSIT!1 — NSJ is a chain homotopy equivalence by
constructing chain maps f{ : NS — NS/t with fi o = 1ygi+1 and a chain homotopies
t) : 1y = ¢} o f]. For this, we consider for j > —1 and n € Ny the R-linear maps

z— st odit(z) n>j+2

fIi NS, — NS/ g .
x n<j+1

that take values in NSI*! by (62). They define chain maps fJ : NSJ — NSI*!, since

Ao filw) = (~1)"d(@) = (~1)"fl1 0 di(w) = f1y 0 du(2) n<j+l
Ao fil) = (~1)"dy(2) — (~1)"dy 0 517} o i~ (2) = (~1)"di(a) + (=) (@)
= dul) = fa-y 0 du(2) n=j+2

dy o fi(x) = Bpt ), (=1)"dy o fi()
= EZ+31+2( )kdﬁ(l') - EZ=j+2( 1) dk © SJH dﬁl( )
= S (D (@) = S (D s o diY o di(w) = fiy 0 du(x) n>j+2
and satisfy 1y g1 = flod : NSItL — NSJ*! by definition. For j > —1 the R-linear maps
‘ ‘ . _1)itlgitl S 41
BNSI o NS, aes DTS @ nz g
0 n<j+1

define chain homotopies #] : 154 = ¢J o fI, since one has

Qs 0 8(2) + By 0 du(x) = 0= 2 — 13 o fi(a) n<itl,
dp1 0 () + 1),y 0 dy(a) = (=1)" N} 0 7 (@) + (—1)" it o 83 (x)
=z—2=0=2x—4 o fl(z) n=j+1,

dpirot) (x) +t_ od,(x)

- Zn-‘rl ( 1)k+j+1d2+1033f1( )+Zk ]+1( 1)k+j+1sj+1 Odk( )

k=j+1
= B P 0 @) + T (DM o dh ()
:sﬁltllociﬁl(x):$—ai'10fg($) n>j+2.

We now show that the inclusion map ¢, : NS¢ — S, is a chain homotopy equivalence. For this,

we note that ¢, = ¢, 0...0"2: NS, — S, and consider for n € Ny the R-linear maps

—f”_2of”_3o,.,ofgof7:1 2 S, — NS,
_ . k k+1 .k -1,
h =% 00k jotht o fio o £ S, = Supa

The R-linear maps g, define a chain map g : Se — NS, because the maps fJ : NI — NJ+!
are chain maps for all j > —1:

dy 0 gn=dypo fi?o fi o o flof = f{od, 0f3_30~-0f30f51
=..=f"Tof"So.of) odyofit=frlofto..of oftod,=gn10d,.
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They also satisfy 1yg, = ge © te : NSe — NS, since 1NSZ+1 = flo for all j > —1:

Gn Oty = [~ 20f” o offofitorto o= 20 f" 30, 0fl0ilo.. 0l

n
— — fn=24 —
= ... = fn 2% = ldNSn‘

The maps h, : S, — Spy1 define a chain homotopy he : 1s, = te 0 ge since ] : 1,5 = 1 o f] is
a chain homotopy for all j > —1:

dn+1 o hn + hn—l © dn

= S32%y drroty oo ot to fo o ft + T2 o oot o fi oo fi
:22:22 ;10...0Lﬁodn+lotﬁ+1ofs of +2k* 9 ; .0l otk+1od ofk ofn1

= 22_32 ;10...0Lﬁo(dn+1otﬁ+1 + tﬁf%odn)of:o...ofn_l

) ;10...OLZo(idN5+1 — o Mo fRo o f!

=2 ook ffooft =BTt o to ﬁof“ofﬁ“offo...ofn_l

=idg, — ¢, 0.0t o ft o o f !t =idg, — 1, 0.0t 20 f" %o o f ! =idg, — 1,Ogn.

This shows that g, : Se — NS, and ¢4 : NS, — S, are chain homotopy equivalences. By
Proposition this implies H,,(Se) = H,(NS,) for all n € Ny.

5. That DS, is chain homotopy equivalent to 0, follows directly from 4. Let ¢, : DS, — S, be
the chain map induced by the inclusion morphisms ¢/, : DS,, — NS, II DS,, and 7, : Se — DS,
the chain map induced by the projection morphisms «/, : NS, II DS,, — DS,,. Then we have

7o, =id, : DS, — DS, 7l ole0geoth, =0, : DS, — DS,,

where ¢4 : NSe — S and g, : S¢ — NS, are the chain maps from 4. The chain homotopy h,
from 4. then define a chain homotopy £k, : ide = 0, with &k, =7, 0 hy 0 ¢, : DS, = DS, 41

/ / / /
dn+1 o kn + kn—l o dn = dn+1 OTpy1© hn Oty +m,0 hn—l Olp 10 d’ﬂ

= 0 (dps1 0 hp+ hy10d,) o, = o(idg, —tn0gy) o, =idpg,.

The fact that the degenerate chain complex DS, is chain homotopic to the trivial chain complex
has a geometrical interpretation in simplicial and singular homology. It states that degenerate
n-simplexes that are of the form o = 707! : A" — X with an (n— 1)-simplex 7 : A"} — X
do not contribute to the homologies. This motivates the restriction to n-simplexes o : A" — X
with oz, : A™ — X injective in the definition of a (semi)simplicial complex.

The construction of chain complexes from simplicial objects S : AT? — A in an abelian
category A via Proposition [5.2.1] can be extended to simplicial morphisms. As expected, every
simplicial morphism 7 : S — T defines a chain map 7, : S¢ — T, between the associated
standard chain complexes. It restricts to chain maps between the degenerate complexes and
the normalised chain complexes. As these are compatible with the composition of simplicial
morphisms and the unit morphisms, they define functors from the category Fun(A*%, A) of
simplicial objects in A to the category Ch 4> of positive chain complexes in A.

Proposition 5.2.2: Let S(A) = Fun(A*%  A) be the category of simplicial objects in an
abelian category A. Then the following are functors:
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1. The standard chain complex functor e : S(A) — Ch 4>¢ that sends

e a simplicial object S : AT’ — A to the chain complex S,
e a simplicial morphism n : S — T to the chain map n, : S, — 7T, with
M = Nnt1) - Sn — T

2. The normalised chain complex functor N : S(A) — Chg>o that sends

e a simplicial object S : AT? — A to the chain complex NS,
e a simplicial morphism 7 : S — T to the chain map Nn, : NS, — NT, induced by
Mo : Se — T.

Proof:

1. Let S, T : AT — A be simplicial objects in A with associated standard chain complexes S,
and T, in A and 1 : S — T a natural transformation. We show that its component morphisms
M = Nnt1) : Sn — T}, define a chain map 7, : S¢ — T,. This follows from the naturality of n,
which implies that for all morphisms « : [m] — [n] in AT one has

nat

Nm—10 S(a) = N 0 S(a) = T(a) ompy = T'(@) 0 1. (63)

In particular, this holds for the morphisms ¢’ : [n] — [n + 1], and we obtain
dy, 01 = Sio(=1)'T(6;,) 0 Mn+1] = 2?20(—1)in[n] 0 S(68,) = -1 0 dy.

2. We show that the assignments of chain complexes to simplicial objects and chain maps to
simplicial morphisms respects the composition of morphisms and the identity morphisms. For
n =idg : S — S we have (idg), = ls(nt1]) = Ls, : Sn — Sp, and we obtain the identity chain
map idg, : S¢ — S,. For simplicial objects R, S, T : AT — A and natural transformations
n:R— Sandk:S — T, the composite natural transformation xn : R — T has component
morphisms (k7)) = Kn) © Nn)- This shows that the morphisms n,, : R, — T), are given by
KNy = (KN p41] = Kfnt1] © Mnt1] = Kn © N, and the chain maps satisfy xn, = e 0 7s.

3. To prove the statement for the normalised chain complex functor, it is sufficient to show that
for every natural transformation 7 : S — T the chain map n, : S — T, between the associated
standard chain complexes restricts to a chain map Nn, : NS, — NT,. By applying to the
morphisms &’ : [n] — [n + 1], we obtain d1? o n,(z) = n,_1 0 d5(x) for all i € {0,...,n}. As the
chain complex NS, is given by NS, = ﬂ;‘;olker(d;), this implies 7, (N.S,) C NT,, and hence
Ne induces a chain map Nn? : NS, — NT,. O

The standard chain complex functor explains the similarities between the (co)chain complexes
in Section [2] These examples are obtained from the simplicial object for Hochschild homology
in Example and the simplicial object for singular homology in Example by applying
the standard chain complex functor. This is a nice explanation for the specific form of the
chain complexes in Section [2] This makes it natural to ask if all positive chain complexes in an
abelian category A are obtained from simplicial objects in A, possibly up to chain homotopy
equivalence. Surprisingly, the answer to this question is yes.

Theorem 5.2.3: (Dold-Kan correspondence)

For any abelian category A the normalised chain complex functor N : Fun(A*% A) — Chg>q
is an equivalence of categories between the category Fun(A*?  A) of simplicial objects and the
category Ch 4> of positive chain complexes in A.
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Proof:

Instead of showing that the normalised chain complex functor N : Fun(A*? A) — Ch>g
from Propositions and is an equivalence of categories, we show this for the functor
N’ : Fun(A*?, A) — Chyso that associates to a simplicial object S : AT — A the chain
complex N'S, with N'S,, = NS, and d, = (—1)"dY = S(6") : NS, — NS,,_;. The morphisms

7'2Sk+1 = (—1)k+11N5‘2k+1 : NSQk+1 — N/52k+1, 7'251; = (—1)k1N52k : NSQk — N,SQk ke NO

form an isomorphism 77 : NS, — N'S,. As they satisfy 77 o Nin+1] = Nn+1] © 75 for all natural
transformations 7 : S — T, the chain maps 77 : NS, — N’S, define a natural isomorphism
7: N — N'. It follows that N is an equivalence of categories if and only if N’ is.

To show that N’ : Fun(A*%?  A) — Chyso is an equivalence of categories, we construct a
functor K : Ch>o — Fun(A*™?, A) such that N'K = idcp,., and KN’ is naturally isomorphic
to the identity functor idpn(a+or 4)-

e step 1: We define K : Chy>o — Fun(A*™°, A) on the objects of Ch 4>¢:

To a positive chain complex C, in A we assign the functor K¢ := K (Cy) : AT? — A that
sends an ordinal [n 4 1] to the object

K(n+1)=K= [ G (64)
0<p<n,
o:[n+1]—[p+1]
where the coproduct runs over all monotonic surjections o : [n + 1] — [p+ 1] with 0 < p < n.
We denote by ¢, : C,, — K¢ the inclusion morphism for the factor associated with o.

For a morphism « : [m + 1] — [n + 1] in A" we define K¢(a) : K¢ — K¢ via the canonical
factorisation and the universal property of the coproduct. Proposition [5.1.2 implies that for
every monotonic map « : [m+ 1] — [n+ 1] and every monotonic surjection o : [n+ 1] — [p+ 1]
in A", there is a unique ¢ < min(m, p), a unique monotonic surjection o, : [m + 1] = [¢ + 1]
and monotonic injection a, : [¢+ 1] — [p+ 1] with c o = a, 0 7,

[m + 1] —=[n + 1]

-

g+ 1] —~lp+1].

Define K (a) : K¢ — K¢ as the unique morphism for which the following diagram commutes

c o
KO o (65)
OP Kc(a)"' q
with
5;a 10,, : Cp — Cp Oy = 1[p+1]
K ), =467 dy:Cp— Cpy ap =08 (66)
0:C, = C, else.
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Note that K¢(a)” is trivial unless 7 = o,. It is also trivial if the reordering of the face maps
and degeneracies in ¢ o « into the standard form (58]) destroys more than one face map and
degeneracy, which implies ¢ < p — 1 and a, ¢ {1,, p}

If o : [m+1] — [n+1] is a monotonic surjection, we have o, = coa : [m+1] = [p+1| = [¢+1]
and @, = 1j41), which implies K¢()] = 67, 1c,. In this case, K% (a) : K¢ — K, is the

morphism in A that sends the copy of C, in Knc associated with o to the copy of C, in K&
associated with o o a. In particular, we have KY(1pgq)) = 1ge : K§ — KY.

To show that this defines a functor K¢ : A*? — A it remains to show compatibility with
the composition of morphisms in A*. We consider monotonic maps f : [l + 1] — [m + 1] and
a: [m+1] = [n+ 1]. To show that K% (a o ) = KY(8) o K%(a), it is sufficient by to

show that for all monotonic surjections o with source [n + 1] and p with source [l + 1] one has
Sy K(B)) 0 K< (), = K (a0 B)s, (67)
where the sum runs over all monotonic surjections v with source [m + 1].

To prove this, we have to express the factorisation of o o 5 in terms of the factorisations for
a and . Any monotonic surjection o : [n + 1] — [p + 1] yields numbers 0 < r < q¢ < p,
monotonic surjections o, : [m + 1] — [¢ + 1] and (0,)s : [r + 1] = [¢ + 1] and monotonic
injections a, @ [¢+1] — [p+1], By, : [r+1] = [¢+1] such that the following diagram commutes

/aiﬁ\
1+ 1] ﬁ[m+ﬂ n+1]

(aa)ﬂi O'ai Ui
Boa

[r 4+ 1] [ 4 1]<22 [p + 1].
\/’
(ao0B) &

This implies 0403 = (04)s. We now distinguish three cases:

o If r < p— 1, the right-hand side of . vanishes by (66 . The left hand side can only
give a non—trwlal contribution for r = ¢ —1=p—2, a, = ¢} and §,, = 5 . In this
case, it is proportional to d,_; o dj,, which vanishes as Well.

e For r = p we obtain from (66))

Kaop)y =0, 1, =6, lc, =8, 85,0, 1o, =B, K(B)) 0 Ka);.

Vg O0a

e For r = p — 1 we either have a, = 5; and 35, = 1y or ap = 1pqq and By, = (5;. If
i # p both sides of the equation vanish. For i = p we obtain in both cases

Kao ) =08 dy="0(,, dy=3,0,0, d =3, K)o K (a),.

Oaof (0a Vg oa
This proves and shows that K¢ : At — A is a simplicial object.
e step 2: We define K : Chy>¢ — Fun(A*™”, A) on the morphisms of Ch 4>o:

Let C, and C' be positive chain complexes in A with simplicial objects K¢, K¢ : At? — A
and f, : Cy — C! a chain map. We define a natural transformation K/ := K(f,): K¢ = K¢

by its component morphisms K7 [ CKS — K¢
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For this we use the universal property of the coproduct in (64 and define K 1] 8 the unique
morphism for which the diagram

KC S KC (68)
Co——~C}

commutes for all 0 < p < n and monotonic surjections o : [n + 1] — [p + 1]. That this defines
a natural transformation K7/ : K¢ — K¢ follows from the diagram

fi
Cy ’ /c;,
\K Kost e
KC(a)] KC(a)l lKC%a) K ()7
—— K¢
/ - \
C, i,

in which the top and bottom quadrilaterals commute by definition of K/ and the left and
right quadrilateral commute by definition of K¢. The outer square commutes by definition of
K% )T in and because f, is a chain map. This implies

K% (a)o K[ +1) Ote = K% (@)oo fo=1tr0 K (a); o fo=1r0 feo KE(a)]
_K[J;H_”OLTOKC( a)r K[{TLH]OKC(Q)OLU.
The universal property of the coproduct then implies K¢ () o K [J; by = = K/ imt1] © K¢(a). This

proves that the morphisms K/ : K¢ — K¢ form a natural transformation K/ : K¢ — K¢

[n+1]
e step 3: We show that K : Chg>g — Fun(A*%?  A) is a functor:

Setting K¢ = K, C, = = C), tg = 13, fp = 1¢, and K[n+1] lgp in (68), we find that the
diagram commutes for all p § n e Np and monotonic surjections o : [n + 1] — [p + 1]. This
shows that K(1¢,) = idge : K¢ — K¢ is the identity natural transformation.

It C,, C!, CV are positive chain complexes in A and f, : Cy — C., f. : C. — C! chain maps,
then composing the commutative diagrams for f, and f! yields the commuting diagram

flof
Bins1y
/\
C C/ O//
T [n+1] ] K ]
lo e I
c, c .
f;’;ofp



This shows that K7, = K7’

rer = Kl ok, foralln € Nyand K(fiof.) = KoK/ = K(f})oK (f.).

e step 4: We show that N'K = idgp .,

The functor N'K : Chys>¢p — Cha>o sends a chain complex C, in A to the chain complex
N'(K®), for the simplicial object K¢ : AT — A from step 1 and a chain map f, : Coy — C.,
to the chain map N'K7 for the simplicial morphism K7 : K¢ — K¢ from step 2. we show that
N'(K®),=C, and N'(Kf), = f, : Cy — C".

By (66), we have Ko(a)l = 67.,1¢, for each monotonic surjection « : [m + 1] — [n + 1] and
monotonic surjection o : [n + 1] — [p + 1]. It follows that all components of C, in except
the one for n = p and 0 = 1j,1) are in the images of the maps s),_; = K“(o7). This shows
that the R-modules of the degenerate chain complex and the chain complex N'K are given by

DK =+12im(s), )= ] G N'KS =C,.
0<p<n,
oint 1) [p+1]
The morphisms d, = K¢(6") : C,, = N'K¢ — N'K¢ | = C,,_; can be computed from . In
this case, we have the factorisation 1y, 1j00) = 6] o 1, with p = ¢+ 1 =n+ 1, and (66) yields
K¢ =d, : C, — C,_;. Hence, we have N’K(C.) = N'(K®) = C, for all positive chain
complexes Cy in A.

For every chain map f, : Cy — C’, we obtain a natural transformation K/ = K(f,) : K¢ = K¢
given by diagram (68). As only the summand for o = 1j,14) in contributes to N’ KS , we
have N'K (fo)n = N'(K7),, = fo : Cp = C), and N'K = idcy,,, -

e step 5: We construct a natural transformation n: KN — 1dpyun(a+or 4):

A natural transformation 7 : KN' — idpna+or 4) assigns to simplicial objects S : AP — A
natural transformations 7° : KN’(S) — S, such that n° o KN'(1) = 7 onT for every natural
transformation 7 : S — T. Each natural transformation n° : K N'(S) — S is determined by its
component morphisms 77[5; Nk KNS S, in A. From (64) we have

KNS =KN'(S)(n+1))= J[ NS, (69)
0<p<n
o:[n+ffa»[p+u

We denote by i, : NS, — S, the inclusions and define 77[%“} : KT]ZV'S — S, as the unique
morphism induced by the universal property of the coproduct and the morphisms S(c) o i, :
NS, — S, for each monotonic surjection o : [n+ 1] — [p+ 1]:

S
KYsT g, (70)

]Lcr TS(O’)

NSpZ-_)SIH

To prove that this defines a natural transformation n° : KN’(S) — S, we have to show that

U[inﬂ} OKN/S( )oi, =S(a )onn+1] Olg
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for all monotonic surjections o : [n 4+ 1] — [p 4+ 1] and monotonic maps « : [m + 1] — [n + 1].
The two sides of this equation are given by

' () 'S¢ oo [0 , 'S/ N\ow
7][€n+1] © KNS( Joi, = 77[€n+1] Olg, © KNS(Oé)g © S(04) 040 KNS(a)

™ (71)
S(a) oty ote @ S(a)o S(a) oy = S(eoa) iy,

where 0 o v = o, 0 0, wWith a monotonic injection «, : [¢+ 1] — [p+ 1], a monotonic surjection
0o i [m+1] = g+ 1]. As we have NS, = NI_ker(d}) = NI_ker(S(82)), S, = NS, 11 DS,
and « : [m+ 1] = [n+ 1] can be factorised as in Proposition m it is sufficient to prove that
the expressions in are equal for monotonic surjections o and for a =6} : [n] — [n + 1].

If a is a monotonic surjection, we have p = ¢, 0, = 0 o a and KN'S(a)ga = lys, by . If
a = 0" wehave p = ¢+1, a, = 8", 0700, = 008" and i;o KV'3(67)7* = d™ = S(67)oi,. In both

cases, the two sides of agree. Hence we assigned to each simplicial object S : AT? — A a
natural transformation n° : KN'(S) — S.

To prove that this defines a natural transformation n : KN — idpua+er, 4y We show that for
each natural transformation 7 : S — T we have n7 o KN (1) = 7 on®. With the definition of
KN(r)= K" in and the definition of 7° in we compute

(68) (70D . .
77E{m+1] o KN(Tpi1]) © be @ 77[?”1] o 1, 0 N(Tp+1)) @ T(o)o zg o N(7jp41)) = T(0) 0 gy © zg

nat 7 (70
=" T41] © S(0) 06y = Tint1) © Mppy) © Lo,

where z : NS, = 5, and z : NT,, — T, denote the inclusion morphisms for the subcom-

plexes N S C S and NT, C T.. With the universal property of the coproduct, this implies
M1 © KN (Ts]) = Tt 0 1,4y for all n € No and 0" o KN(7) = 7 0n®. This shows that

the natural isomorphisms n° : KN'(S) — S define a natural transformation n : KN’ — S.

e step 6: We show that 7 : KN’ — idpyn(a+or 4) is a natural isomorphism:

We prove that the morphisms 77[ b . KN'S S, are isomorphisms for all simplicial objects
S: AP — A and n € Ny by induction over n. For simplicity we assume A = R-Mod.

n = 0: We have K9 = Sy = S([1]) since o = 15 : [1] — [1] is the only surjective morphism in
the coproduct in and nﬁ} =idg, : So = Sp by .

— 1 = n: Suppose we established that 77Uc+1} K,ivls — Sk is an isomorphism for all £ < n —1.
As n° : KN'(S) — S is a natural transformation, we obtain with the induction hypothesis

sho1 = S(00) =m0 KN'(7) o ()™ = im(s),_y) Cim(ny) Vi € {0,...,n — 1}

By choosing ¢ = 1,41 in ((70)) we obtain 77[1+1] O Ly = 1, and this implies N.S,, C im(niJrl ).
As we have S,, = NS,, 11 DS,, with DS,, = +" Ollm( ,) for all n € Ny by Proposition 5.2.1,

this shows that nfi RE KNS — S, is an epimorphlsm

To show that 77[57; ] KN 'S 5 S, is a monomorphism, we note that for each monotonic surjection
o:[n+1] = [p+ 1] we can use the relations in A" to construct a monotonic injection
§:[p+1] = [n+1] with 0 0§ = 1j,41. With the definition of 5° in (70)) we then obtain

S(6) 0 nfry 0 1a 2 S(8) 0 S(0) 0y = S(008) 01y = S(Lipiy) 0 iy = iy,
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As i, : NS, — S, is a monomorphism, it follows that 77[57; +1] O lo 18 @ monomorphism for each

monotonic surjection o : [n + 1] — [p + 1]. With the definition of n° in (70)) via the universal
property of the coproduct, it follows that n[i N KN 'S 5 S, is a monomorphism. O

The proof of Theorem [5.2.3 appears rather lengthy and technical, but this is because all compu-
tations are carried out in detail. The essential idea in the proof is the construction of the functor
K : Chgso — Fun(A*?  A) in , and . Once this is done, all other constructions in
the proof are essentially determined and can be verified by routine computations.

The construction of K addresses the problem that the boundary operator of a positive chain
complex in A involves only the face maps, whereas a simplicial object also requires informa-
tion about the degeneracies. The functor K can be motivated by considering semisimplicial
objects in an abelian category A.

Semisimplicial objects in A are functors S : A;;Of — A, where A;;j C AT is the subcat-
egory with the same objects and only injective monotonic maps as morphisms. Morphisms
of semisimplicial objects are natural transformations between them. They form the category
Fun(A;ZP ,A). As all injective monotonic maps in Aj;w» are composites of face maps, it is plau-

sible that a positive chain complex in A defines a semisimplicial object S : A;‘;P — A.

Exercise [74] shows that the construction of K in the proof of Theorem defines a functor
L :Fun(A;%, A) — Fun(A*°?, A) and that K factorises as K = LG for a simple and obvious

mnj

functor G : Chgso — Fun(A; %, A). Exercise [75 shows that the functor L is left adjoint to the

ng
restriction functor R : Fun(A*™?, A) — Fun(A; 7, A). It also shows that the functor G is left
adjoint to a functor N” : Fun(A;;‘;p ) = Chgso with N”R = N’ that is defined analogously

to the functor N’ in the proof of Theorem [5.2.3] Consequently, K : Chs>o — Fun(A*?, A) is
left adjoint to the normalised chain complex functor N : Fun(A*? A4) — Ch>o.

Exercise shows that for every semisimplicial object S : A;-';lojp — A the associated sim-

plicial object LS : AT — A is a left Kan extension of S along the inclusion functor
L Ajn?p — A1 Kan extensions are standard constructions in category theory that encom-
pass many constructions such as induced representations, geometric realisation of simplicial
sets, (co)products, (co)equalisers and (co)limits. The construction of K is obvious from this

perspective and follows from a standard formula for Kan extensions.

It should also be mentioned that Dold-Kan correspondence extends to simplicial homotopies.
As explained at the end of Section [5.1], there is a notion of simplicial homotopy h : f = g that
relates simplicial morphisms f,¢g : S — S’ in an abelian category A. By Proposition the
simplicial morphisms f, g define chain maps N f,, Nge : NS, — NS, between the normalised
complexes associated with S and S’. Similarly, one can show that every simplicial homotopy
h: f = g defines a chain homotopy Nh, : N fo = Ng, [W, Lemma 8.3.13].

Conversely, every chain homotopy he : fo = ge between chain maps f,, ge : Cs — C. defines a
simplicial homotopy K (h) : K(f) = K(g), where K : Chsso — Fun(A™, A) is the functor
from the Dold-Kan correspondence [W), Section 8.4, p273ff]. This allows one to formulate Dold-
Kan correspondence as an equivalence of categories between the homotopy category of chain
complexes from Remark and the homotopy category of simplicial objects.
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5.3 Simplicial objects from comonoids in monoidal categories

The Dold-Kan correspondence shows that positive chain complexes in an abelian category A
and chain maps between them are obtained from simplicial objects and simplicial morphisms in
A via the standard and normalised chain complex functor. Hence, we can investigate positive
chain complexes in A by studying simplicial objects in 4 and vice versa.

In this section, we derive a general method that allows one to construct simplicial objects and
morphisms from much simpler data. This method works for categories that are equipped with
additional structure, namely a categorical tensor product that generalises the tensor product
over a commutative ring k.

To generalise the tensor product in k-Mod from Definition to other categories, we have
to formulate it in such a way that it involves only objects, morphisms, functors and natural
transformations. We already established in Example[I.2.5] 6. that the tensor product of modules
over a commutative ring k£ defines a functor ® : k-Mod x k-Mod — k-Mod. This suggests that
one should view a tensor product in a general category C as a functor ® : C x C — C that
satisfies certain additional conditions.

Of the properties of the tensor product in Lemma [1.1.27] only the second and the fourth can
be formulated in general categories C without additional structures. They state, respectively,
that £ acts as a unit for the tensor product and that the tensor product over k is associative.
The fact that k acts as a unit for the tensor product is encoded in the k-module isomorphisms

Ipg : kM — M, A@m — Am ra s Mk — M, mQX — Am

from Lemma [1.1.27] If we denote by k& x id : k-Mod — k-Mod x k-Mod the functor that
assigns to a k-module M the pair (k, M) and to a k-linear map f : M — M’ the pair (idy, f),
then the k-module isomorphisms [y, : k@M — M and ry; : M®pk — M relate the functors
®(k x id) : k-Mod — k-Mod and ®(id x k) : k-Mod — k-Mod to the identity functor idg.od-

Similarly, the associativity of the tensor product is encoded in the k-module isomorphisms
apnp: (MEN)RRP — Mk(N@LP), (m@n)®@p — m®(n®p)

from Lemma that relate the value of the functors ®(® x id) and ®(id x ®) on the triple
(M, N, P) of objects in k-Mod.

The k-linear isomorphisms {57, 7y and ap y p commute with k-linear maps. For all A-linear
maps f: M — M', g: N— N and h : P — P’ we have

CLM/’NQP/ e} ((f®g)®h) = (f®(g®h)) @) aM,N,P, lM/ o (1dk®f) = f o lM, Ty © (f®ldk> = f OTpm.

We can therefore interpret ay, v p, [apr and 1y, as component morphisms of natural isomorphisms
a:®(®xid) - ®(1d x ®), [ : ®(k x id) — id and r : ®(id x k) — id. Note also that there are
identities between composites of the maps Iy, 75 and apn p that allow us to omit tensoring
with k£ and the brackets in iterated tensor products.

The existence of a special object e that generalises the commutative ring k£ and of natural
isomorphisms ¢ : ®(® x id) - ®(id x ®), [ : ®(e x id) — id and r : ®(id x e) — id can be
imposed in any category C with a functor ® : C x C — C. If we also take into account the
identities between multiple composites of the natural isomorphisms a, [ and r, we obtain the
following definition that generalises tensor products over commutative rings.
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Definition 5.3.1:

A monoidal category is a sextuple (C,®, e, a,l,r) consisting of

a category C,

a functor ® : C x C — C, the tensor product,

an object e in C, the tensor unit,

a natural isomorphism a : ®(® X id¢) — ®(ide X ®), the associator,

natural isomorphisms r : ®(ide xe) — ide and [ : ®(exid¢) — ide, the unit constraints,

subject to the following two conditions:

1.

2.

pentagon axiom: for all objects U, V, W, X of C the following diagram commutes

ayeVv,w,X ay,v,Wex

(UV)eW)eX —=" (UaV)o(WeX) = U(Ve(WeX))

aU,V,W®1Xl %
v®av,w,x

(U(VeW))oX U((VeW)oX).

E—
ay,vew,Xx

triangle axiom: for all objects V, W of C the following diagram commutes

av,.e, W

(Vee)oW Ve(e@W)
VeoWw.

It is called strict if a, » and [ are identity natural transformations.

Remark 5.3.2:

1.

The tensor unit and the unit constraints are determined by ® uniquely up to unique
isomorphism:

If there are natural isomorphisms 7’ : ®(id¢ x €') — ide and I' : ®@(e’ x id¢) — ide for an
object €’ in C, then there is a unique isomorphism ¢ : e — ¢’ with 7y o (1x®¢) = rx and
Iy o (p®1x) = Ix for all objects X in C. (Exercise).

However, the functor ® : C x C — C and associator a : ®@(® x id) — ®(id x a) are in
general not unique. It is a choice of structure, not a property. A category C may have
several different monoidal structures.

One can show that if C,D are objects of a monoidal category (C,®,e,a,l,r) and
f,g : C — D morphisms in C that are obtained by composing identity morphisms,
component morphisms of the associator ¢ and component morphisms of the left and
right unit constraints [, with the composition of morphisms and the tensor product,
then f and ¢ are equal. This is MacLane’s famous coherence theorem. A proof of this
statement can be found in [McL2, Chapter VI.2] and [Kl Chapter XIL.5].

. The name monoidal category is motivated by the fact that for a monoidal category

(C,®,e,a,l,r) the endomorphisms of the tensor unit form a commutative monoid
(End¢(e),0). This is a consequence of the coherence theorem.

Mac Lane’s coherence theorem allows one to omit brackets in iterated tensor products and
tensor products with the tensor unit. If one computes a composite of certain morphisms in a
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monoidal category with two different bracketings or with different insertions of units, then by
MacLane’s coherence theorem the resulting expressions are related by a unique composite of
the associators and left and right unit constraints. This means that any bracketings or units
omitted or changed in a computation can be reconstructed at the end, and one can compute
without brackets. This is already assumed implicitly for tensor products of vector spaces.

Many of the categories from algebra or topology considered so far have the structure of a
monoidal category, some of them even several non-equivalent ones.

Example 5.3.3:

1. For any commutative ring k, the category k-Mod is a monoidal category with:

the functor ® : k-Mod x k-Mod — k-Mod that assigns to a pair (M, N) of k-modules
the k-module M ®; N and to a pair (f, g) of k-linear maps f: M — M’ , g: N — N’
the linear map f®g: M@k N — M'@iN', m@n — f(m)®g(n),

the tensor unit e = k,

the associator with component isomorphisms
aynp: (MRN)RP — M(N®P), (m@n)®p — m®(n®p),

the unit constraints with component morphisms
rar s Mgk — M, mQA +— Am and [y : k@M — M, A\@m +— Am.

This includes the category F-Mod = Vecty for a field F, Z-Mod = Ab and also the
category of modules over the polynomial ring k[X].

2. For any small category C, the category End(C) of endofunctors F' : C — C and natural
transformations between them is a strict monoidal category with:

the functor ® : End(C) x End(C) — End(C) that assigns to a pair (F, G) of functors
F,G : C — C the functor F'G : C — C and to a pair (u,n) of natural transformations
w:F— F' n:G— G the natural transformation u®n : FG — F'G’ with compo-
nent morphisms (4®n)c = pa(cy © F(ne) = F'(ne) o paey : FG(C) — F'G'(C),

the identity functor as the tensor unit: e = id¢.

3. The categories Set and Top are monoidal categories with:

the functor ® : Set x Set — Set that assigns to a pair of sets (X,Y") their cartesian
product X x Y and to a pair (f,g) of maps f: X — X', g : Y — Y’ the product
map f X g: X XY — X' xY/,

the functor ® : Top x Top — Top that sends a pair (X,Y) of topological spaces the
product space X x Y and a pair of continuous maps f: X = X', g: Y — Y’ to the
product map f x g: X xY — X' x Y/,

the one-point set {p} and the one-point space {p} as the tensor unit,

the associators with component morphisms
axy,z : (X X Y) X Z — X X (Y X Z)v ((l’,y),Z) = (I7 (yu 2))7

the unit constraints with component morphisms
rx : X x{p} = X, (z,p) = zand lx : {p} x X = X, (p,x) — z.

4. More generally, any category C with finite (co)products is a monoidal category with:

the functor ® : C x C — C that sends a pair of objects to their (co)product and a
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pair of morphisms to the induced morphism between (co)products,
e the empty (co)product, i. e. the final (initial) object in C as the tensor unit,
e the associators induced by the universal properties of the (co)products,

e the unit constraints induced by the universal properties of the (co)products.

Such monoidal categories are called (co)cartesian monoidal categories. They include:
e any abelian category A,

e the category Set with the disjoint union of sets and the empty set, or with the
Cartesian product of sets and the 1-point set,

e the category Top with the sum of topological spaces and the empty space, or with
the product of topological spaces and the 1-point space,

e the category Top' of pointed topological spaces with wedge sums and the one-point
space or with products of pointed spaces and the one-point space,

e the category Grp with the direct product of groups and the trivial group or with
the free product of groups and the trivial group.

5. For any commutative ring k, the category Chy oq of chain complexes in k-Mod is a
monoidal category with the tensor product of chain complexes from Definition [4.6.1]

(Ae®Be)n = Bj_gA; @k By, d29B (a@b) = df(a)®b+(—1)ka®df_j(b) fora € A;,be B,_;
and with the tensor product of chain maps given by
(fo®g.)n(a®b) = fj(a)®gn_](b) for ac€ Aj, be Bn—j-

The tensor unit is the chain complex 0 — k£ — 0 and the associators and unit constraints
are induced by the ones in k via the universal property of direct sums.

6. For any monoidal category C and small category B, the category Fun(B,C) is a monoidal
category with

e the tensor product of two functors F, G : B — C given by (F®G)(B) = F(B)®G(B)
and (F®G)(f) = F(f)®G(f) for all objects B € Ob B and morphisms f : B — B/,
and the tensor product of natural transformations 7, k given by (n®k)p = NpR*kz,

e the constant functor I : B — C with I(B) = e and I(f) = 1, for all objects B and
morphisms [ in B as the tensor unit,

e the associator and the unit constraints induced by the associators and unit con-
straints in C.

7. In particular, 4. and 6. imply that for any abelian category A, the category Fun(A*? A)
of simplicial objects and simplicial morphisms in .4 is a monoidal category.

When considering functors between monoidal categories and natural transformations between
them, it makes sense to ask that these functors and natural transformations respect the
monoidal structures - up to isomorphisms. This leads to the concept of a monoidal functor
or tensor functor and of a monoidal natural transformation.
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Definition 5.3.4: Let (C,®¢, ec,a’,1¢,7¢) and (D, ®p, ep, aP, P, rP) be monoidal categories.

1. A monoidal functor or tensor functor from C to D is a triple (F, ¢¢, ¢%®) of

e a functor F: C — D,
e an isomorphism ¢°¢ : ep — F(ec) in D,
e a natural isomorphism ¢% : @p(F x F) = F®c,

that satisfy the following axioms:

(a) compatibility with the associativity constraint:
for all objects U, V, W of C the following diagram commutes

aP

(F(U)RF(V)@F (W) "2 O b 1y ( (VY@ F(W))
¢%’V®1F(W>j llU®¢§,W
FUQV)RF (W) FU)RF (VW)
%V,Wl Ld’g\/@w
F(UQV)QW) FU(VoW)).

F(aCU,V,W)

(b) compatibility with the unit constraints:
for all objects V' of C the following diagrams commute

PeRLpv) 1pv)®¢°

ep@F (V) —EVF(e)@F (V)  F(V)oep ~25" F(V)RF(ec)

lg(v)l j‘b;@c,v TE(V)L ld’gec
F(V) F(ec®V) F(V) F(V®ee).

F($)

A monoidal functor (F, ¢°, ¢®) is called strict if ¢¢ = 1., and ¢® = idpg, is the identity
natural transformation. It is called a monoidal equivalence if F' : C — D is an
equivalence of categories.

2. Let (F,¢% ¢%),(F',¢°,¢'®) : C — D be monoidal functors. A monoidal natural
transformation is a natural transformation n : F — F’ for which the following
diagrams commute:

(a) compatibility with ¢¢ and ¢

(b) compatibility with ¢® and ¢'®: for all objects C,C" in C

F'(ec)

F(O)®F(C") 2 F (0o F'(C)
¢20,l l%@fcf

F(C®C") —— F'(CRC).

Ncec!

A monoidal natural transformation n : FF — F’ is called a monoidal isomorphism if
ne : F(C) — F'(C) is an isomorphism for all objects C' in C.
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Remark 5.3.5: There are also two weaker concepts of monoidal functors:

1. The definition of a lax monoidal functor is obtained from Definition by replacing
the isomorphism ¢¢ : ep — F(ec) by a morphism ¢¢ : ep — F(ec), and the natural iso-
morphism ¢% : @p(F X F) — F®¢ by a natural transformation ¢® : p(F x F) — FQc,
while all other conditions are unchanged.

2. The definition of an op-lax monoidal functor replaces the isomorphism ¢¢ : ep — F(ec)
by a morphism ¢¢ : F(ec) — ep and the natural isomorphism ¢ : @p(F X F) = F®c
by a natural transformation ¢® : FQc — Qp(F x F) and reverses all arrows labelled ¢°
or ¢® in Definition [5.3.4]

Monoidal natural transformations for lax and op-lax monoidal functors are defined analogously.

Example 5.3.6:

1. For any ring isomorphism ¢ : & — [, the functor F}, : [-Mod — k-Mod that sends an
[-module (M, >;) to the k-Module (M, >y) with A >g m := ¢(A\) >; m and every [-linear
map to itself is a monoidal equivalence. Its coherence data is given by ¢¢ = ¢ : k — [
and (b%@M’N) CFy(M)®pEFy(N) = Fy(M&N), m@gn — men. If ¢ : k — [ is only a ring
homomorphism, this functor becomes lax monoidal.

2. The forgetful functor F' : Top — Set is a strict monoidal functor, when Top and Set are
equipped with the monoidal structures defined by their products or coproducts.

3. The functor F': Set — k-Mod that assigns to a set X the free k-module F(X) = (X),
and to a map f : X — Y the unique k-linear map F(f) : (X), — (Y)r with
F(f) otx = ty o f is a monoidal functor, when Set is equipped with the product
monoidal structure. Its coherence data is given by the maps ¢° : k — (p)r, A — Ap and
%y (X®p(Y)e = (X X Y, 2@y = (2,y).

4. Let D, & be small categories, C a monoidal category and equip Fun(D,C) and Fun(&,C)
with the monoidal structures from Example 6.

e Pre-composition with a functor F : & — D defines a monoidal functor
F* : Fun(D,C) — Fun(&,C) that sends a functor G : D — C to GF and a natu-
ral transformation n: G — G' to nF : GF — G'F.

e Pre-composition with a natural transformation n : F' — F” defines a monoidal natural

transformation n* : F* — F’* with component morphisms 7}, = Gn : GF — GF’ for all
functors G : D — C (Exercise).

The reason why monoidal categories are relevant in homological algebra is that the augmented
simplex category is a monoidal category with a particularly simple structure. This does not
hold for the simplex category, and this is the reason why the augmented simplex category is
preferable from the algebraic viewpoint.

Example 5.3.7:
The augmented simplex category A from Definition is a strict monoidal category with:

e the functor ® : A x A — A that assigns to a pair ([m],[n]) of ordinals the ordinal
[m]®[n] = [m+n] and to a pair (f, g) of monotonic maps f : [m] — [m/] and g : [n] — [n/]
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the monotonic map f®g : [m + n| — [m’ 4+ n/] given by concatenation of f and ¢

f(@) 0<i<m
m' +g(i—m) m<i<n+m,

(f@g)(i) = {

e the ordinal [0] = () as the tensor unit.

In Proposition and Remark we presented the simplex category as a category. We
specified certain generating morphisms, the face maps and degeneracies, and relations between
them. This allowed us to describe every morphism uniquely as an ordered product of the
generating morphisms.

A similar procedure can be applied to monoidal categories, but in this case, one generates
via composition and tensor products. One specifies a collection of generating objects such that
every object is isomorphic to a tensor product of the generating objects and a collection of
generating morphisms and certain relations between them. One requires that any morphism
can be expressed in terms of the generating morphisms via composition and tensor products.
All relations between morphisms are obtained from the generating relations and the coherence
data of the tensor product via tensor products and composition. For details on this procedure
see for instance [Kl, XII.1].

It turns out that the presentation of the augmented simplex category as a monoidal category
is much simpler than its presentation as a category from Proposition [5.1.2]

Lemma 5.3.8: The augmented simplex category A is presented as a strict monoidal
category by the object [1] and the morphisms of : [2] — [1], 60 : [0] — [1], subject to the
relations

o} o (6Y®1p)) = o} o (1®a?) o (11®69) = 1 = 0¥ o (5@1py)- (72)
In other words:

1. Every object [n] is a multiple tensor product of the object [1] with itself.

2. Every morphism in A is given as a multiple composite and tensor product of the
morphisms ¢}, §) and identity morphisms.

3. All relations between morphisms in A arise either from the properties of a monoidal
category or from ([72)) via the tensor product and the composition of morphisms.

Proof:

By definition of the tensor product in A we have [m|®[n] = [m + n] for all m,n € Ny, and this
implies inductively [n] = [n — 1]®[1] = [n — 2]Q[1|R[1] = ... = [1]®" for all n € N. For n = 0
we have the tensor unit [0] = [1]®°. To show that every morphism in A is a composite of the

morphisms ¢{ and 40, it is sufficient to prove this for the morphisms 4% : [n] — [n + 1] and
ot [n+ 1] — [n], since these morphisms generate A as a category by Proposition m These

n
morphisms are given by

5; = 1[i}®58®1[n—z‘] : [n] — [n + 1], U;'L = 1[i}®0-?®1[n—i—1] : [n + 1] — [n] (73)
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The defining relations between the morphisms ¢’ and o7, in follow from the definition of
the tensor product in A and from the relations . For instance, we have

0;71 o Uil = (1m®0‘?®1[n_i_g]) o (1[i]®0?®1[n—i—1]>
= 1®(0) 0 (0Y®1[1)))@1}i—g = 1R (0] 0 (11®07))®L—i—g
= (1[®0Y®1p—i—9) © (Lji411®0)R1—i—g))
= 0;—1 ° 071'14—1’
and the proofs of the other relations in are similar (Exercise). As the relations are the

defining relations of the augmented simplex category A (see Remark [5.1.3)), the claim follows.
(I

Lemma [5.3.8] gives a more efficient description of the augmented simplex category A with
fewer generators and relations than the description in terms of face maps and degeneracies in
Proposition . It involves only two morphisms and the two relations in . The first relation
resembles an associativity condition and the second resembles a unit law for a monoid or an
algebra. This can be made precise by generalising the concept of an algebra over a commutative
ring to a monoidal category.

Recall from Definition that an algebra over commutative ring k is a k-module A together
with an associative k-bilinear map - : A x A — A and a unit 14 € Awith1l4-a=a-14 =a
for all a € A. By the universal property of the tensor product over k, we can also view the
multiplication as a k-linear map p : AQLA — A, a®a’ +— a - a’. The unit element of A can be
encoded in a k-linear map 7 : k — A, A — Al 4. The conditions that u is associative and that
14 is a unit for A then read

po (p®id) = po (Id®u) o as a.a po (id®n) oyt = po (n®id) o I, = idy,

where as 4.4 (A®A)QpA — ARL(A®LA) is the associator, r4 : AQrk — A, l4 1 k®yA — A
are its left and right unit constraints. This definition generalises to any monoidal category.
Moreover, one obtains a dual concept by reversing the directions of the multiplication and unit
morphism.

Definition 5.3.9: Let (C,®,e,a,l,7) be a monoidal category.

1. A monoid or algebra object in C is a triple (A, u,n) of an object A in C and morphisms
i ARA — A, n: e — A, the multiplication and unit morphism, such that the
following diagrams commute

~

u®1Al 1A®Nj TA: “l :lA

A®A A ARA

n I

(ARA)RA —222 . AQ(A®A)  ARe 2 AgA L cxA

2. A comonoid or coalgebra object in C is a triple (C, A, ¢) of an object C' in C and
morphisms A : C — C®C, € : C' — e, the comultiplication and counit morphism,
such that the following diagrams commute

(Ce0)RC —2% ~ Ca(CaC) Coe <2 CRC 2% erC
A®1CT Tlcc@A _1% TA gl_l
Tc c
R0 < C———~ CxC
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Example 5.3.10:

1. A monoid in the monoidal category (Set, x,{p}) is simply a monoid (M, -, e) in the usual
sense (cf. Example 2.). The multiplication morphism is the monoid multiplication
p: MxM — M, (m,m’) — m-m’ and the unit morphism is given by n : {p} = M, p > e.

2. A monoid in the monoidal category (k-Mod, ®, k) for a commutative ring k is precisely
a k-algebra. In particular, monoids in (Vecty, ®,F) are algebras over F.

3. Every set X is a comonoid in (Set, X, {p}) and every topological space X is a comonoid in
(Top, x,{p}) with the diagonal map A : X — X x X, z — (x,z) as the comultiplication
and the counit € : X — {p}, z +— p.

4. More generally, every object C of a cartesian monoidal category (C, X, t) is a comonoid in
C with A : C — C x (' induced by the universal property of the product via m; 0 A = 14
for + = 1,2 and the terminal morphism € : C' — t.

Dually, every object A of a cocartesian monoidal category (C,II,7) is a monoid in C
with p: AIT A — A induced by the universal property of the coproduct and the initial
morphism 7 : i — A.

5. We consider the strict monoidal category End(C) = Fun(C,C) for a small category C from
Example , 2. A monoid in End(C) is called a monad in C. Tt is a triple (7', u,n) of
a functor T : C — C and natural transformations p : T? — T and 7 : id¢ — T such that
the following diagrams commute

T3 1E 72 Ry R (74)
Al N A
T2 T T.

A comonoid in End(C) is called a comonad in C. It is a triple (C,A,¢) of a functor
C : C — C and natural transformations A : C — C? and ¢ : C — ide such that the
following diagrams commute

3 L8 2 c<<L 2o (75)
ACT TA ldc\\AT ide

6. The triple ([1],09,00) of the ordinal [1] = {0}, the map ¢? : [2] — [1] and the empty map
60 : 0 — [1] from Lemmal5.3.8]is a monoid in the strict monoidal category (A, ®,0). This
follows from the definition of the tensor product in A in Example [5.3.7] and the relations
(73) in the augmented simplex category A.

The monoid ([1],69,40) in the augmented simplex category A plays a special role in homology.
By Lemma the augmented simplex category is generated as a monoidal category by the
object [1] and the morphisms ¢} : [2] — [1], z — 0 and the empty map 6] = 0 : [0] — [1]. Its
defining relations are precisely the defining relations for monoid in a monoidal category.
This allows one to characterise monoidal functors from A to a strict monoidal category C by
monoids in C and monoidal functors from A to C by comonoids. Every comonoid in C defines
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a simplicial object in C and every monoid in C a cosimplicial object in C. This is sometimes
called the universality of the augmented simplex category.

Proposition 5.3.11: (Universality of A)
Let (C,®, e) be a strict monoidal category.

1. For every monoid (A, u,n) in C, there is a unique strict monoidal functor F' : A — C
with F([1]) = A, F(0V) = p and F(§)) = 7.

2. For every comonoid (C, A/ ¢€) in C, there is a unique strict monoidal functor F' : A°? —C
with F([1]) = C, F(0?) = A and F(4)) = e.

Proof:

We prove 1., since 2. is obtained from 1. by reversing the direction of morphisms. By Lemma
the augmented simplex category A is generated as a strict monoidal category by the
object [1] and the morphisms ¢{ : [2] — [1] and &) : [0] — [1] subject to the associativity and

the unit relations .

If F: A — Cis astrict monoidal functor, then F is determined on the objects by F'([1]) since it
satisfies F'([0]) = e and F([n]) = F([1]®") = F([1])®" for all n € Ny. Similarly, F' is determined
on the morphisms of A by F(a¥) : F([1])®F([1]) = F([1]) and F(6)) : e — F([1]), since every
morphism in A is a composite of o) and 63 via the composition o and the tensor product ®.

The generating relations of A are equivalent to the statement that (A,u,n) =
(F([1], F(cY), F(&))) is a monoid in C. Given a monoid (A, u,n) in C, we can thus define a
strict monoidal functor F : A — C by setting F([1]) = A4, F(0?) = p and F(63) = n. O

Corollary 5.3.12: Let (C,®,e) be a strict monoidal category. Then:

1. Every monoid (A, u,n) in C defines an augmented cosimplicial object F' : A — C in C
with F([n]) = A®™ and
F(a;) _ 1%@#@1%@—@'—1) . A®MAD) _ g@n F(o) = 1§i®n®1§(n—z‘) S A®N _y A®(nt+1)
2. Every comonoid (C, A, ¢€) in C defines an augmented simplicial object F' : A% — C in C
with F([n]) = C®" and
F(ol) = 190A@15 D . ¢#n - 0204 () = 18ge1E ) . g2+ g@n)
In fact, the restriction to strict tensor categories in Proposition [5.3.11] and Corollary [5.3.12
is not necessary. It just simplifies the statement of the result. Mac Lane’s coherence theorem
(see Remark 2) allows one to extend this result to non-strict monoidal categories C by
replacing the strict monoidal functor in Proposition [5.3.11| by a monoidal functor and including
associators and left and right unit constraints into the formulas. The resulting functor is then
unique up to natural isomorphisms constructed from associators and unit constraints in C. We

will make use of this in the following and also consider monoids and comonoids in non-strict
monoidal categories and the associated augmented cosimplicial and simplicial objects.
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Example 5.3.13: Every group G is a comonoid in (Set, x,{z}) with A : G — G x G,
g (g,9) and € : G — {z}, g — z. The associated augmented simplicial object F' : A% — Set
is given by F([n]) = G*" for all n € Ny and

F(ﬁ) LG = GX(HH); (917 ...,gn) = (gla "'7giagi+1?gi+1vgi+2'-'7gn>
F<6;L) : GX(n+1) — GX”? (917 ~--;gn+1) = (917 -Ji—1,9i+1, ---;gn+1)-

By comparing this example to the chain complexes in Examples [3.2.6] [3.3.5] and [.1.2] we see
that it is related to the bar resolution of group cohomology. Note, however, that this construction
for group cohomology cannot be generalised to algebras over a commutative ring k since the
diagonal map A : A - ARiA, a — a®a and the map € : A — k, a — 1 are not k-linear.

Note also that this is not sufficiently general for our purposes. We do not want to associate
augmented simplicial objects to specific groups or algebras, Lie algebras or topological spaces
but to associate them systematically to all groups, algebras, Lie algebras and topological spaces
at once. This suggests that the relevant comonoids should be given by functors. For this reason,
we consider comonoids in a category End(D) = Fun(D, D) from Example [5.3.10] 5.

Example 5.3.14: Let (C, A, €) be a comonad in a small category D.

e By Proposition [5.3.11] and Corollary |5.3.12| the comonad (C,A,¢€) determines a unique
augmented simplicial object S¢ : A% — End(D) given by

Se([n]) =C":D =D, Sc(o,) =C'AC™ 1. C" = C™, 56(6,,) = CleC™™ - C™H — O™,

e This defines a functor F : D — Fun(A D) that assigns
- to an object D in D the functor Fo(D) : A”®? — D with Fo(D)([n]) = C™(D) and
Fo(D)(a) = Se(a)p : C™(D) — C™(D) for all monotonic maps « : [m] — [n],

- to a morphism f: D — D’ in D the natural transformation Fo(f) : Fo(D) — Fo(D') with
component morphisms Fo(f)p = C™(f) : C™(D) — C™(D').

e Post-composition with a functor H : D — A into an abelian category A defines a functor

HF¢ : D — Fun(A%, A) that assigns

- to an object D the functor HF(D) : A®? — A with Fo(D)([n]) = HC™(D) and
HFo(D)(a) = HS¢(a)p : HC™(D) — HC™(D) for all monotonic maps « : [m| — [n],

- to a morphism f : D — D’ in D the natural transformation HF¢(f) : HFc(D) — HFo(D')
with component morphisms HFe(f)n = HC™(f) : HC™(D) — HC™(D').

e Restricting to the full subcategory AT C A% yields a functor HFo : D — Fun(AT? A)
from D into the category of simplicial objects and morphisms in the abelian category A.

e Applying the standard chain complex functor e : Fun(A%* A) — Ch4so from Proposition
5.2.2] we obtain a functor G': D — Ch 4>( that assigns

- to an object D in D the standard chain complex HFx(D), in A,
- to a morphism f : D — D’ the chain map HF¢(f)e : HFo(D)e — HEc(D'),.

e Applying the normalised chain complex functor N : Fun(A%*, A) — Ch 4> from Proposition
5.2.2, we obtain a functor G’ : D — Ch 4>¢ that assigns

- to an object D in D the normalised chain complex NHFg(D), in A,
- to a morphism f : D — D’ in C the chain map NHFc(f)e : NHFo(D)e — NHFc(D'),.
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Example gives a general formalism that allows one to construct chain complexes in an
abelian category A from a comonad in a small category C and a functor H : C — A. If C is
already abelian, we can choose H = id¢ and apply the standard chain complex functor directly
to the functor F in Example [5.3.14 We can also drop the requirement that C is small, since
we can always restrict attention to a small full subcategory of C.

We now focus on the case, where C is abelian and investigate the chain complexes defined
by comonads in C. It turns out that under a mild additional assumption, the resulting chain
complexes generalise the pattern observed in Example [5.3.13] Via the construction in Example
comonads in an abelian category A define resolutions of objects in A.

Definition 5.3.15: Let (C, A, ¢€) be a comonad in an abelian category A. An object A in A
is called C-projective if there is a morphism f: A — C(A) with e4 0 f = 14.

Proposition 5.3.16: Let (C,A,¢) be a comonad in an abelian category 4. Then for any
C-projective object A in A the chain complex

C(A)e=... 2 C%(A) L C(A) X A= 0 with d, = 27 ,(=1)iC%eC?™ : C™(A) = C"(A)
is exact. It is called the canonical resolution of A defined by C.

Proof:
Let f: A — C(A) a morphism with €4 o f = 14. We consider for —1 < n € Z the morphisms

o = (=1 O - L (A) = O (A)

and show that they define a chain homotopy % : 1c(a)e = Oc(a),. By Proposition we then
have H,,(C(A).) = 0 for all n € Ny.

The boundary operator of C'(A), is given by d,, = X (—1)'d;, : C"(A) — C"(A), where
d, = C'eCy™": C"(A) — C"(A) are the component morphisms of the natural transformation
CleC™ . C™*1 — C™. This implies for 0 < i <n

Bt o by = (<110 (e) 0 C™(f) = (10 eg 0 f) = (=1 Tenn

di 0 hy = (—1)" L0 epnir-i(a)) 0 CHL(f) = (=1)™FLC™(f) 0 Cl(egm-icay) = —hp1 0 d',.

Combining these expressions and taking an alternating sum over the morphisms d’ we obtain
dnt10 by + hy10d, = Z?:J’_Ol(_l)idiz-i-l o hy + E?:O(_Dihn—l o diz
= lontigay + Zo(=1) T hyg o dl + 57 o (=1)'hy_1 0 dl, = Lensr(ay  for n € Ny,

This shows that he : 1c(aye = Oc(a), is a chain homotopy and H,,(C(A),) = 0 for all n € Ny. O

Proposition gives a systematic procedure to construct resolutions all objects in an abelian
category A from a comonad in A. Moreover, these resolutions are canonical and not based on
the specific properties of certain objects in A. We will see in the next section that most of the
standard resolutions considered so far, namely the Hochschild resolution, the bar resolution of
group cohomology and free resolutions of R-modules can be obtained in this way.
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5.4 Resolutions from adjoint functors

The results of the last subsection are a strong motivation to investigate monads and comonads
and to construct them systematically. It turns out that monads and comonads are rather
common, since they arise from pairs of adjoint functors. Pairs of adjoint functors occur in many
situations and are directly related to universal properties of certain standard constructions, as
discussed in Section [1.2] To see that a pair of adjoint functors defines a monad and a comonad,
we work with the characterisation of adjoint functors in Proposition [1.2.19}

Proposition 5.4.1: Let F': C — D be left adjoint to G : D — C with natural transformations
€ : FG — idp and 7 : ide — GF satistying (eF') o (F'n) = idr and (Ge) o (nG) = idg. Then
(GF,GeF,n) is a monad in C and (FG, FnG,e) is a comonad in D.

Proof:

We prove the claim for the comonad by verifying that (FG, FnG,e) satisfies the conditions
in Example [5.3.10], 5. The component morphisms of A = FnG : FG — FGFG are given by
Ap = F(ngw) : FG(D) — FGFG(D). From the naturality of 1 : ide — GF we then obtain
the first condition in ([74))

F?(AD) o Ap = FGF(na(py) © F(nawy) = F(GF(nap)) © Namp))
= F(neram) ©nemn)) = Fneram)) © F(nemn)) = Arap) © Ap.

The identities (¢F') o (F'n) = idp and (Ge) o (nG) = idg from (4) imply the second condition

)o
(4)
€rc(p) © Ap = €pgp) © F(namny) = lramn)

FG(ep) o Ap = FGlep) o Flnamy) = F(G(ep) o nam))

Q
[r=

F(lam)) = lraw)-

By combining this result with Proposition [5.3.16, we find that every pair of adjoint functors
F:C— Aand G : A — C defines standard resolutions of certain objects in an abelian
category A, namely of those that are isomorphic to objects in the image of F. On one hand,
this motivates why monads and comonads play an important role in homological algebra. They
arise from simple and canonical constructions that define the underlying adjoint functors.

If we take the opposite viewpoint and take a comonad as the fundamental structure that defines
canonical resolutions, it explains why the resolutions for the homology and cohomology theories
from Section [2|are all obtained by iterating certain simple constructions such as tensor products
or direct products of groups.

Corollary 5.4.2: Let A be an abelian category and D a category. If a functor G : A — D
has a left adjoint F': D — A, then the comonad (F'G, FnG,e) in A defines a resolution

ClA)e=... 5 C%A) L CA) B A0 with d, =X (—1)'C'eCT : C"TY(A) — C™(A)
of every object A in A that is isomorphic to an object in the image of F'.

Proof:
By Propositions [5.3.16] and [5.4.1] it is sufficient to show that every object A in A for which

there is an isomorphism ¢ : A — F(D) is C-projective. This follows because the morphism
f=FG(¢p7)oF(np)og¢: A— FG(A) satisfies

EAOf_GAOFG(¢1)OF(UD)O¢nﬁ1<6b5loeF(D)OF(nD)o¢¢1o¢—1A.



To see how the standard resolutions considered so far arise from this construction, we need
to identify the pairs of adjoint functors that define the comonad underlying their standard
resolutions. It turns out that these are the restriction functor and the induction functor from
Example [1.2.18], 7. for the Hochschild resolution and the bar-resolution of group cohomology.
Free resolutions of R-modules are obtained from the forgetful functor R-Mod — Set and the
freely generated module functors from Example [1.2.18] 1.

Example 5.4.3: (The Hochschild resolution from a comonad)

Let k£ be a commutative ring and ¢ : k — R a ring homomorphism.

e By Example [1.2.18] 7. the restriction functor G = Res : R-Mod — k-Mod is right adjoint to
the induction functor F' = Ind = R®;— : k-Mod — R-Mod.

The natural transformations € : FG — idg.nmoq and 7 : idgnvoq — GF' from Proposition are
given by their component morphisms €,; : RQM — M, r@m — r>m and ny : N - RQiN,
n +— 1®n for each R-module M and k-module N.

e The associated comonad F'G = R®,— : R-Mod — R-Mod sends an R-module M to the
R-module FG(M) = R®yM with r > (r'®@m) = (r’)®m and an R-linear map f : M — M’ to
the R-linear map idr®f : RQpyM — R M.

e By Proposition (FG,FnGe) is a comonad in R-Mod and Corollary yields a
resolution C'(M), in R-Mod for every F'G-projective R-module M. It is given by

C(M), = (FG)"™ (M) = R g, M
dy = S o(—1) (FG)'e(FG)y "+ RO D@ M — R0 M
ro®. @ra@m = (ror1) @ @r@m o 4 (=1)" 1@ @(rn ) @M + (=1)"10®... & (ry > m)

If M is an (R, S)-bimodule, this resolution is also a resolution in R®S°-Mod.

e By Corollary the R-module M = R is FG-projective since R = R®ik = F(k). By
setting M = R, we obtain a resolution of R in R®R°’-Mod

d d d: d
L RO Dy ROkt 2y ped Dy pE2 B p )

dy = S o(=1)'d;, : R0 - RERHD
T’O®...®Tn+1 — (TOT1>®T2...®Tn+1 — 7’0@(7”17’2)®T3,,_®7ﬂn+1 + ...+ (_1>n740®---®7’n71®(7”n7’n+1>_

e If A is an algebra over k, then we can choose R = A and ¢ : k — A, A — Al 4. In this case,
Ais an (A, A)-bimodule with a > b < ¢ = abe, and the resulting resolution of A in A® A°P-mod
is the Hochschild resolution from Example [4.1.3]

Example 5.4.4: (The bar resolution from a comonad)
Let k£ be a commutative ring and G a group.

e By setting R = k|G| in Example [5.4.3, we obtain a comonad (F'G, ¢, FnG) from the forgetful
functor G : k[G]-Mod — k-Mod and its left adjoint F' = k[G|®k— : k-Mod — k[G]-Mod.
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o As k[G]®" = (G*™)\, as a k-module, the associated chain complex for a k[G]-module M is

dy (G @ M — (G*™) @M
(905 > Gn) @M = (Gog1, G2, -, Gn) @M — (G0, G192, ---Gn) @M £ .. + (=1)" (g0, ---, Gn—1)D(gn > m).

e The trivial £[G]-module M = k is FG-projective since FG(k) = k[G]®rk = k[G]. and the
k[G]-linear maps f : k — k[G], A — Xe and ¢, : k[G] — k, Ag — X satisfy ¢ o f = idy.

e Setting M = k and noting that (G*"*D),@,k = (G*0HD), =~ (GX"), 4 we obtain the
bar-resolution from Example

B (e B (e 2 (G e 2 (G > KIG] % k=0

dn . <G><n>k:[G] N <G><(n71)>k[G
(G1s s Gn) > 915> (25 oy Gn) + (=) (G192, oy Gn) + oo + (=171, ooy no19n) + (1) (g1, -+ Gn—1)-

Example 5.4.5: (Free resolutions from a comonad)

e For any ring R the functor F' = ( )g : Set — R-Mod is left adjoint to the forgetful functor
G : R-Mod — Set by Example [1.2.18] 1.

e The associated comonad F'G : R-Mod — R-Mod assigns to an R-module M the free R-
module (M)g generated by the set M and to an R-linear map f : M — M’ the R-linear map
(fYr: (M)r — (M')g with (f)r(m) = f(m). The natural transformations € : F'G — idgoa
and 7 : idgey — GF are given by their component morphisms €y, : (M)g — M, SpepTmm —
YmemTm >m and ny : X — (X)g, © — x for an R-module M and a set X.

o If we set (M)% := M and (M)} == ((M)%) g for all n € Ny, we have FG"(M) = (M)%. An
element of (M)% is a finite sum of elements of the form (ry,...,7,, m) with r; € R and m € M.
The R-module structure on (M)% is given by r > (71, ..., 7, m) = (171,79, ooy Ty M),

e In this case, every projective R-module M is FG-projective, since €y : (M)r — M is
surjective. By Lemma [3.1.21] for every projective R-module M there is a morphism f : M —

e By Proposition [5.3.16 the comonad (F'G, FnG, €) defines a free resolution for every projective
object M in R-Mod given by

LA B (D B ()2 D (MY 2 M =0

dy, : <M>7122+1 — <M>7}1%a

(T0y ooy Try M) = (1071, ey Ty m) £ o+ (1) 1o, oy a1, m) + (= 1) (1o, ooy Tre1, 7 > M),

As the category Top is not abelian, singular (co)homology does not directly fit into this pattern.
However, it is still related to a pair of adjoint functors. It was shown in Example that
singular homology is obtained from a functor Sing : Top — Fun(A™° Set) by composing it
with the functor ( )i : Set — k-Mod for a commutative ring k. Exercise [78| shows that the
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singular functor Sing : Top — Fun(A™%, Set) is right adjoint to the geometric realisation
functor Geom : Fun(A*°? Set) — Top from Example |5.1.9]

Examples to show that Corollary gives rise to the standard resolutions for
Hochschild (co)homology and group cohomology from Example and Example and
to a free standard resolution of every R-module M. All that is required is a pair of adjoint
functors for the structures under consideration.

As already noted for the Hochschild resolution and the bar resolution, the standard resolutions
are often not very practical for computations. This also holds for the free standard resolution
in Example [5.4.5] Nevertheless, the resolutions defined by a comonad (C,A,€) in an abelian
category A are of conceptual importance. They allow one to view homologies as homologies of
functors, even for abelian categories without enough projectives or injectives and for additive
functors that are not right or left exact.

If A and B are abelian categories and K : A — B is additive, we can define the homologies of
objects in A by choosing a comonad (C, A, €) in A and setting H,,(A) = H,(KC(A)e>0), where
C(A). is the chain complex from Proposition and KC(A)e>o its image under K : A — B
with the last entry on the right removed. This is called the Barr-Beck (co)homology or
cotriple (cohomology).

Definition 5.4.6: (Barr-Beck (co)homology, cotriple (co)homology )
Let A and B be abelian categories and (C, A, €) a comonad in \A.

1. The comonad homology H¢(A, K) of an object A in A with coefficients in an additive
functor K : A — B is the homology H, (K C(A)e>0), where C'(A), is the chain complex

from Proposition [5.3.16]

2. The comonad cohomology H (A, K') of an object A in A with coefficients in an additive
functor K : A% — B is the cohomology H"(KC(A)*=%), where C'(A), is the chain complex

from Proposition [5.3.16|

Remark 5.4.7:

1. The comonad homologies and cohomologies for a fixed comonad (C,A,¢€) in A define
functors HS : A x Fun®(A,B) — B and functors H% : A x Fun®(A? B) — B,
where Fun®(A, B) c Fun(A,B) and Fun®(A B) C Fun(A%,B) denote the full
subcategories with additive functors as objects.

2. There are analogous definitions of monad (co)homologies, where the chain complex C'(A),
is replaced by a cochain complex.

Note that for C-projective objects A € Ob A the chain complex C'(A), in Definition is a
resolution of A. This applies in particular to the standard resolution of an R-module M from
Example |5.4.5, which is a free resolution of M. As the category R-Mod has enough projectives
by Corollary and any free resolution is a projective resolution by Corollary [£.2.3] this
resolution is unique up to chain homotopy equivalence by Theorem [4.1.§

It follows that for any right exact functor K : R-Mod — B, the homologies of the resulting
chain complex KC(A), are precisely the left derived functors of K. Similarly, for any left exact

168



functor K : R-Mod” — B one obtains the right derived functors of K. This allows one to
realise the functors Tor and Ext as comonad homologies of objects in R-Mod with coefficients
in the functors K = M®g— : R-Mod — Ab and K = Hom(—, M) : R-Mod” — Ab.

Example 5.4.8: (Tor and Ext)

Let R be a ring and (C, A, €) the comonad from Example in R-Mod. Then the comonad
homology of an R-left module N with coefficients in K = M®g— : R-Mod — Ab is given by

HS(N,M®gp—) = L,(M®g—)(N) = Tor*(M, N)
and its comonad cohomology with coefficients in K = Hompg(—, M) : R-Mod®” — Ab by

H?(N,Homp(—, M)) = R*Hompg(—, M)(N) = Ext",(N, M).

This final example includes Hochschild (co)homologies, group (co)homologies and (co)homo-
logies of Lie algebras and identifies them as comonad (co)homologies, since they are obtained
as functors Tor and Ext for specific choices of the underlying ring R (see Examples ,
and and Definition . It also motivates the functors Tor and Ext and, more generally,
left and right derived functors of right exact functors K : R-Mod — B or left exact functors
K : R-Mod” — B from the viewpoint of simplicial homology. A left or right derived functor is
nothing but the comonad homology for the free resolution from Example [5.4.5| with coefficients
in a right or left exact functor K : R-Mod — B or K : R-Mod” — B.

5.5 The Eilenberg-Zilber Theorem*

To conclude our investigation of monoidal structures in homological algebra, we relate the
tensor product of chain complexes from Definition to a tensor product in the category of
simplicial objects in R-Mod for each commutative ring R.

This has applications in many homology theories. Together with the Kiinneth formula, it al-
lows one to compute the simplicial and singular (co)homologies of product spaces. In group
(co)homology it allows one to compute (co)homologies of product groups and in Hochschild
(co)homology, the (co)homologies of tensor products of algebras.

Recall from Example [5.3.3] 5. that for any commutative ring R the tensor product of chain
complexes from Definition equips the category Chped>0 With the structure of a monoidal
category. The tensor product of two chain complexes X,, Y, is the chain complex X,®Y, with

(X.@K)n = @ZZOXk®RYn—ka
dp : (Xe®Ya)p = (Xe®@Yo)no1, dn(z®y) = dp(2)Qy + (1) 2@d,_1(y) for 20y € Xp@rY_k.

The tensor product of two chain maps f, : X, — X and g, : Y, — Y/ is the chain map
fo®ge 1 Xo®Yy = X ®Y[,  (fe®ga)n(2®y) = fu(2)®gn—i(y) for 2@y € Xp@RY—.

The coherence data for the monoidal structure is induced by the coherence data for R-Mod via
the universal property of the tensor product and the direct sum.
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On the other hand, Exercise shows that for any monoidal category A the category
Fun(A*°; A) becomes monoidal with the objectwise tensor product of functors and natural
transformations. The tensor product of simplicial objects X,Y : AT — A is thus given by

(XQY), = X,@4Yn (XQ'Y) () = X ()@Y (o) : X,,@4Y, = X;n®@4Yi

for all n € Ny and morphisms « : [m + 1] — [n + 1] in A™. The tensor product of simplicial
morphisms a: X — X" and 5 :Y — Y’ is the simplicial morphism

(a®'B): XY = X'QY' (a®'8), = 0n®@48n : Xn@4Y, = X/ @4Y,.

In particular, if A = R-Mod for a commutative ring R, this defines a monoidal structure on
the category Fun(A*™%? R-Mod) of simplicial objects and simplicial morphisms in R-Mod.

In Section we found that each simplicial object X : AT — A in an abelian category A
defines a chain complex X, in A, its standard chain complez, with

Xo=X(n+1))  do=3(=1)'X(5,) : Xn = Xpo1.

Each simplicial morphism « : X — X’ defines a chain map a, : X, — X. given by
On = Qi) @ X — X),. In Proposition we established that this defines a functor, the
standard chain complex functor e : Fun(A*?  A) — Chy>o.

We now investigate the interaction of this functor with the monoidal structures in the categories
Chaso and Fun(A*%  A) when A = R-Mod for a commutative ring R. As both, the category
Fun(A*°?, R-Mod) and the category Chgaoq are monoidal, the simplest guess is that the
standard chain complex functor e : Fun(A*°? R-Mod) — Chg.joq could be a monoidal functor
in the sense of Definition [5.3.4] However, we will find that this is not the case. Instead, it is both
lax monoidal and op-lax monoidal in the sense of Remark [5.3.5 The morphisms that describe
its lax and op-lax monoidal structures are chain homotopy equivalences.

The proof proceeds in two steps. We first establish that there are natural transformations
f:e® — ®(exe)and g: ®(e X o) — ®'e whose component morphisms form chain homo-
topy equivalences. This already ensures that the homologies of the two chain complexes are
isomorphic: H,(X.®Y,) = H,((X®'Y),) for all simplicial objects X,Y : AT — R-Mod. In a
second step, we derive expressions for these natural transformations and prove that they give
the standard chain complex functor the structure of a lax and op-lax monoidal functor.

The first step is largely abstract and reminiscent of the constructions with projective and
injective resolutions in Section [d The only difference is that the exactness and projectivity or
injectivity requirements from Section 4| are replaced by the requirement that the chain complexes
are acyclic and by naturality conditions. This is known as the method of acyclic models.

Definition 5.5.1: Let R be a ring. A chain complex X, in R-Mod is called

e augmented, if X,, = 0 for n < 0, and there is an R-linear map € : Xg — R with eod; = 0,

e acyclic, if it is augmented, H,(X,) = 0 for n # 0 and the induced map € : Hy(X,) = R
is an isomorphism.

An augmented chain complex X, is called augmented because it can be prolonged to a chain
complex X¢ with the ring R in degree -1

Xe=... X5 X, %X, S R0
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Exactness of the chain complex X is equivalent to the conditions H, (X{) = H,(X,) = 0 for
n € N, to surjectivity of € and to the condition ker(e) = im(d;). The last two conditions state
that the induced map € : Hy(X,) = Xo/im(d;) = Xo/ker(e) — R is an isomorphism. Hence X
is exact if and only if X, is acyclic.

To relate the chain complexes X,®Y, and (X®'Y), for functors X,Y : At? — R-Mod, we
consider a special simplicial object A™ : A*? — R-Mod. Just as all R-linear maps f : R — M
into an R-module M are of the form f: R — M, r — r > f(1) and hence in bijection with
elements of M, simplicial morphisms from A™ to a simplicial object X : AT — R-Mod are in
bijection with elements of X,.

This simplicial object A™ is obtained from the simplicial set Hom(—, [n+1]) : At — Set. The
Yoneda-Lemma states that natural transformations 7 : Hom(—, [n + 1]) — X into a simplicial
set X : AT — Set are in bijection with elements of X ([n 4 1]) = X,,. By composing it with
the functor ( )r : Set — R-Mod that assigns to a set Y the free R-module (Y)r we obtain a
simplicial object A™ : At? — R-Mod. It is given by

A"([p+1]) = (Homa+([p + 1], [n +1]))r (76)
A™(«) : (Homa+([p+ 1], [n+ 1]))g = (Homa+([¢+ 1], [n+ 1]))r, B~ Boa.

for all p € Ny and morphisms « : [¢ + 1] — [p+ 1] in AT, Tts standard chain complex A? from
Proposition takes the form

Ay = (Homa+ ([p+ 1], [n +1]))r dy: Ay — AD |, B P (=1)Bo (5; (77)

p—1»
and turns out to be acyclic. It can be viewed as a model for all other acyclic complexes arising
from simplicial objects in R-Mod, just as the ring R can be viewed as a model of all R-modules.
Proposition 5.5.2: Let R be a commutative ring and n € Ny. Then:
1. The chain complex A? from is acyclic.
2. For each simplicial object X : AT — R-Mod and each z € X,, = X([n + 1]), there is a

unique simplicial morphism a™* : A" — X with a@i”(l[nﬂ}) = 7.

Proof. 1. We define an R-linear map € : A — R by €(a) = 1 for all morphisms « : [1] = [n+1]
in AT. This yields eod;(a) = eoaod) —eoaod} = 0 and gives A7 the structure of an augmented
chain complex. To prove that A7 is acyclic, we show that the augmented chain complex

A = By g By qn D pn S Ry
is exact. We define a chain homotopy between 0,,id, : AJ" — A" by setting

hoy:R— A}, r—r>ay withag:[1]— [n+1],0 =0, (78)
hy: Ay — Al aes hy(a)  with hy(a)(0) = 0, hy(a) (k) = alk — 1) Vk € {1,...,p+ 1},p € Ny.

With the definition of the face morphisms 4% in Proposition we then obtain for all p € Ny
and morphisms « : [p+ 1] — [n + 1]

An(62+1) o hp(ar) = hy(a) o 52+1 =a, (79)
A0 ,1) 0 hy(a) = hy(a) 08y = hy(ao 87 1) = hy_y 0 A™(6, ") () ied{l,..p+1}.
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This implies for all p € Ny
(177) i AN ST g n(st
dpt1 0 hy + hyq 0 dy E?:ol (=1)'A (5p+1) ohy+ 3o (=1)'hp-10A (5]))
iday + 570 (<1)hyog 0 AM(65) + S2 (—1) oy 0 A™(8) = iday.
As we also have e o h_; = idg, the maps h,, define a chain homotopy he : 0s = id,.

2. Let now X : AT — R-Mod be a simplicial object in R-Mod. Then a simplicial morphism
a: A" — X is a natural transformation from A" to X, given by its component morphisms
ap+1) + Ay — X,,. The naturality implies for each morphism a : [p + 1] — [n + 1]
n nat
ap1) (@) = a1 (Lngr 0 @) = apray 0 A" (@) (1pnryy) = X (@) 0 apyy(Lnry)-
This shows that a is determined uniquely by aj411(1jn41)) € X, and every element z € X,
yields a unique simplicial morphism a™* : A" — X with aﬁl’il](l[nﬂ]) = . O

Remark 5.5.3: The chain complexes AP®A? and (AP®’A?), are also acyclic for all p, g € Ny.

For AL®AZ this follows with the Kiinneth formula in Theorem [£.6.3] For (AP®’ A7), this follows,
because the maps hy®hy, : AFQAT — AL QAL with by : A" — A" as in form a chain
homotopy between 0,,1ids : (APR'A)y — (APR'A),. This follows by a direct computation
analogous to the one in the proof of Proposition (Exercise).

Using the acyclic chain complexes AP®A? and (AP®'A?), from Remark , we can now
construct natural transformations f : e®" — ®(e x ) and g : ®(e X @) — e®’ that form chain
homotopy equivalences between the complexes (X®'Y"), and X,®Y, for all simplicial objects
X,Y : At — R-Mod.

For this, we proceed similarly to the construction of the resolutions in Section [d We construct
their component morphisms XV : (X®@'Y), — X,®Y, and ¢ : X, @Y, — (X®'Y), by
induction over the degree. The naturality condition and model property of the chain complexes
A? in Proposition [5.5.2] 2. reduce this construction to the cases (A"®'A"), and AZ®AZ, where
we can use the acyclicity. The construction of the chain homotopies is analogous.

Theorem 5.5.4: (Eilenberg-Zilber Theorem)

Let R be a commutative ring and e : Fun(A*? R-Mod) — Chpg.poeq>o the standard chain
complex functor from Proposition [5.2.2

1. There are natural transformations f : e® — ®(e x @) and g : ®(e X ) — ®'e
with fg(’y = g()f’y = idy,ey, for all simplicial objects X,Y : AT — R-Mod.

2. Their component morphisms fX¥ and ¢gXY are unique up to chain homotopies that are
natural in X and Y.

3. Their component morphisms f;X¥ and ¢X¥ form a chain homotopy equivalence with
chain homotopies that are natural in X and Y.

Proof. 1. We define the natural transformations f and g by inductively constructing their
component morphisms. We set f(‘)X Y= gg( Y —id : Xo®Y, — Xo®Y, for all simplicial objects
X,Y in R-Mod. Suppose we constructed R-linear maps f,f(’y D (X®Y) — (Xe®Ys)r and

g (Xe®Ya)k — (X®'Y)y for all k < n and simplicial objects X, Y such that:
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(i) dio fi°" = fi] ody and d o gp " = gp) o dy,
(i) f5"" o (/B = (u@Bu)i o [i" and g o (aw@B)r = (@B o g "
for all k& < n and simplicial morphisms o : X — X" and g:Y — Y.

To define R-linear maps fXY : (X®'Y), — (X.®Y,), and g5 : (X, ®Y,), — (X®'Y), that
satisfy (i) and (ii) for kK = n, we consider the acyclic complex A7 from and Proposition
and recall that the chain complexes ALQ A? and (AP®’A?), are acyclic for all p, ¢ € Ny by
Remark [5.5.3] Because they are acyclic and we have

dp_1 0 fA_niAn od, = fA_niAn ody,_10d,=0 n>1, (e®e€) o fOAn’An ody = (e®e)ody =0,

n n
AP AT—P AP AP AP AP

doqogi " od, =g ody,_10d,=0 n>1 (eXe)o g, od; = (e®e) ody =0,

n—1

for the map € : Af — R, o — 1 from the proof of Proposition it follows that there are
elements z € (A}®AD),, 2, € (APQ'A™P),, with

ffjiAn © dn(l[nﬂ}@l[nﬂ]) = dn(z) gﬁiA%p o dn(l[p+1]®1[nfp+1]) = dn(zp)' (80)

By Proposition for any simplicial object X : AT? — R-Mod and any element z € X,,,
there is a unique simplicial morphism a™* : A" — X with "% | (1j,41)) = 2. We define

[n+1]
f (x®y) = (ap*@ad?)n(2) reX,yey, (81)
g ¥ (z®@y) = (a"" @ a"PY), () z€ Xy €V,

This defines the R-linear maps fX¥ and ¢2¥ uniquely, and we have

dy o [ (2®y) = dy o (ad"®ag)n(2) = (a0 ®agY)n-1 0 dn(2)

B, . n An i) x, n

(@27 @21 0 F2" 0 du(lpnay®Lpsn) 2 £ 0 (@@ a™ )1 0 dy (Ui @)
* XY n,T n, _ XY mn, mn,

= ful1 0dn o (@@ ™)y (Lpnan) @1 pr)) = fi21 © dulap (L) ®ap (1))

= 75(7’}1/ o dn<x®y) T e me € Yna
dp o 65 (woy) @ d, o (7@'a"74),(2,) £ (D@ )y 0 du(2)
(80) T n— P A™TP ii T n—
(@@ a" )1 0 g 0 du(Lpay®@Lpuepin) 2 g7 © (@7@a2 )1 0 du(1piny @1 j—pin)
* XY T n—p, _ XY T n—p,
=9p-1° dy, o (af ®a, py)n(l[p+l]®1[nfp+1}) = 0p—1 ° dn(a[l;+1](1[p+1]>®a[n7ppi1](l[n*erl]))
= 91)1(—71; © dn(‘T@y) YIS va Yy e Yn—pa

where we used in * that a}®, a™¥, al*®a™¥ and (a"*®@'a™¥), are chain maps and the defining
property of the simplicial morphisms a?*, ™ P¥ in the last step. This establishes (i) for k = n.

To show that the maps XY, ¢XY satisfy (ii), note that for all simplicial morphisms o : X — X’
and x € X,,, the uniqueness of a™”* : A — X from Proposition implies

aoa™® = g%n+1(®) (82)
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With this, we obtain for all simplicial morphisms «: X — X’ and f:Y — Y’

/N % 1y (81)) n,Qp, x 1,Bn
f5Y o (& B)atemy) = £ (@nen(@)@ B (v) S (@0 a1, (2)
= (0 0a™)@(8 0 a™))n(2) Z (@@Ba)n 0 (170170 (2)
D (@2B)no [ (wy)  wEXyyeV,

VRV * IRV 81 _
g " o (e@Ba)n(z@y) = g Y (@) (2) @B —pry(y)) = (@@ " PP @), ()

B (a0 a) (B0 P))u(2) Z (08'B)a o (" 'a" W), (2,)

(a®'B), 0 Y (x®y) re X,y €Yy,

where we used the definition of e in * and its functoriality in **. This establishes (ii) for k = n
and inductively defines natural transformations f : ¢®" — @(e x @) and g : ®(e X ¢) — e®’.

2. We show that £ and ¢X¥ are unique up to chain homotopies natural in X and Y. For

this, suppose that [’ : e®" — ®(e x @) and ¢ : ®(e x ®) — e® are natural transformations
with féX’Y = géX’Y = id @ Xo®Yy — Yo®Xy. We inductively construct chain homotopies
REY ¢ f2OY = fXY and kXY ¢ g5 = ¢gXY for all simplicial objects X,Y : At? — R-Mod
by setting by " =0 : Xo®Yy — (X.®Y,); and k)" = 0: X,QY, — X1 ®V].

Suppose we have R-linear maps b, 1 (X®'Y); = (Xo®@Ya)ie1, k7 (Xa®Ya) = (X@'Y )iy
for all I < n and simplicial objects X,Y : AT — R-Mod such that

() di1 0 W+ odi= 7 — [ and dis1 0 RS odi =g =g,
(il) B 0 (a®'B) = (e®Bo)ir1 0 b)Y and kXY 0 (@) = (a®'B)11 0 ki
for all I < n and simplicial morphisms o : X — X' and §:Y — Y.

To define R-linear maps XY : (X®'Y), = (Xe®Y4)n1 and £XY @ (X ®Y,), — (XQ'Y )i
that satisfy (i) and (ii) for [ = n, we consider again the chain complexes A7. As we have

dy o (fFA™AY _ prAmAT _ pAnAT o gy D pATAY g od, =0

n

d, o (g;?p’An_p — g;LAp’An_p — kfﬁ’lAn_p od,) 0 k,’?ﬁ’QAn_p od,_10d,=0
and AJ®AY, (APR'A"P), are acyclic, there are w € (AJ®AL) 11, wy € (APQR'A"P), 1 with
dosi(w) = (f5 = A = 05 0 da) (1@ 1psy) (83)
duyi(wy) = (g2 = g — kD 0 dy) (s @1 py)-
For all simplicial objects X,Y : AT — R-Mod we define

hf’y(x@)y) = (al*®aY) i1 (w) re X, yey, (84)
ki(,Y(x®y> — (ap’z®/an7p’y)n+1 (wp) xr e Xp’/y c Yn—py

n,x

[n+1] (1[n+1]) = z from Proposition

where a™* : A™ — X is the unique simplicial morphism with a
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5.5.2l This implies

dpt1 © hf’y( ) . dny1 0 (a ®af’y>n+1(w) = (a?’m@)a?’y)n © dn+1(w)

83 n n n n n n

D (T @av), o (fAAT = pAAT A 0 dn) (111 ®1[n41))

= = 1Y = b ody) o (@M ®a™) (s y® L))

= (fiCY - f;LX7Y hn pod )("E@y) re€X,,y€Yy,

dpi1 0 k‘ff’y(x@)y) dpy1 0 (ap’$®,an_p’y)n+l(wp) = (ap,x®/an—p,y)n o dn—i-l(wp)
=3 — e —

& (aP*®'a" 1Y), (gﬁw AT QZAP’A " — kﬁ’lA "o dn)(l[p+1]®1[nfp+1])

= (92{ Q;LX Y ki{—){ ody)o (af’x®a?_p’y)n(1[p+1]®1[nfp+1])

= (g2 =g =k od)(a®y)  w€ X,y €Yy,

n

where we used in * and ** that a}*®@a7¥, (a"*®@'a™Y), are chain maps, in ** the identities (ii)
for f, f’, hy_1, kn—1 and in the last step the definitions of the standard chain complex functor
and of a*® and a™¥. This proves (i) for [ = n.

To show that (ii) holds for I = n, we compute for simplicial morphisms o« : X — X', f: Y — Y’

RV, * RV (184) n,00, T n,81n
WY o (0@ B)n(x@y) = BXY (s (2)DBmsny () & (aw D ar Wy L (w)
(@0 a™)e®(B 0 ™) )n1(w) Z (0@B)ni1 0 (ALF @A) 41 (w)
(e®@Bo)ns1 0 XY (20y) € X, yEY,

[

[

84

1yt * 1yt ) a n—
k0 (0a@Ba)n(2@y) = ky Y (0 (2)@Binprn (1) = (aP B 0P,y ()
(a0 aP*)@' (B 0 a" ™)) i1 (wp) = (A B)ntr © (A" @a" )11 (w))

(a®lﬁ>n+1 © kf’y<x®y) r e Xpy€eY,,,

[

[

where we used in * the definition of the standard chain complex functor and in ** its functori-
ality. This shows that (i) and (ii) hold for n = [, and inductively we obtain chain homotopies
REY o fI5Y = XY and kXY g8 = XY that are natural in X, Y.

3. We show that for natural transformations F' : ¢®’ — e®’ and G : ®@(e x @) — ®(e X @) with
FOX’Y = Gé(’y =id : Xo®Yy — Xo®Y for all simplicial objects X,Y : AT — R-Mod, the
component morphisms F;5¥ and G are all chain homotopic to the identity chain maps with
chain homotopies that are natural in X and Y. The third claim then follows by applying this
statement to F = go fand G= fog.

For this we inductively construct chain homotopies
hY idxeryy, = FXF kS Didxev, = GO
by setting hg " =0 : Xo®Yy — X;0Y; and k77 =0 : Xo®0Y, = (X.®Y.)1.

Suppose we constructed b, (X@'Y); = (XY )1 and kXY 1 (X,®Y,), = (X®Y4)4 for
all simplicial modules X, Y AT? — R-Mod and [ < n such that

(i) dipr o b + 05 ody = FY —idxey and diyy o kY + k) ody = G —idix.eva),,
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(i) b o (a®'B); = (a@'B)ip1 0 B and kY 0 (e®B)1 = (e®Ba) 111 0 kY
for all [ < n and simplicial morphisms a: X — X’ and f:Y — Y.

To define R-linear maps hX'¥ : (X®'Y),, = (X®'Y )1 and kXY 1 (Xo®Ye)n — (Xe®@Ye)ni1
that satisfy (i) and (ii) we use again the acyclic complexes (A"®'A"), and A2®A}~P. Because
these complexes are acyclic and we have

A" AT . A™ A" A" AP
dpo (F7 " —idangan — b,y ody,) =h,_5 odyi0d, =0
P _AN—P . p n-Py AP An—P AP AP
d, o (GA"A™? —jdUAe®Ae D _ pARATE o gy = kY o d, o d, = 0,

there are v € (A"®'A"),41 and v, € (AE®A}P),+1 with

(F A = idagoay — b i 0 dn)(Lpsy @) = dnsa (v) (8)
(G ORI A g
For all simplicial objects X,Y : AT — R-Mod we define
B (@) = ()1 (0) reX,yey, (50
B (1®y) 1= (a2 ®ay )i (v) T € Xpy € Yooy,

where a® : A" — X is the unique simplicial morphism with agil]

5.5.2l With this definition, we obtain

(1pig1) = @ from Proposition

dni1 0 h)Y (2, y) dni1 0 (@@ a™ )1 (v) = ("R a™)y © dpyr (v)

85| n o An . n oAn
" (an’a:@/an’y)n o (FA A% _ 1dA2®Ag — hA A o dn)(l[n+1]®1[n+1])

n n—1
= (FX,Y —idx,ev, — hanI ody)o (amx@/an’y)n(l[wrl]®1[n+1])

= (FX’Y —idyx, sy, — hnX_)I od,)(r®y) re X, yey,

Ao 0 kXY (2,9) & doir 0 (@27 @A) 011 (0)) = (@27 BAIY) 0 i (1))

" . n— n— . , n—
= (a2 @al ™), 0 (G —id gy, — kn A 0 dn) (Lpry@lpap)

2 (G = id(xaara, — kot 0 dn) 0 (27 @ay ™) (1 @1 pi)
= (Gi(,y - id(Xo®Yo)n - ki{i}; o dn)(l’®y) YIS XIH Yy S Ynfp7
where we used in *, ** that (a"*®@'a™¥), and a}*®a¥ are chain maps, in ** the naturality of

F, G, h," and k% and then the definition of the standard chain complex functor and of a?,
a¥. This shows that kY and kY satisfy (i).

To show that AXY and kXY satisfy (ii) for all simplicial morphisms v : X — X’ and 8:Y — Y’
we compute

! Nt * Iy ‘Eﬂ' n,o xT n
h;)z{ o © (a®//8)n(x7y) = hf Y (a[n+l] (x)®ﬁ[n+1](y)) - (a ' [n+1]( )®/CL ’6[n+1](y))n+l(v)

= (a0 a™)@ (B0 a™))ui1(v) Z (a8 B)usr 0 (") 1 (v)

(a®'B)py1 0 B Y (z@y) reX,yey,

/ * A% ‘m’ YX[p41 ("E) n— 7:8n—p 1( )
Yo (Ce®Bo)n(x,y) = kr)f Y (a[p+1] ($)®ﬁ[n—p+1} () ! (a{) P g eI )

(@0 d”)e@(B0a"PY)e)nt1(vp) = (e®Pe)nt1 © (ab*®@ag ) p11(vy)

(e®@Ba)ni1 0 kXY (2®y) v € X,y €Y,

k

S >

n—l-l(Up)

g I
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where we used in * the definition of the standard chain complex functor and in ** its functorial-
ity. By induction the maps h; " and ;""" then define chain homotopies hy™" : id(xgry), = F;°Y
and kXY :idx, gy, = GXY that are natural in X and Y. O

The Eilenberg-Zilber Theorem does not give a concrete formula for the natural transforma-
tions f and g, although such a formula could be derived from their inductive construction.
However, the existence of these natural transformations and the statement that the maps
f5Y 1 (X®Y)s = X,®Y, and ¢ : X,®Y, — (X®Y), form chain homotopy equivalence for
all simplicial objects X,Y in R-Mod are sufficient to draw conclusions about the homologies.

Corollary 5.5.5: Let X, Y : AT — R-Mod simplicial objects in R-Mod. Then for all n € Ny
H,(X®'Y)s) = Hy(X,®Y,)

Example 5.5.6:

1. By Example the Hochschild complex of a k-algebra A with values in an (A, A)-
bimodule M is the standard chain complex of a simplicial object F4M : A+oP — k-Mod
with FAM([n +1]) = M@, A",

Given two k-algebras A and B, an (A, A)-bimodule M and a (B, B)-bimodule N, we have
a canonical (A® B, A®B)-bimodule structure on M®N with
(a®b) > (m®n) = (a>m)R(b>n) (m®n) < (a®b) = (m < a)@(n <b),

and the k-linear maps

05 (M@ A )Rp(N®RB®) = (M®QN )Ry (AR B)®,
(M®Ra1®...0a;)R(N®Rb1®...Qb;) — (M@n)®(a;®b1)®...Q(a;®b;)

define a natural isomorphism ¢ : FAMg/ BN — pASBMELN

Corollary states that the Hochschild homology of A®;B with values in M®,N is
the homology of the tensor product of the Hochschild complex of A with values in M and
the Hochschild complex of B with values in V:

H,(A®y B, M@N) = H, (FO 5NN = [ (FAM @ FPY)

By specialising this to group algebras A = k[G] and B = k[H| and k[G] and an k[H]-
right modules M, N with the trivial k[G]- and k[H]-left module structure, one obtains
an analogous statment for group homologies.

2. By Example the singular chain complex for a topological space X with values in k
is the standard chain complex CX of the simplicial object C* : A*? — k-Mod with
C*([n + 1)) = (Homme, (A", X)),
CX(5L): X = CX

n n—1»

o oo fl C’f(az):Cf—)C’fH,aHaos?.

By the universal property of the product topology we have

HomTop(A”, X X Y) = HOIIlTOp(An, X) X HomTop(A”, Y)
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With the universal properties of the free R-modules and the tensor product we then
obtain a natural isomorphism 7 : C**¥ — CX®'CY. Corollary states that the
singular homologies of the product space X x Y are the homologies of the tensor product
of the singular chain complex of X and the singular chain complex of Y:

H,(X X Y, k) = H,(CF) = H,((C¥&'CY)a) = H,(CFRCY).

The Kiinneth formula for chain complexes from Theorem then implies Theorem
4.6.6; for all commutative rings k and topological spaces X,Y there is a short exact

sequence
n n—1
0= @D Hi(X, k)@ Hojy (Y, k) = Ho(X XY, k) — @D Torl (H;(X, k), Ho_j_1(Y, k) — 0.
=0 =0

Although the abstract formulation in the Eilenberg-Zilber Theorem is sufficient to construct
isomorphisms between the homologies, some applications require concrete expressions for the
natural transformations f : e®@’ — ®(e x o) and g : ®(e x ) — e®’ in Theorem [5.5.4
In particular, these are needed to investigate their interaction with the associativity constraints
in the monoidal categories Fun(A*? R-Mod) and Chpg_poq. The component morphisms of the
natural transformations f and ¢ in Theorem are unique only up to natural chain homo-
topies. Up to this, they are given by the Alexander- Whitney and Eilenberg-Zilber maps.

Definition 5.5.7: Let X,Y : AT — R-Mod be simplicial objects and n € Nj.

1. The nth Alexander-Whitney map for X, Y is the R-linear map

ff’y :X,QY, — @Z:O Xp®Yn_p, QY Z X(dn)z®Y (7)Y,
p=0

with @? : [p+1] = [n+1],i—~iand Y2 :n—p+1] = [n+1],i—i+p.
2. The nth Eilenberg-Zilber map for X,Y is the R-linear map

gT)L(’Y : @ZZO Xp®Ynfp — Xn®Yn

X,®Y,—p 3 2@y Z SgH(W)X(J;Tj_pl) 0..0 02(”_1))3:@}/(02(_0;“ o..00"P )y,

w€Sh(p,n—p)
where Sh(p,n — p) is the set of (p,n — p)-shuffle permutations of [n| = {0,...,n — 1}:

Sh(p,n—p) = {7 € Permyp, | 7(0) < 7(1) < ... < w(p—1),7(p) < n(p+1) < ... < w(n—1)}.

The (p,n — p)-shuffles partition the set [n] into the subsets {0,..,p — 1} and {p,...,n — 1} and
mix these subsets in any way that preserves the order in each subset. This is precisely what
happens when one shuffles a deck of cards: one partitions it into two stacks and then merges
them, in such a way that the order of cards is preserved within each stack. This explains the
name shuffle permutations.

Note also that the (p,n—p) shuffles in the Eilenberg-Zilber map have a geometric interpretation.
They describe the subdivision of a product AP x A"P of two standard simplexes into n-
simplexes. Every affine linear map f : A" — AP x A"7P that sends vertices to vertices and

178



respects the order of the vertices in A? and in A""? is given by a permutation m € S, with
7(0) < ... < 7w(p—1) and 7(p) < ... < w(n — 1). Such affine linear maps generalise the prism
maps introduced in Proposition [3.3.6, which correspond to the product A!' x A"! and to
(1,n — 1)-shuffles.

Theorem 5.5.8: The Alexander-Whitney and the Eilenberg-Zilber maps define natural trans-
formations f : e® — ®(exe) and g : ®(exe) — ex®’ with the properties in the Eilenberg-Zilber
Theorem (.5.4]

Proof. 1. The Alexander-Whitney and Eilenberg Zilber map satisfy fOX Y= gg( Y= idx,ev;-
Their naturality follows, because they are defined in terms of simplicial objects and morphisms
in the simplex category. For simplicial morphisms oo : X — X’ and f:Y — Y’, we have

FY 0 (0@ B) i) = Tpg (X' (¢4) © i)Y' (45) 0 Bpnin)
5 (e © X(O)@ By 0 Y (8)) = (@0s@B) 0 £

97)7,(,7}// o (Oé.®ﬁo)n Olp = gr)y,(,7Y/ © (O‘/[P+1]®6["*p+1]) ©lp
m(0)

= Z,reSh(p’n,p)sgn(ﬁ)(X'(a;fl) 0..0 az(”_l)) o a[p+1})®(yl(0n_p+1 0..0 O‘;r(p_l)) 0 Bln—p+1]) © Lp

S resh(pnp)SEN(T) (i) © X (075 0 . 0 6T IN@(Bpyr 0 Y (0p oy 0.0 07 V)) 0,

= (0B 0 45 01,
where ¢, : X,®Y,,_, = (X.®Y,), is the inclusion for the direct sum.

2. It remains to show that the Alexander-Whitney and Eilenberg-Zilber maps are chain maps.
By construction of f : @ — ®(e x @) and g : @(e x e) — e®' in the proof of Theorem [5.5.4]
and by the naturality of the Alexander-Whitney and Eilenberg-Zilber map from step 1, it is
sufficient to prove that for all n € Ny and p € {0, ...,n}

dy o A (i) ®@1psy) = fir i 0 du(Lpst) @1 pnga)

dn o g£p7An7p(1[p+l}®1[n—p+l]> = gﬁilAn7p o dn(lm—l-l}@l[n—p—&-l])?

where A7 is the acyclic chain complex from with the universal property from Proposition
5.5.21 To prove the claim for f, we use the following identities for the maps ¢F : [p+1] — [n+1],
i~ tand Y [n—p+1] — [n+1], i — i+ p+ 1 from Definition [5.5.7, which follow by a
direct computation

. +1 6 4t <i< . p+1 < i<
5;o¢ﬁ1:{¢£ i D120 5;01/,51:{% DSIEP )

P p<i<n Yrod,t p<i<n.

With these identities, the definition of the chain complex AY in (77 and the expression for the
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Alexander-Whitney map in Definition we compute

dn 0 fi (L @Lry) " (. 0UR) = Bpody($)@UE + (— 1)@ dnp(41)
LA 0t 4 T >p+l¢£®<w£oézg,p>
= S5 B (= 1) (@], 0 6,) 8% + DB, (- 1) 8] 0 6,7)
= X0 X0 (—1)'(@h o 6@k + SR (—1) (4 0 6,7)
= T o(=1)'(¢h e 5;+1)®¢p+1 + SN, (— ) @ (e 0 6,7)
SpmoXime(—1)'(0;, 0 ¢, _1)®(3,, 0 U, )! S0 S (= 1) (A (¢1,1)0,)®(A™ (V) _1)d7)
DB (-1 o (698) @ £ 0 du(Ls @1

where we used in * the identity (¢ o 0P)@y? = @b~ '@ (¢~ 0 d)_,) that makes the terms for

¢ = p in the first summand and for ¢ = p in the second summand cancel. This shows that the
Alexander-Whitney maps define a chain map.

To prove the corresponding identity for the Eilenberg-Zilber map, we compute with the chain
complex A7 from and the expression for the Eilenberg-Zilber map in Definition m

d 0 g, (1) @1 ju—ps)) (88)

Def[5.5.7 T 7(n— (p—
- Eﬂ’ESh(p,nfp)Sgn(ﬂ-)dn(O-p—g-pl) ©..00 1))®d ( n p+1 ©...0 Un(p 1))

7D % m(n— 3 ™ (p— 3
O 21 s (~1)isgu(m) (o) o . oo,f 1o5n>®<an9;+lo.-.oan<p Vo).

An analogous computation yields

Gaci " 0 dn(psn®Lpnpi1) (89)
Zp (—1)k9Ap - p((sk@l[n p+1]) + E ( 1)k+p93p1A (1[p+1]®52 )
PIEETSD 8 cshtptnn (—1)Fsgn(r) (05 0 070 D o 0 07" )@ (07 )y 0.0 0l Y)
+ zz;ozmsmp,n_p_n<—1>’f+psgn<7><opff o..00 2>>®< T“’; o..oo )
= S Sresnip-rap) (—1)sgn(r) (85 0 07V o o 07" ) ( n% o..00,®?)

+ S Dreshpm—p-1) (— 1) sgn(r) (0, 0 .. 0 02@1 2))®(5f§ Poo, o . 00, ).
To establish the identity for the Eilenberg-Zilber map, we have to transform the last line in
into the last line of . This is achieved with formula , which allows one to move the
face map &', past the degeneracies in (88)).

For this, note that by the canonical factorisation (58)) of the morphism an jt1 OO alko gt
in A" involves only degeneracies if {i,i — 1} N {j1, ..., Jx} # 0. Otherwise, it mVOlves exactly
one face map and k degeneracies. We thus distinguish the cases in which degeneracies with
upper indices ¢ and 7 — 1 occur both in the first factor, both in the second factor or in different
factors in the tensor products in . The case © = 0 has to be treated separately using the
observation that in this case one either has 7(0) = 0 or 7(p) = 0 for each shuffle permutation

7 € Sh(p,n — p) in (88). This leads to the following five cases:
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(i) If i =0 =m(0), we obtain

(apJ(rpl) 0..0 JZ(”_I) o 50)®(Ug§2+1 0..0 U;Lr(p_l) o 52)

& (52 o O';(p)_ 0...0 Z(nl - 1)®(0';r(_1;_1 0..0 029;;1)—1)
:(52 o J;(pfl) 0...0 a;(_nl 2))®(a;(_0;+1 0...0 U;(_pfz)),
where 7 : {0,...,n—2} = {0,...,n 2} is the (p—1,n— p) shuffle with 7(j) =7 (j+1) -1
for j € {0,...,n — 2} and sgn(7) = sgn(m).

(ii) If i = 0 = m(p), we obtain analogously

(70 6 0 070 0 800 (07, 0 . 0 070D 0 80)

p+1
B . 02 Y (5 002 000l
:(O‘;(_pl_l) 0..0 J;(n 2) ) (60 ;(0; .0 U:L(pl—2))7

where 7 : {0,...,n — 2} — {0,...,n — 2} is the (p,n — p — 1) shuffle with 7(j) = 7(j) — 1
for j <p, 7(j) =7m(j+ 1) — 1 for j > p and sgn(7) = sgn(m)(—1)P.

(iii) If 4 # 0 and the degeneracies with upper indices ¢ and ¢ — 1 occur in different factors of
the tensor products in (88)), then there are k € {0,...,p — 1} and I € {p,...,n — 1} with
{m(k),n(1)} = {i —1,i}. Then p := (i,i — 1) o7 is also a (p,n — p) shuffle permutation
with sgn(p) = —sgn(7) and

(o5 o oanVos )@ (0000t g

:(ozfl) 0..0 Jp(”_l) 0! )®(UZ(B;))+1 0..0 Jfl(p_l) o 5:1)
G/ = (-1 I+1)—1 m(n—1)—1 7(0 m(k—1 k+1)—1 1)—1
= (O'pipl) 0...00; (1 o l( .0 angl ) )®(0n£;+lo...o O-n(—p—i-k):—l oan(sz o...0 an(pl )

If follows that the terms for 7 and p in cancel.

(iv) If i Z0 with 0 < 77 1(i — 1) < 7 1(i) =: k < p—1, then there is a unique [ € {p,....,n—1}
with 7(l) <i—1<i<m(l+1), namely [ =i+ p — k. We then obtain

(U;_(fl) 0..0 02("71) o 5;)@(02(_0;“ 0..0 Jg(pfl) o 5:1)
&2 (5;_”7’ o ag(p) 0..0 GZL(ZI) o l’;fllﬂ)_l 0..0 a;r(_”l_l)_l)
(0 w(k—1 w(k+1)—1 m(p—1)—1

®(0n(_;+1 0..0 0n£p+,2 o 0n£p+l€)+1 0..0 an(_pl ) )
:((5115 o U;(pfl) 0..0 02@1_2))®(a;(2+1 0..0 a;(f’l_z))

where 7 : {0,...,n — 2} — {0,...,n — 2} is the (p — 1,n — p) shuffle permutation with

™(j) 0<j<k
T(j)=<s7(j+1)—1 k<j<porl<j<n-—2
m(j+1) p<j<l

Note that this implies sgn(7) = (—1)**sgn(7).
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(v) Ifi #0withp <7 1(i—1) < 771(i) =: k < n—1, then there is a unique [ € {0,...,p—1}
with 7(l) <i—1<i<m(l+1), namely l =i — k + p — 1, and we have

(O;ripl) o..00"™m Do 5;)@(02(_0;“ o..00"P Vo 5.)
©Y = m(k—1 m(k+1)—1 m(n—1)—1
= (Upipl)o...oakgg )oakil ) o...oang1 ) )
i—1— (0 (L w(l4+1)—1 w(p—1)—1
®((5n_lp o an(_; o..o Jn(_LH an(_er;H o ...ong ) )

:(0';_(:)1) 0..0 02(_"1_2))®(5ﬁ:§ o U;(,OI), 0..0 0;(_])1_1)),

where 7 : {0,...,n — 2} — {0,...,n — 2} is the (p,n — p — 1) shuffle with

7(7) 0<j<lorp<j<k
T(j) = q7() -1 l<j<p-1
T(j—1)—1 k<j<n-—1,

and sgn(7) = (—1)*sgn(r).

Splitting the summation in the last line of into these five cases, inserting in each case the
expression for the tensor product and for sgn(m) as a function of sgn(7) yields the last line in
(B9). This proves that the Eilenberg-Zilber maps are chain maps. O

We now show that the Alexander-Whitney and the Eilenberg-Zilber maps equip the standard
chain complex functor with the structure of a lax and op-lax monoidal functor. In addition to
the natural transformations g : ®(e x @) — e®’ and f : e®" — ®(e x e) this requires chain
maps ke : Fo — FE, and p, : E, — F,, where E’ and F, are the tensor units in the categories
of simplicial objects and in the category of chain complexes, respectively. The former is the
simplicial object E' : AT — R-Mod that sends every object to R and every morphism to idp.
The latter is the chain complex that has entry R in degree 0 and 0 elsewhere. Thus we have

Ee=0—R—0 El=. 5 REXRYSRERYSRE R0
Obvious candidates for the chain maps k. and p, are

Ke : By — E., ko =1idg, k, =0:0— Rforn e N (90)
pe : B, — E,, po =1idg, pp =0: R — 0for n € N.

By combining them with the Alexander-Whitney and Eilenberg-Zilber maps we then obtain a
lax and op-lax monoidal structure for the standard chain complex functor.

Theorem 5.5.9: The standard chain complex functor e : Fun(A™ R-Mod) — Chg.joaso 1S

e lax monoidal with the natural transformation g : ®(e x e) — e®’ defined by the
Eilenberg-Zilber maps and the chain map ke : Fo — E, from (90)),

e op-lax monoidal with the natural transformation f : e® — ®(e x e) defined by the
Alexander-Whitney maps and the chain map p, : E, — E, from (90).

The component morphisms of the structure morphisms f, g and the structure morphisms k,, pe
form chain homotopy equivalences.
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Proof. By Theorem the Eilenberg-Zilber maps define a natural transformation
g : ®(e x e — ex' and the Alexander-Whitney maps define a natural transformation
f:e® — ®(e x @) whose component morphisms are chain homotopy equivalences.

A direct computation shows that ke and p, in . are indeed chain maps and that they satisfy
Pe O ke = id, : Fg — FE,. The R-linear maps h,, = idg : R — R define a chain homotopy from
Ke O po : B, — FE. toid, : B, — FE., as we have

0 n=~0
dpy10ohp+hyp10d,=< idg n>0even » =id, — K, 0 py.
idg n odd

To show that ¢ and k, define a lax and f and p, an op-lax monoidal structure for the stan-
dard chain complex functor, it remains to verify the associativity and unitality condition from
Definition [£.3.4l This amounts to the identies

g o (idx, @90 %) = g2V 0 (g ®Idz) : Xu®Y.0Z, — (XQ'YR'Z),  (91)

(idx,@f1%) o fXYO'2 = (13 @idy,) o fXOV (X®Y®Z) — X QY®Z,

(Lx)e 0 gF ™ o (ka®idy,) ol = idx, = (Rx)s 0 g% o (idx,®ke) 0 7y}

Ix, o (pe®idy,) o fEN o (LxY)e = idx, = rx, o (idx,®ps) o fXF o (R,

where lx, | EFe®X, — X, (r®z) = r>x, rx, : Xe®F, = X,, (x®r) — r > x are the left
and right unit constraints in the category of chain complexes and chain maps in R-Mod and
Ly : F'®'X — X, Rx : XQ'E' — E are the left and right unit constraints in the category of
simplicial objects and morphisms in R-Mod.

The last two identities in follow directly from the expressions for the Eilenberg-Zilber and
Alexander-Whitney map in Definition and the expressions for k, and p, in (90). Due to
the naturality of the Alexander-Whitney and Eilenberg-Zilber map, it is sufficient to prove the
first two identities in for the chain complexes (A"®'A"®'A"), and AR AIR AL, where A7
is the chain complex from ([77)).

For the Alexander-Whitney map we compute

(idA”®fAn’An)n ° ffn’ATL@/An(1[n+1]®1[n+1]®1[n+1})

= Z DA™ A") () (L) @Lpsny) = ) Z @ (W5 0 Pnp) (U7 0 Ui_y)
p=0 ¢=0
=> Z o ¢l_,)R(¢h o Yl_ )@yl =Y (A"Q'A™)(0h) (1jns @1 1)) @Y,
p=0 ¢=0 p=0

For the Eilenberg-Zilber map Definition yields

G 0 (1das @02 ) g (1pa @1 gy @1 )
T r—1 T T r—1 7(0 1
= Z SgIl(T © 7T) (UpJ(fl) ©..0 O-p-(l-pq—i—_&-qj ))®(0q4(rq1) ©..0 O-qj-zj— : © UqJ(r7")+1 ©...0 O-p-(i?q—&-r))
weSh(p,q+r T T
Tesglp(qq,r)) ®(UrJ(r01) ©..00 4(3" Vo UQ-(i-O1”)+1 0.0 UpJ(rqurlr))

Using the second identity in , we can permute the factors o™} and ¢7(+) in the second
and third factor of the tensor product to ensure that all factors ¢/ in them are ordered with j
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strictly increasing from the left to the right. After the reordering (i) the factors o7 are ordered
with j strictly increasing from left to right in all three factors of the tensor product, and (ii)
each index k € {0,...,p + q+r — 1} occurs as an upper index o in exactly two factors.

All possible combinations of indices that satisfy (i) and (ii) occur when 7,7 range over all
(p,q+r) and (q,r) shuffles. We have thus rewritten the expression in a form that is symmetric
in the three factors of the tensor product. The term sgn(7 o 7) can also be rewritten in a way
that is symmetric in all three factors. By applying the same argument to the right-hand-side
side of the associativity condition in (91)), we find that the two expressions agree. This shows
that the Eilenberg-Zilber maps are associative. O

Remark 5.5.10: The Alexander-Whitney and Eilenberg-Zilber maps also induce natural
transformations f : N®@ — ®(N x N) and g : ®(IN x N) — N®’ for the normalised chain
complex functor N : Fun(A™?, R-Mod) — Chpg.poa>0 from Proposition m

For all simplicial objects X,Y : AT — R-Mod their component morphisms form chain homo-
topy equivalences with fXY o gXY =id, : N(X).@N(Y)s = N(X)@N(Y),.

Together with the chain maps induced by they equip the normalised chain complex functor
N : Fun(A*°?) R-Mod) — Chpg moa>o With a lax and op-lax monoidal structure.
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6 Exercises
6.1 Exercises for Chapter

Exercise 1: Let IF be a field and F[X]| the F-algebra of polynomials with coefficients in F.

(a) Show that F[X]-modules are in bijection with pairs (M, ¢) of an F-vector space M and an
F-linear map ¢ : M — M.

(b) Characterise morphisms of F[X]-modules in terms of vector spaces over F and F-linear
maps.

(c) Let M be a finite-dimensional vector space over F and ¢ : M — M an F-linear map.
As F[X] is a principal ideal domain, there is a polynomial p € F[X] that generates
the annihilator of the associated F[X]-module M: (p)px] = Ann(M). Characterise this
polynomial with concepts from linear algebra.

(d) Let p € F[X]\ {0} be a polynomial and (p)gx; C F[X] the left ideal in F[X] generated
by p. Show that the quotient module M = F[X]/(p)rx] is a cyclic F[X]-module and

a finite-dimensional vector space over F. Determine its dimension dim (M) and its
annihilator Ann(M).

(e) Consider the F[X]-module M = F[X]/((x — A\)")gx] for some A € F and n € N. Show that
M has a vector space basis for which the transformation matrix of p = x> —: M — M,
m +— x I>m is a Jordan block

A1 0 ... 0

0 X 1

: 0 mit A € F.
: Al

0 0 A

(f) Conclude that for every finite dimensional complex vector space M and every C-linear map
¢ M — M the C[X]-module (M, ¢) is isomorphic to a direct sum

C[X]/«.CE—)\l)nl)(c[)q @@C[X]/«.I—Ak)nk)(c[x} )\1,...,)\]C - (C, ny,...,Ng EN.

Hint: In (a), consider the maps >|pxps : FXM — M, (A\,m) = A>mand ¢ = x>—: M — M,
mi— T >m.

Exercise 2: Consider the abelian group G = (z,y | ax + by )z for fixed a,b € Z. Determine
n € Ng and ¢, ..., ¢ € N such that G = 2" X Z/1Z % ... X ] q, L.

Exercise 3: Prove that the tensor product of Z-modules satisfies

Z]/mZ @z Z]nZ =7/gcd(m,n)Z ¥Ym,n € N.
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Exercise 4: Let V be a vector space over F with a countable basis B = {b, | n € N} and
R = Endp(V) the endomorphism ring of V.

(a) Consider the F-linear maps ¢, ¢ : V — V with

Qb(bgn) = bn; Qb(bgn_l) =0 @b(bgn) = O, @b(bgn_l) = bn \V/TZ € N

and show that there are F-linear maps o, 3 : V — V with idy = ao ¢+ o).

(b) Conclude that the ring R as a left module over itself is the direct sum R = (R>¢)® (R>1),
where R> x = {r> x | r € R} for all x € Endp(V).

(c) Conclude that R* = R! for all k,l € N.

Exercise 5: Let A, B, C be sets.

e A relation between A and B is a subset R C A x B.

e A relation R C A x B is called a map from A to B, if for every a € A there is a unique
b € B with (a,b) € R.

e The composite of two relations R C A x B and S C B x C'is the relation

SoR={(a,c) e AxC|3be B: (a,b) € R,(b,c) € S} C AxC.

(a) Show that sets and relations form a category Rel with Homge (A, B) = P(A x B).

(b) Determine the isomorphisms in Rel.
(c¢) Show that the disjoint union of sets defines both, a product and a coproduct in Rel

Exercise 6: Let C be a small category and D a category in which products (coproducts) exist
for all (finite) families (D;);e; of objects in D. Show that then products (coproducts) exist for
any (finite) family (F;);es of objects in the functor category Fun(C, D).

Exercise 7: The abelisation of a group G is the factor group G/[G, G] with respect to the

normal subgroup [G, G| ={lg,d] | 9,9 € G} C G, where [g,9'] = g9'g g .

(a) Show that the abelisation has the following universal property:

For every group homomorphism f : G — A into an abelian group A, there is a unique
group homomorphism [’ : G/[G,G] — A with f'on = f, where 7 : G — G/|G,G],
g — g|G, G] is the canonical surjection.

(b) The abelisation defines a functor Ab : Grp — Ab.

(¢) The functor Ab : Grp — Ab is left adjoint to the inclusion functor I : Ab — Grp.

Exercise 8: Two rings A, B are called Morita equivalent if there is an (A, B)-bimodule P
and a (B, A)-bimodule @ such that PRpQ = A and Q®4P = B, respectively, as (A, A)- and
(B, B)-bimodules.
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(a) Show that there is a Categoryﬂ URg' whose objects are unital rings, whose morphisms
from A to B are isomorphism classes of (B, A)-bimodules and with the composition
[N]o [M] = [N®gM] for [M]: A— B and [N]: B — C. Determine its isomorphisms.

(b) Show that Morita equivalence is an equivalence relation on the class of unital rings.

(c) Show that if A, B are Morita equivalent, then the categories A-Mod-A and B-Mod-B of
(A, A)- and (B, B)-bimodules are equivalent.

(d) Show that for any unital ring A and n € N the ring Mat(n x n, A) of n x n-matrices with
entries in A is Morita equivalent to A.

Remark: The converse of (¢) is true as well, if one supposes that the equivalence is additive,
but this is more difficult to show.

Exercise 9: Let R be a unital ring and M an R-module.

(a) Show that taking the direct sum with M defines a functor M & — : R-Mod — R-Mod.
(b) Determine the R-modules M for which it has a left or right adjoint.

Exercise 10: Let R be a ring, (M;);c; a family of R-modules and N an R-module.
(a) Show that the abelian groups Hompg(Il;c; M;, N) and Il;c;Hompg(M;, N) are isomorphic.
(b) Show that the abelian groups Hompg(N, Il;e;M;) and I1;c;Hompg(N, M;) are isomorphic.

(c¢) Find a family (M;);c; of R-modules and an R-module N, such that Homg (N, I1;c; M;) and
Il;c;Hompg (N, M;) are not isomorphic.

(d) Find a family (M;);e; of R-modules and an R-module N, such that Hompg(IL;c;M;, N) and
II;c;Hompg(M;, N) are not isomorphic.

6.2 Exercises for Chapter

Exercise 11: Let k£ be a commutative ring and X = II;c; X, a topological sum. Prove that

Hn<X, k) = HiEIHn<Xi7 k‘) Vn e NU-

Exercise 12: Let k be a commutative ring and () # X C R™ star-shaped with respect to
p € X. Show that H,(X,k) =0 for all n € N and Hy(X, k) = k.

Proceed as follows. Consider the k-linear map P, : C, (X, k) — Cp1(X, k) with

A1 P+ (1= A1) 0(Sor3g €)  Ansr # 1

PnO' Enfl)\lez =
(@)(SI2 e {p -

for all n € Ny and singular n-simplexes o : A" — X.

3Tn this exercise we do not suppose that the category is locally small, i. e. that mophisms between given
objects form sets.
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(a) Show that for all singular n-simplexes o : A" — X
Po)o fitl =0  Pyo)o fiT' =P, 1(co f) Vie{0,..,n},

where f": A"! — A" denote the face maps.

(b) Use (a) to compute d,;1(P,(c)) and to show that Z,(X, k) = B,(X, k) for all n € N. Treat
the case n = 0 separately.

Exercise 13: The Klein bottle is the quotient space K = [0, 1] x [0,1]/ ~ with respect to
the equivalence relation (0,y) ~ (1,1 —y) and (z,0) ~ (z,1) for all z,y € [0, 1].

X2

1 >

> T

0 1

(a) Choose a semisimplicial complex structure A on K and compute its simplicial homologies
H, (A k) for n € Ng and (i) k =Z, (ii) k = F a field, (iii) k = Z/6Z.

(b) Compute the cohomologies H"(A, M) of the semisimplicial complex A from (a) with values
in the Z-module M for (i) M =Z, (ii) M =F a field and (iii)) M = Zl[z].

Exercise 14: An oriented surface of genus g > 1 is the quotient space ¥, = P,/ ~ of a
regular 4g-gon Py, C R? with respect to the equivalence relation ~, which identifies its sides
pairwise as follows:

L2
bl A A1
a2 bl
1)2 aq
> L1
a2 jbd
[)) /b
bs

Give a semisimplicial complex structure on 3, and compute the homologies H, (A, k) for a
commutative ring k.

Exercise 15: Let F be a field and A = (X, {04}acr) a finite semisimplicial complex. The
Euler characteristic of A is defined as

X(A) = 552 (= 1) dimp Ci(A, ).
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(a) Compute the Euler characteristic of the semisimplicial complex A from Exercise .

(b) Convince yourself that the family of affine linear maps

M= {f"ofil o offt i FAPF 5 A™ | ke {0,...,n}, ji € {0,...,i}}
equips the boundary A" C R™*! of the standard (n + 1)-simplex A" € R"™! with the
structure of a simplicial complex. Compute its Euler-characteristic.

Exercise 16: Let A be an algebra over a commutative ring k and M an (A, A)-bimodule with
structure maps > : A X M — M and <<: M x A — M. Compute the Hochschild homologies
Ho(A, M) and Hl(A, M)

Exercise 17: We consider a commutative ring k£ as an algebra over itself and a k-module
M, interpreted as a (k, k)-bimodule with k> m = m < k. Compute all Hochschild homologies
H, (k, M) and Hochschild cohomologies H"(k, M) for n € N.

Exercise 18: Let k be a commutative ring, A a commutative algebra over k and M an A-
module, interpreted as an (A, A)-bimodule with at>m = m <a. The A-module Q4 of Kéhler
differentials is the A-module with one generator da for each element a € A and relations
d(a+b) —da — db and d(ab) — a > db— b1 da for all a,b € A:

0. ({da|a€ A}),
AR ({d(a +b) —da — db,d(ab) —a>db—b>da | a,b e A})

(a) Prove that the Kéhler differentials have the following universal property:
The map d : A — Qai, a — da is a derivation, and for any derivation f : A — M there is
a unique A-linear map ¢ : Q4 — M with f = ¢od.

(b) Express the first Hochschild homology and Hochschild cohomology with values in M in
terms of Kéhler differentials.

Exercise 19: An algebra A over a commutative ring k is called separable if the multiplication
map m : A®yA — A has a right-inverse 0 : A — A®;A that is a homomorphism of (A, A)-
bimodules with respect to b> a <9 ¢ = bac and b > (a®a’) < ¢ = (ba)®(d'c).

(a) Show that a k-algebra A is separable if and only if there is an element ¢ € A®;A mit
m({) =1 and (a®1) - = (- (1®a) for all @ € A, a separability idempotent. Show that
any separability idempotent is an idempotent in A®;,A.

(b) Show that for a separable k-algebra A and every (A, A)-bimodule M one has
H"(A,M)=H,(A,M) =0 for all n € N.

(c¢) Show that the following are separable algebras: (i) any matrix algebra Mat(n, k), (ii) any
group algebra k|G| of a finite group G over a field k& with char t |G|, (iii) any finite-
dimensional semisimple algebra over an algebraically closed field k.
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Hint: In (b) consider for f € Z"(A, M) the map
f/ : A®(n71) — M, 41Q...Q00,_1 — Ele% > f(yz®a1®®an),
where ¢ = ¥¥_,2;®y; is a separability idempotent for A.
Exercise 20: Let G be a group, (M, >) a Z[G]-module and M x G the associated semidirect
product, the set M x G with group multiplication (m,g) - (m/,¢') = (m+g>m’, gg').

One says two actions >,>': H x X — X of a group H on a set X are related by conjugation,
if there isa k € H with h>'z = (k™'hk) >z forall h € H, z € X.

Prove the following:

(a) Themap >y : (M xG)x M — M, (m,g)>ym' =m+g>m/+ f(g) foramap f: G — M
is a group action of M x G on M if and only if f is a 1-cocycle.

(b) The group actions >y, >y for two l-cocycles f, f' : G — M are related by conjugation
with an element (m, 1) € M x G if and only if f — f’ is a 1-coboundary.

Exercise 21: Let G be a group and M an abelian group equipped with the trivial Z[G]-
module structure.

(a) Characterise the group cohomologies H'(G, M) and the group homologies H;(G,Z) in
terms of the abelisation of G.

(b) Compute H'(G, M) for a finitely generated abelian group G.
(c) Show that H'(G,Z) = 0 for every finite group G.
(d) Compute H'(G, M) for G = S,,, n > 2, and M = Z/2Z.

Hint: In (b) use the classification theorem for finitely generated abelian groups, which states
that every finitely generated abelian group is isomorphic to a group of the form

G=2Z"XZL/G@Z X ... x L/qZ with n € Ny, q € N.

Exercise 22: Compute H*(Z/3Z, M) for the following abelian groups M with the trivial
Z|7,/3Z]-module structure (i) M =Z, (ii) M = Z/37Z and (iii) M = Z/2Z.

Exercise 23: The integer Heisenberg group is the subgroup

H= | z,y,z € Z p C SL(3,Z)

O O =
O~ 8
[l SR N

(a) Show that H is a central extension of Z x Z by Z.

(b) Compute the associated Z x Z-action on Z and the associated element in H*(Z x Z,Z).
Show that H?(Z x Z,7Z) # 0.

Exercise 24: Determine all isomorphism classes of (not necessarily central) extensions of
Z]2Z by 7./3Z.
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6.3 Exercises for Chapter

Exercise 25: Let C be an additive category.

Show that an object X in C is a (co)product of a finite family (C)ges of objects in C if and only
if there are families of morphisms (iy : Cx — X)ger and (pr : X — Ci)rer with pg o i = 1¢,
for allke],ijik:OZOk —>Oj fOI‘j?ék' and Ekgikopk =1x.

Exercise 26: Let C, D be additive categories and F' : C — D a functor. Show that the
following statements are equivalent:

(i) F' is additive.
(ii) F preserves finite products: F(Il;c;C;) = I F(C;) for all finite families (C;);er of
objects C; in C.
(iii) F preserves finite coproducts: F(IL;c;C;) = ;e F(C;) for all finite families (C;);er of
objects C; in C.

Hint: Use Exercise 23

Exercise 27: Let C be a category with a zero object, f : C'— D amorphisminC,g: D — E
a monomorphism and h : B — C an epimorphism in C. Prove the following:

(a) A morphism 7w : D — A is a cokernel of f if and only if 7 is a cokernel of f o h.

(b) A morphism ¢ : B — X is a kernel of f if and only if ¢ is a kernel of g o f.

Exercise 28: Let C be a category with a zero object. Prove the following:

(a) Kernels in C are unique up to unique isomorphism: if ¢ : ker(f) — X, ¢/ : ker(f)’ — X are
kernels of a morphism f : X — Y in C, then there is a unique morphism ¢ : ker(f) — ker(f)’
with /o ¢ =1, and ¢ is an isomorphism.

(b) C° has a zero object and ¢ : W — X (7 :Y — Z) is a kernel (cokernel) of f: X — Y in
Cifandonlyif ¢ : X - W (7 : Z — Y) is a cokernel (kernel) of f:Y — X in C.

Exercise 29: Let A be an abelian category. Prove the following: If a morphism f: X — Z
in A is given by f = ¢ om with a monomorphism ¢ : Y — Z and an epimorphism 7 : X — Y,
then ¢ : Y — Z is an image of f and 7 : X — Y a coimage of f.

Exercise 30: Let A be an abelian category. Prove that every morphism f : X — Y that is
both a monomorphism and an epimorphism is an isomorphism.

Exercise 31: Show that a category A is abelian if and only if A is abelian and kernels and
cokernels in A then correspond to cokernels and kernels in A.
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Exercise 32: Show that the full subcategory C of Ab = Z-Mod with finitely generated free
Z-modules as objects is additive, but not abelian.

Exercise 33: Show that the full subcategory of Vectr with even-dimensional vector spaces
as objects is additive, but contains morphisms without kernels or cokernels.

Exercise 34: Let C be a small category and A an abelian category. Prove the following:

(a) The category Fun(C,.A) is abelian.

(b) For every object C' in C, the functor eve : Fun(C,.A) — A that sends a functor F': C — A
to the object F(C) and a natural transformation n : F' — G to the component morphism
ne : F(C) — G(C) is exact.

Exercise 35: Prove that for any abelian category A, the Cartesian product A x A is abelian
and the functor IT : A x A — A is exact.

Exercise 36: Let A be an abelian category. Show that the category Chy4 of chain complexes
and chain maps in A is abelian as well.

Exercise 37: Let k be a commutative ring, G a group, and denote by (M), the free k-module
generated by M. Consider the chain complexes

e X, with X,, = (G*"*1)), the k[G]-module structure g > (go, ..., gn) = (990, ---, Ggn) ON
X,, and boundary operator d,, = X% ,(—1)'d’, : X,, — X,,_; for n € Ny with

(90, -+ Gn) = (90, -+, Gy vy Gn)-
o X with X/, = (G*")yq, k[G]-linear boundary operator d,, = 774 (—1)'d) : X/, — X|,_,
for n € Ny with
91> (92, 9n) =0
dy(G1s s 9n) = 4 (s giGiz1, ) 1<i<n—1
(15 Gn1) i =n.

Show that the k[G]-linear maps f, : X, — Xn, (91, -, 9n) = (1,91,9192, -, 9192 * Gn—19n)
define an invertible chain map f, : X, — X,.

Exercise 38: Let A be an abelian category, X,, X! chain complexes in A and p € Z. We
define a chain complex T,(X,)

Tp(Xe)n = Xogp, Ty(de)n = (—1)Pdpyp Vn € Z.
and for every chain map f, : Xo — X/ a chain map

Tp(fe) : Tp(Xe) = TH(X)), To(fo)n = frip-
Show that this defines a functor 7}, : Ch 4 — Ch4 that satisfies
Hy(Tp(Xa)) = Hyyp(Xo).

This functor is called the translation functor.
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Exercise 39: Let (X,,d,) be a chain complex in R-Mod for a ring R. Show that this defines
chain complexes Zo(Xo) = (Z,(Xe))nez, Be(Xe) = (Bn(Xe))nez and He(X,) = (Hn(Xe))nez
and exact sequences in Chg.yoq

00 — Zo(Xo) 5 X, 25 BED(X,) = 0,

0. = Ho(X.) 2% X,/BJ(X.) £ Z09(X) & HEV(X.) = 0,

where 0y = (0),ez and X! = (X,,_1)nez for a chain complex X, = (X,,),ez denotes the shifted
chain complex. Determine the boundary operators of Z,(X,), Be(X,) and He(X,) and the chain
maps fe, g, e, e, L.

Exercise 40: Let R be a ring. Compute and interpret the homologies of the following chain

complexes in R-Mod.

(a) Co=0— R Ry
(b) O. = 0 — R d2:rl—>(*b~r,a-7“)\ R2 d1:(r,r )Harer’l“

> R — 0 for a commutative ring R and a,b € R.

Exercise 41: Prove the 5-lemma:

Suppose that the following diagram in R-Mod commutes and all rows are exact

AL .p 9. o _h . p_ k. _§

b

AN ey, Ly )

Then:

(i) If 8,9 are monomorphisms and « is an epimorphism, then ~ is a monomorphism.
(ii) If 5,6 are epimorphisms and € is a monomorphism, then + is an epimorphism.

(iii) If o, 8, §, € are isomorphisms, then « is an isomorphism as well.

Exercise 42: Prove the 9-lemma:

Let R be a ring. Suppose the following diagram in R-Mod commutes, has exact rows and all
vertical composites of morphisms vanish

¢ ¢’ ¢"
0 B-2.p "B._p" 0
w ,¢/ wl!

0 0 0.

If two of the columns are short exact sequences then so is the third one.
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Exercise 43: A chain complex (X,,d,) in an abelian category A is called split if there is a
family (sp)nen, of morphisms s, : X;, = X, 1 with d,, 0 s,_; od,, = d,, for all n € Z and split
exact if it is split and exact. Prove the following for A = R-Mod:
(a) For any family (s,)nez of morphisms s, : X,, = X,,41 the morphisms
fn:Sn—lodn+dn+losn:Xn_>Xn
define a chain map f, : Xo — X, with H,(f,) =0: H,(X.) = H,(X,).

(b) A chain complex X, is split exact if and only if 1y, : X, — X, is chain homotopic to
0 : Xo — X,.

(c¢) A chain complex (X,,d,) in A is split if and only if there are families (C),)nez and (Dy,)nez
of objects C,,, D,, with X,, = C,, I ker(d,,) and ker(d,) = D,, I im(d,1), and in this case
its homologies are given by H, (X,) = D,.

Exercise 44: Let R be a ring.

22z 22z 22z 22z

(a) Show that the chain complex X, = ...Z/4Z —— 7/A7 —— Z]AZ —— ZJAZ —— ...
is exact but not split exact.

(b) Show that every exact, bounded below chain complex X, in R-Mod with projective R-
modules X, is split exact.

Exercise 45: Let X,Y be topological spaces and Co(X, k) and Co(Y, k) the associated sin-
gular chain complexes. The prism maps are the affine linear maps

, : 0 0<k<j<
Ti A S [0,1] x A", Ti(ey) = 4 0% OSksisn
(Lex1) 0<j<k<n+l1.
(a) Prove that the prism maps satisfy the relations
Too fih = (dpy x f) o Ty Vi>i Tjo fi™ = (idoy x fily) o Ty Vj<i-—1
Tioff' =T o i Vie{l,.,n} T)ofit =iy, T o fril =i, (92)

where i, : A" — [0,1] x A", 2 — (¢,2) and "' : A" — A"™ denote the face maps,

(b) Let f,g: X — Y continuous maps and h : [0,1] x X — Y a homotopy from f to g. Prove
that the k-linear maps

Cu(h, k) : Co(X, k) = Cria (Y k), o~ Y_o(=1) ho(idpy x o) o T7.
define a chain homotopy Ce(h, k) : Co(f, k) = Cu(g, k).

€3

T2

D)
g

X1
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The prism maps 77 for n = 2, 3.

Exercise 46: Let A be an algebra over a commutative ring k and (M,>, <) an (A, A)-
bimodule and ¢ € Z(A) an element in the centre of A. Prove the following:

(a) The mapsc>—: M - M, m—c>mand —<c: M — M, m — m < ¢ are homomor-
phisms of (A, A)-bimodules and induce chain maps ct>,, <Ic, : Co(A, M) — Co(A, M) on
the Hochschild complex.

(b) The chain maps ¢>, and <lc, are chain homotopic.

Hint: In (b), consider for 0 < ¢ < n the morphisms
hi - M@RA®" — M@ A% mea®...Qa, — mOa®...00;0cRa0;11Q...0a,

and combine them into a chain homotopy.

Exercise 47: Let A, B be abelian categories and P : Chy — A the additive functor with

o PA(X,) = X, for every chain complex X, = (X,,)nez,
o PA(f,) = fu: X, — X] for every chain map fo = (f)nez : Xo — X|.

Prove the following:
(a) For every additive functor F' : A — B there is an additive functor F’ : Chy — Chg with
PBF' = FPA for all n € Z.

(b) If f,, f. : Xo — X are chain homotopic, then F'(f,), F'(fl) : F(X.) — F'(X]) are chain
homotopic as well. The functor F’ : Chy — Chg induces a functor F” : K(A) — K(B).

(c) Let G(X,, X}) the abelian groupoid with chain maps f, : X, — X/ as objects and chain
homotopies between them as morphisms. Show that every additive functor F' : A — B
induces a functor F’ : G(X,, X.) — G(F'(X,), F'(X])).

(d) If A is small, then this induces a functor ® : Fungg,(A, B) — Fun,.(Ch4, Chg), where
Funggq(A, B) is the full subcategory with additive functors F': A — B as objects.

Exercise 48: Let G be a group.

(a) Consider the abelian groups Z, Z/nZ with the trivial Z[G]-module structure. Show that
there is an exact sequence of cohomology groups

[fl=[nf]

2 gh G,z g,z Y2V prq oz mzy S gy, zy Yo

(b) Show that H*(G,Z) # 0 for every finite group G with Ab(G) # {e}.

Exercise 49: Let (X,,d.) and (X, d,) be chain complexes and f, : Xo — X a chain map in
an abelian category .A.
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The mapping cone cone( f,) = Y, is the chain complex with Y,, = X,,_; I X, and coboundary
operator d¥ :Y, — Y, _; given by
Tp—1© dz Olp = —dp_q 7'[':171 © dz Olp = _fnfl

Y ! / Y !’
Tp—10d, ot, =0 Ty_10d, ot, =d,,

where ¢, : X1 = Yy, 0 X = Y, and 7, 1 Y, = X,,_q, 7, : Y, = X are the inclusions and
projections for the coproduct.

(a) Show that cone(f,) is a chain complex in A for all chain maps f, : Xo — Y,.
(b) Show that cone(lx,) is homotopy equivalent to the trivial chain complex 0,.

(c¢) Show that f, : X, — X extends to a chain map f] : cone(lx,) — X, with f/ o = f, if
and only if f, is homotopic to 0, : X, — X].

(d) Show that the mapping cone induces a long exact homology sequence

Hn(L/-) Hn(ﬂ'-) anl(blo)
— —5 —

= Ho (X)) H,(Y) Hoo1(Xa) 2 Hyo oy (X)) Hy 1 (Y) = ...

(e) Show that H,(X,) = 0 for all n € Z implies H,(Y,) = H, (X)) foralln € Z and H,(Y,) =0
for all n € Z implies H, (X)) = H,_1(X,) for all n € Z.

Hint: Use the identities ¢, om, 4+, o7, = 1y, and 7,00, = 1x,_,, ™, 04, = 1x; and m, 04, = 0,
7 0t = 0 (cf. Exercise 6, Sheet 4). In (e) use the long exact homology sequence.

6.4 Exercises for Chapter

Exercise 50: Show that every object in the category Set is projective and injective. Use the
projectivity and injectivity criteria from Lemma [3.1.21]

Exercise 51: Let Ry, Ry berings and R = R; X Ry their product. Show that A = Ry x{0} with
the R-module structure (rq,72) > (71,0) = (r1,7r2) - (17,0) = (r171,0) is a projective R-module
but not a free R-module.

Exercise 52: Let R be aring and 0 = L = M 5 N — 0 an exact sequence in R-Mod.
Show that the following statements are equivalent:

(i) The R-linear map m : M — N has a section:
there is a R-linear map v : N — M with 7oy = idy.

(ii) The R-linear map ¢ : L — M has a retraction:
there is a R-linear map ¢ : M — L with ¢ o =idy.

(iii) There is an R-linear isomorphism y : M — L & N with x ot = ¢; and mp 0 x = 7, where
t1:L— L& N, (1,0) is the inclusion and 7o : L& N — N, (I,n) — n the projection

0—L——M—""-—>N—0




If one of these conditions is satisfied, one says the exact sequence splits.

Exercise 53: Let R be a ring and A an R-module. Prove the following:

(a) A is projective if and only if every short exact sequence 0 — L - M = A — 0 splits.
(b) A is injective if and only if every short exact sequence 0 — A = M = N — 0 splits.

Exercise 54: Determine if the following abelian categories have enough projectives and in-
jectives.

(a) The category Ab?™ of finite abelian groups.
(b) The category Ab/™9¢" of finitely generated abelian groups.

Exercise 55: Let R be a ring.

(a) Show that an R-right module M = @,/ M; is flat if and only if M; is flat for all ¢ € I.
(b) Show that any projective R-right module is flat.

Hint: Use an argument similar to the one in the proof of Lemma [4.2.2

Exercise 56: Let A = R-Mod for some ring R. Show that a chain complex P, = (P, )nez is
a projective object in Chy if and only if P, is split exact and all objects P, are projective.

Exercise 57: Show that if A is an abelian category with enough projectives, then Ch_4 has
enough projectives as well.

Exercise 58: Let A, B be abelian categories such that A has enough projectives, F, F' : A —
B right exact functors and 1 : F' — F’ a natural transformation. Show that 7 induces a family
(Lyn)nen, of natural transformations L,n : L,F — L,F’" with Lyn =n: F — F'.

Show that L,n: L,F — L,F’is an isomorphism for any natural isomorphism n : f — F".

Exercise 59: Let A be an abelian category with enough projectives and F' : A — B be a
right exact functor into an abelian category B. Show that the left derived functors of F' are
additive.

Exercise 60: Let A, B,C be abelian categories such that A and B have enough projectives
F: A — Bright exact and G : B — C exact. Show that L, (GF) = G(L,F) for all n € Ny.

197



Exercise 61: Let G be a group. The invariants and coinvariants of a Z[G]-module M are the
abelian subgroups M%, My C M given by

MC={meM: g>m=mVgcG} Mg=M/{{gm—m|geG,meM})y.

(a) Show that the invariants and coinvariants define additive functors (—)¢ : Z[G]-Mod — Ab
and (—)g : Z|G]-Mod — Ab.

(b) Construct natural isomorphisms 7 : (=) — Homgg)(Z,—) and 7 : ()¢ = Z ®gzq) —,
where Z is equipped with the trivial Z[G]-module structure.

(c) Show that the group homologies and cohomologies H,,(G, M) and H"(G, M) are the left and
right derived functors of (—)g : Z[G]-Mod — Ab and (—)% : Z[G]-Mod — Ab, respectively.

Exercise 62: Let M be an Z[Z]-module. Compute the group homologies and cohomologies
of Z with coefficients in M.

Hint: Show first that the following is a free resolution of the trivial Z[Z]-module Z

0= Z[Z) S Z[Z) > 7 — 0
with ¢ : Z[Z] = Z[Z], S.ez)oz = Socz(Me — Xoo1)z and  €: Z[Z] — Z, S.ezh.z = Soez)..

Exercise 63: Let R be a principal ideal domain. Compute Ext’, (M, N) for all finitely gener-
ated R-modules M, N.

Exercise 64: Let F be a field, p = X7_ja;2" € F[z] with a, = 1 and consider the F-algebra
A = Flz]/(p), where (p) C F|x] is the ideal generated by p and 7 : F[z] — A, ¢ — ¢ the
canonical surjection.

(a) Show that

oL A2sA S AvpA L AgpA D AvpA L AgrA D AzpA L AgpA s A0
[ AQFA — AQFA, a®b — (T®1 — 1R7) - (a®b)
g: AQpA — AQpA, a®b — q - (a®b) with q= EZZOEé?;S ap T @7
i AQrA — A, a®b — ab.
is a free resolution of the A®pA-module A in AQrA-Mod.

(b) Show that applying the functor A® ag,a— : A®rA-Mod — F-Mod and omitting the entry
A yields a chain complex isomorphic to

a—p'a

IR i ANy SN R AN RN Wi Ny SN SN}
where p' = X7_ ka,z"! is the derivative of p.
(¢) Derive a formula for the Hochschild homologies H,, (A, A) for n € Ny in terms of p and p'.

(d) Let F = R or F = Z/kZ with k € N prime. Show that Hy,(A,A) = 0 if p € Flz] is

irreducible and compute the Hochschild homologies for p = z*.
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Exercise 65: Let F be a field of characteristic 0, V' = F? and {q, p} a basis of V. The Weyl
algebra W is the quotient W = T'(V)/(p®q — q®p — 1) of the tensor algebra T'(V') by the
two-sided ideal I = (p®q — q®p — 1) generated by the element pRq — q®p — 1 € T(V).

(a) Show that g > 2Fy! = 2% 19! and p > aky! = ka*~y! + 2%y define a W-module structure

on the polynomial ring Flz, y].
(b) Show that the elements

'Y = qR...0¢RpR...Qp+I 0,5 €N
—_——  ——
X Jx

form a basis of the Weyl algebra.

(c) Show that the following is a free resolution of W in W®pWP-Mod:

0 = WesW? % WepWPeF? & W™ % W — 0
where p: WRgWP — W, a®d' +— a - a’ is the multiplication map and

[ WepWPRpF? = WReW?, a®@bz — a®(xb) — (azx)®b,
g: WRsWP? = WesWPRF?,  a®b— a®(qb)®@p — (aq)@bRp — a®(pb)Rq + (ap)RbRq.
(d) Compute the Hochschild homologies H,,(W, W) for all n € Ny.

Exercise 66: Let R be a ring, X, a chain complex in R-Mod and consider the chain complex

Al=0—R M R& R — 0 in R-Mod-R, with the left and right module structures given

by left and right multiplication.

(a) Compute the homologies of Al®X, with the Kiinneth formula.
(b) Show that the chain complex Al®X, is chain homotopy equivalent to X,.

Exercise 67: Let R be a commutative ring.

(a) Show that the tensor product of chain complexes defines a functor
® : Chr-mod X Chpaod — Chpmod-

(b) Denote by T ChR—Mod X ChR—Mod — ChR—Mod X ChR—Mod the ﬂlp functor with T(X., X:) =
(X!, Xo) and 7(fe, go) = (ge, fo) for all chain complexes X,, X, and chain maps f,, ge. Show
that the functors ® and ®°? = ®7 are naturally isomorphic.

Exercise 68: Let G be an abelian group and n € N. The Moore space M(G,n) is a
path-connected topological space X = M(G,n) with H,(X,Z) = G and Hy(X,Z) = 0 for all
ke N\ {n}.

Compute the singular homologies H,,(X, k) of a Moore space X = M(G,n) with coefficients
ink=272/qZ for (1) G =17, (ii) G = Z/rZ with q,r € N.
Exercise 69: Let G be a group and M a trivial Z[G]-module.

(a) Show that the following sequence is exact:
0 — H,(G,Z)®zM — H,(G, M) — Tor”(H,_(G,Z), M) — 0.
(b) Show that Hy(F, M) = Hy(F,Z)®zM for any free group F' and trivial Z|G|-module M.
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6.5 Exercises for Chapter

Exercise 70: Let G be a group.
(a) Show that the family of sets (G*")nen, is a simplicial set with the maps

3; : Gxn — GX(n—H); (917 >gn) = (917 -y Giy 17.gi+1a 7gn)

‘ (927"'7971) 1=10
d; : GXR%GX(nil), (gl,...,gn> — (91,~-~7gi9i+17---79n) 1 §2§n—1
(glv"'agn—l) i=n

(b) Determine under which conditions on G this is a simplicial object in Grp.

Exercise 71: Let V be a set. A combinatorial simplicial complex is a subset K C P(V)
consisting of finite non-empty subsets M C V such that M’ € K implies M € K for all subsets
) #M C M’'. A combinatorial simplicial complex is called ordered if the set V is ordered.

(a) Show that every simplicial complex (X,{o, : A" — X},es) determines a combinatorial
simplicial complex given by

V =Aoulex) |a €I, ke{0,..,n,}} K ={o.({e0,..,en,}) | € I}.

(b) Show that every ordered combinatorial simplicial complex K C P(V') defines a simplicial
set SK : AP — Set given by

SE(n+1]) = {(vo, -, vn) | {v0, -0} € K,vg < vy < oo <0}
S (@) (Vg, oy Vn) = (Va(0)s s Va(my)  for o € Homa+([m + 1], [n +1])
and determine S(67,) and S(o),,,) forn € Nand 0 <i < n.

(¢) Show that S = S for ordered combinatorial simplicial complexes K, K’ implies K = K’.

Remark: Recall that an ordered set (V, <) is a set V' with a relation < that satisfies (i) v < wv
forall v € V, (ii) v < w and w < v implies v = w, (iii) v < v and v < w implies © < w and
(iv) for all v,w € V one has v < w or w < v.

Exercise 72: Let V be an ordered set with |V| =n+ 1 and K = P(V) \ {#}. Show that
the geometric realisation Geom(S™) of the associated simplicial set S* : AT — Set is home-
omorphic to A™.

Exercise 73: Let S : AT? — Set be a simplicial set. Show that the geometric realisation
Geom(S) has the structure of a semisimplicial complex by proceeding as follows:

(a) An element z € S,, = S([n + 1]) is called non-degenerate if the only monotonic surjection
o:n+1] = [k+1] with x € S(0)(Sk) is 0 = 1jnyq).

Show that for every element x € S,, there is a unique k& € {0,..,n} and a unique
non-degenerate y € Sg with x = S(0)y for some monotonic surjection o : [n+ 1] — [k + 1].
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(b) Define I = Upen,{z € S, | © non-degenerate} and consider for z € I NS, the continuous
maps o, : A" — Geom(S),p — [(z,p)]. Show that (Geom(S), {0, }rer) is a semisimplicial
complex.

Exercise 74: Let A} ; be the subcategory of the simplex category A™ with objects [n+1] for
n € Ny and with Hom+ ([n+1],[m+1]) = {a : [n+1] = [m+1] | @ monotonic and injective}.
inj

A semisimplicial object in C is a functor K : A%

objects is a natural transformation n: K — K’.

— C and a morphism of semisimplicial

For a semisimplicial object K in an abelian category A we define for n € Ny and each morphism
a:[m+1—[n+1]in AT

LK([n+1)) =LK, = H K,, LK(a) oty = ty, o K(ay)
0<p<n,
o:[n+1]—[p+1]
where K, = K([p+ 1]), the coproduct runs over all monotonic surjections o : [n+ 1] — [p + 1]
with 0 < p < n, ¢, : K, — LK, denote the canonical inclusions, o, : [m + 1] — [¢q + 1] is the
unique surjection and «, : [¢ + 1] — [p + 1] the unique injection in A* with a, 0 0, = 0 0 av.

(a) Show that this defines a simplicial object LK : AT — A.

(b) Show that this induces a functor L : Fun(Af %, A) — Fun(A*?, A) from the category of

inj »

semisimplicial objects in A to the category of simplicial objects in A.

(¢) Show that the functor K : Chgso — Fun(A*%  A) in the Dold-Kan correspondence fac-
torises as K = LG with an appropriate functor G : Ch 4> — Fun(A/ %, A).

ing

Exercise 75: Let A be an abelian category and R : Fun(A*?, A) — Fun(A;f?” A) the

inj »
functor that restricts a simplicial object S : AT™P — A to the subcategory A;;?p C Ator,
Denote by K : Chy>o — Fun(Af,, A) and N’ : Fun(A*°, A) — Chu>o the functors from the
proof of the Dold-Kan correspondence and by N” : Fun(A;lep , A) = Ch4>¢ the corresponding
functor for semisimpicial objects with N’ = N”R.
(a) Show that the functor L : Fun(A;[ %, A) — Fun(A*, A) from Exercise [74] is left adjoint

inj »

to the restriction functor R : Fun(A*?, A) — Fun(A;%, A).

ng o’
(b) Show that the functor G : Chgs¢o — Fun(A;;‘;p ,A) from Exercise |74 is left adjoint to
N Fun(A+Op A) — ChAZO'

ng

(c) Conclude that the functor K is left adjoint to N'.

Exercise 76: A left Kan extension of a functor K : C — £ along a functor I : C — D
is a pair (K’,n) of a functor K’ : D — £ and a natural transformation n : K — K'I with
the following universal property: For every pair (G,~) of a functor G : D — £ and a natural
transformation v : K — GI, there is a unique natural transformation v : K’ — G with

v=01)on.

Show that for every functor K : A7 — Ainto an abelian category A the functor LK : ATP —

inj

A from Exercise [74]is a left Kan extension of K along the inclusion functor I : AT — Atop,

injg
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Exercise 77: Show that for every group G the category F[G]-Mod has a monoidal category
structure, such that the forgetful functor F': F[G]-Mod — Vectr is a strict monoidal functor.

Exercise 78: Show that the geometric realization functor Geom : Fun(A*? Set) — Top is
left adjoint to the singular functor Sing : Top — Fun(A*P, Set)

Exercise 79: Let (G},)nen, be a family of groups with Gy = {e} and (pm.n)m.nen, @ family of
group homomorphisms pp, ., : Gy X Gy, = Gy, With po 2 {€} X Gy = G, (e,9) — g and
Pmo i Gm x {e} = G, (g,€) — g and

Pm4n,p © (pm,n X ide) = Pmn+p © (idGM X pn,p) Vm,n,p € No.

(a) Show that this defines a strict monoidal category (C,®) with non-negative integers n € Ny
as objects, Home(n,m) = 0 if m # n and Home(n,n) = G,, and the tensor product given
by m®@n = n +m for all n,m € Ny and f®g = pnn(f,g) for all f € Gy, g € Gy.

(b) Consider the permutation groups G, = S, and find group homomorphisms
Pmn @ Om X Sy — Smin that satisfy the conditions.

(c) Show that in (b) any strict monoidal functor F' : C — D into a strict monoidal category
(D, ®) is determined uniquely by F(1) and F(7) for the elementary transposition 7 € Ss,
(1,2) — (2,1).

Exercise 80: Show that for any monoidal category C the category SC := Fun(A*%?,C) of
simplicial objects and morphisms in C is also monoidal.

Exercise 81: Let k£ be a commutative ring. We consider

e the functor F': Grp — Alg, that assigns to a group G its group algebra k[G] and to a
group homomorphism f : G — H the induced group homomorphism k|[f] : k[G] — k[H],

9= f9),
e the functor G : Alg, — Grp that assigns to an algebra A its group A* of units and to an

algebra homomorphism f : A — B the induced group homomorphism f* : A* — B*.

(a) Show that F' is left adjoint to G.
(b) Determine the monad and the comonad associated with this adjunction.

Exercise 82: We consider the inclusion functor G : Ab — Grp and the abelisation functor
F =Ab: Grp — Ab.

(a) Show that F'is left adjoint to G.
(b) Determine the associated monad and comonad.
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group, [§]

Lie algebra,
resolution,

restriction functor,
retraction, [196]

right adjoint functor,
right derived functor, [109
right exact functor,
right module, [6]

right resolution,

section, [196]
semisimplicial complex,
semisimplicial object, [152]
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split exact chain complex, universal enveloping algebra,
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mono?dal category, Weyl algebra, [T90
monoidal functor,
tensor category, [154] zero morphism,
tensor functor, [157 zero object,
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target of morphism,
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tensor product
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monoidal category,

over ring, [I4]

tensor unit, [I54]
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total complex,
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group representation, [4§]
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representation of Lie algebra,
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universal enveloping algebra,
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